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Abstract

We prove existence of rotating star solutions which are steady-state solutions of the
compressible isentropic Euler-Poisson (EP) equations in 3 spatial dimensions, with pre-
scribed angular momentum and total mass. This problem can be formulated as a varia-
tional problem of finding a minimizer of an energy functional in a broader class of functions
having less symmetry than those functions considered in the classical Auchmuty-Beals
paper. We prove the nonlinear dynamical stability of these solutions with perturbations
having the same total mass and symmetry as the rotating star solution. We also prove
local in time stability of W1°°(R3) solutions where the perturbations are entropy-weak
solutions of the EP equations. Finally, we give a uniform (in time) a-priori estimate for

entropy-weak solutions of the EP equations.
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1 Introduction

The motion of a compressible isentropic perfect fluid with self-gravitation is modeled by the

Euler-Poisson equations in three space dimensions (cf [4]):

pt+ V- (pv) =0,
(pv)e + V- (pv @ V) + Vp(p) = —pV, (1.1)
AD = 47mp.

Here p, v = (v1,v2,v3), p(p) and ® denote the density, velocity, pressure and gravitational

potential, respectively. The gravitational potential is given by

B() _—/R PY) gy _ps L (1.2)

- 9
s |z —yl ]

where % denotes convolution. The momentum pv is denoted by m = (mj,ma, m3). System
(1.1) is used to model the evolution of a Newtonian gaseous star ([4]). In the study of time-
independent solutions of system (1.1), there are two important cases, non-rotating stars and
rotating stars. A non-rotating star solution is a time-independent spherical symmetric solu-
tion of the form (pn, 0, @) (z) (the velocity is zero), with ®n(x) = —pn * ﬁ A rotating star
solution models a star rotating around the z3-axis (z = (x1, z2, x3)) with prescribed angular
momentum (per unit mass), or angular velocity. The existence and properties of stationary
non-rotating star solutions is classical (cf. [4]). In contrast, the study for rotating stars is
more challenging and of significance in both astrophysics and mathematics. A rigorous math-
ematical theory for rotating stars of compressible fluids was initiated by Auchmuty & Beals
([1]) in 1971. The existence and properties of rotating star solutions were obtained by Auch-
muty & Beals ([1]), Auchmuty([2]), Caffarelli & Friedman ([3]), Friedman & Turkington([13],
[14]), Li(]21]), Chanillo & Li([5]), and Luo & Smoller ([25]). In [26], McCann proved an
existence result for rotating binary stars.

The existence of rotating star solutions of compressible fluids was first obtained by Auch-
muty & Beals ([1]) who formulated this problem as a variational problem of finding a min-
imizer of the energy functional F(p), (which will be defined in Section 2), in the class of
functions Wy s = War N Wg, where W)y is the set of integrable functions p : R3? — Rt which
are a.e. non-negative, axi-symmetric, of total mass M = fR3 p(z)dz, and having a finite

rotational kinetic energy (precise statements can be found in Section 2). Wy is defined by
Ws={p:R> = RT, p(x1,r9, —x3) = p(x1,29,23), 2; €R, i =1,2,3}. (1.3)

In this paper, we first give a proof of the existence of a minimizer of the energy functional
F(p) in the wider class of functions Wjs. Our proof is quite different from that in [1]. As in

[1], the main difficulty in the proof is the loss of compactness due to the unboundedness of R3.



The method in [1] is to minimize the functional F' on Wr = {p € Wi s, p(x) =0 |z| > R}
and to obtain some uniform estimates on the support of the minimizer. Our method is to use
the concentration-compactness method due to P. L. Lions ([24]), which was also used in [29]
to prove the existence of non-rotating star solutions. The reason that we seek minimizers in
W instead of W)y g is that we want to discuss the full stability problem dynamically in a
more general context with less restrictions on the symmetry of solutions.

The dynamical stability of these steady-state solutions is an important question. The
linearized stability and instability for non-rotating stars and rotating stars were discussed by
Lin ([23] ), Lebovitz ([19]) and Lebovitz & Lifschitz ([20]). The nonlinear dynamical stability
of non-rotating star solutions was studied by Rein ([30]) via an energy-Casimir technique.
It should mentioned here that the energy-Casimir technique was used in [16] to study the
stability problem in stellar dynamics. Roughly speaking, for p(p) = p?, the result in [30]
says that if the initial data of the Euler-Poisson equations (1.1) is close to the non-rotating
star solution in some topology, then the solution of (1.1) with the same total mass as the
non-rotating star, stays close to the non-rotating solution in the same topology as long as the

solution preserves both the energy E(t) which is defined by

B(t) = /Rg (f@l + ;p\v\2> (2, ) — Siﬂ /R3 VO (, t)da, (1.4)

and the total mass fR3 p(x,t)dz. An interesting feature of the energy is that it has both
positive and negative parts, making the analysis difficult. For solutions of (1.1) without
shock waves, energy is conserved. For solutions with shock waves, the energy F(t) is non-
increasing due to the entropy condition associated with shock waves (cf. [18] and [32]). In
this paper we extend the above nonlinear stability results to rotating stars.

As in the non-rotating star case ([30]), our nonlinear stability result is in the class of solu-
tions having the same total mass as that of the rotating steady-state solution. For solutions
with different total masses, we investigate the nonlinear dynamical stability of a solution
= (p,v,®) € VV;COO, (which includes both rotating and non-rotating stars), in the context
of weak entropy solutions, for more general perturbations not necessarily having the same
mass as U, under some assumptions on the L°°-norm and the support of the solutions. This is
achieved by using the techniques of relative entropies together with a careful analysis of the
gravitational energy; i.e., the negative part in the total energy F(t). It should be mentioned
here that the method of relative entropies was used by Dafermos ([9]) and Chen/Frid [6])
to study the stability and behavior of solutions of hyperbolic conservation laws. The main
difficulty in applying this method to the the Euler-Poisson equations (1.1) is again due to the
non-definiteness of the energy density. We also give a uniform a priori estimate for the weak
solutions of Cauchy problem of (1.1) satisfying the entropy conditions.

This paper is organized as follows: in Section 2, we prove the existence of rotating star

solutions which are the minimizers of an energy functional F' in W), with prescribed total



mass and angular momentum with finite rotational kinetic energy. We also derive some
properties concerning the minimizing sequence. These properties are interesting, and are
important for our stability analysis. In Section 3, we prove our nonlinear stability result for
rotating stars. Section 4 is devoted to the stability result for the entropy weak solutions and
in Section 5, we obtain uniform in time a priori estimates for entropy weak solutions.
Throughout this paper, for simplicity of presentation, we assume that the pressure function

p(p) satisfies the usual v-law,
p(p)=p", p=0, (1.5)

for some v > 1. We now introduce some notation which will be used throughout this paper.
We use [ to denote [gs, and use ||-||; to denote ||-|| q(rs). For any point & = (xy, 29, x3) € R3,
let

r(z) = /23 + 23, 2(z) = z3, Br(z) = {y € R®, |y —z| < R}. (1.6)

For any function f € L*(R3), we define the operator B by

Bf(z):/ f(y)y|dy:f*1. (1.7)

|z — ]

Also, we use V to denote the spatial gradient, i.e., V=V, = (0z,, Ozy, Ozs). C will denote

a generic positive constant.

2 Existence of Rotating Star Solutions

A rotating star solution (p, v, ®)(r, z), where r = V2?2 + 23 and 2 = 3, 7 = (11,72, 73) € R3,
is an axi-symmetric time-independent solution of system (1.1), which models a star rotating
about the z3-axis. Suppose the angular momentum (per unit mass), J(mj(r)) is prescribed,
where

mp(r) =

T +oo
/$%+w%<rp(;r)dx:/0 27rs/_oo p(s,z)dsdz, (2.1)

is the mass in the cylinder {x = (21,79, 73) : \/22 + 23 < r}, and J is a given function. In

this case, the velocity field v(x) = (v, v2,v3) takes the form

_xQJ(m,;(T)) x1J(mp(r))
r2 ’ 72

V() = (

Substituting this in (1.1), we find that p(r, z) satisfies the following two equations:

,0).

0rp(p) = 0, (Bp) + pL(m(r)r—>, (2.2)
5.

B
where the operator B is defined in (1.7), and

L(mp) = J*(mj)
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is the square of the angular momentum. For any function p > 0 and v > 1, we define

Alp) = PO — (2.3

It is easy to verify that (cf. [1]) (2.2) is equivalent to

A(p(x)) + /:O) L(mp(s)s 3ds — Bp(x) = A, where p(z) > 0, (2.4)

for some constant A. Here r(z) and z(x) are as in (1.6). In [1], Auchmuty and Beals formulated
the problem of finding solutions of (2.4) as the following variational problem. First, let M be
a positive constant and let W be the set of functions p defined by (cf. (1.5)),

W ={p: R3 = R, p is axisymmetric, p > 0,a.e., p € L'(R®) N L7(R3),
p(@)L(my(r(z)))
p— M .
/p(:r)dx \ / ()2 dx < +00.}

For p € Wy, we define the energy functional F' by

Fip) = [1atpte) + 8 EETEN  Lota) - Bptaaa
— [1atpta) + 52D 40— v, (25)

(&|Bpl|3 < 400 follows from p € L'(R*) N L7(R?) and Lemma 2.3 if v > 4/3.) In (2.5), the
first term denotes the potential energy, the middle term denotes the rotational kinetic energy
and the third term is the gravitational energy. Assume that the function L € C1[0, M] and
satisfies

L(0) =0, L(m) >0, for 0 <m < M. (2.6)

Auchmuty and Beals (cf. [1]) proved the existence of a minimizer of the functional F'(p) in

the class of functions Wy ¢ = Wi N Wg, where
Ws={p:R3 =R, p(x1, 29, —x3) = p(x1,T2,23), x; ER,i =1, 2, 3}. (2.7)
Their result is given in the following theorem.

Theorem 2.1. ([1]). If v > 4/3 and (2.6) holds, then there exists a function p(z) € War,s
which minimizes F(p) in Wy g. Moreover, if
G={zecR®: p(x) >0}, (2.8)
Then G is a compact set in R3, and p € CH(G) N CP(R3) for some 0 < 3 < 1. Furthermore,
there exists a constant p < 0 such that
AG)) + [ Dlmp(s)s~ds — Box) =, 2 € G,

(2.9)
fro(j;) L(mﬁ(s)sigds — Bﬁ((]}) Z w, xrc R3 _ G



In this paper, we are interested in the minimizer of functional F' in the larger class Why.
By the same argument as in [1], it is easy to prove the following theorem on the regularity of

the minimizer.

Theorem 2.2. Let p be a minimizer of the energy functional F in Wy and let
I'={zeR>: p(z)>0}. (2.10)
If v > 6/5, then p € C(R3) N CYT). Moreover, there exists a constant \ such that

A(p(x)) + fro(c;) L(ms(s)s™3ds — Bp(z) = A, zel,

(2.11)
Sy Lma(s)s™3ds — Bi(z) > A,z €R®—T.

We call such a minimizer p a rotating star solution with total mass M and angular mo-

mentum +/L(m).
In this paper, we prove the existence of a minimizer for the functional F' in the class Wjy.

For this purpose, in addition to (2.6), we require that L satisfies the following conditions:
L(am) > a*?L(m), 0<a <1, 0<m < M, (2.12)

L'(m) >0, 0<m< M. (2.13)

Remark 1. Condition (2.13) is called the S6lberg stability criterion, see [33, Section 7.3]. This
condition was also used by Auchmuty in [2] for the study of global branching of rotating star

solutions.

Our main result in this section is the following theorem.

Theorem 2.3. Suppose that v > 4/3 and the square of the angular momentum L satisfies
(2.6), (2.12) and (2.13). Then the following hold:

(1) the functional F is bounded below on Wys and infy,, F(p) <0,

(2) if {p'} C Wis is a minimizing sequence for the functional F, then there exist a sequence
of vertical shifts a;es (a; € R, e3 = (0,0,1)), a subsequence of {p'}, (still labeled {p'}), and
a function p € Wy, such that for any € > 0 there exists R > 0 with

/ pi(x)dz > M —€, i€N, (2.14)
a;es+Br(0)
and
Tp'(x) := p'(x + aze3) — p, weakly in LY(R3), as i — oc. (2.15)
Moreover (3)
VB(Tp') — VB(p) strongly in L*(R®), as i — oo. (2.16)

(4) p is a minimizer of F' in Wyy.



Thus  is a rotating star solution with total mass M and angular momentum /L.

Remark 2. 1t is easy to verify that the functional F' is invariant under any vertical shift, i.e.,
if p(-) € Wyy, then p(z) =: p(x + aeg) € Wy, and F(p) = F(p) for any a € R. Therefore, if
{p'} is a minimizing sequence of F' in Wy, then {Tp'} defined in (2.15) is also a minimizing

sequence in Wjy.

Remark 3. In [13], [14] and [5], the diameter estimate of rotating star solutions with the
symmetry p(r, —z) = p(r, z) was obtained. The ideas and techniques developed in [13], [14]
and [5] should also be applied to obtain the diameter estimates for the rotating star solutions

in Theorem 2.3. Due to the length of this paper, we leave this issue for the future study.

Theorem 2.3 is proved in a sequence of lemmas. We first give some inequalities which will

be used later. We begin with Young’s inequality (see [17], p. 146.)

Lemma 2.1. If fe IPNL", 1 <p<qg<r <400, then

1flle < AIBIART a="F——. (2.17)
The following two lemmas are proved in [1].

Lemma 2.2. Suppose the function f € L'(R3) N LI(R3). If1 < q < 3/2, then Bf =: f * ﬁ
is in L"(R3) for 3 <r < 3q/(3 —2q), and

1811 < € (AIRIAIL™ + WA ILAE) (2.18)

for some constants C > 0, 0 <b <1, and 0 < c < 1. If ¢ > 3/2, then Bf(x) is a bounded

continuous function, and satisfies (2.18) with r = oo.
Lemma 2.3. For any function f € L'(R3) N LY(R3), if v > 4/3, then VBf € L*(R3).

Moreover,

[ sepswa = Livsig <o [ineee) ([ir@e) . e

for some constant C'.

Throughout this paper, we assume the function L, the square of the angular momentum
satisfies conditions (2.6), (2.12)and (2.13). Let

fu= it F(p) (220)

We begin our analysis with the following lemma.



Lemma 2.4. Suppose v > 4/3. If p € Wy, then there exist two positive constants Cy and
Cy depending only on v and M such that

/[,07(:1:) + ”(”L%f;g(w”)]dw < C1F(p) + Co. (2.21)

This implies
fM > —00,

where far is defined in (2.20).

Proof. Using (2.19), we have, for p € W)y,

Fip) = [1a0) + 3AOERAED L plas
> /[A( )+;p(x)Lig;(Qr(x)))]dx—C/p4/3dx(/pda:)2/3
_ /[A(p) n ;p(@%’(’;p)gr(x”)]dx - C'M2/3/p4/3d1‘. (2.22)
31

Takingp=1,¢=4/3,r=~,and a = 477_1 in Young’s inequality (2.17), we obtain,

llollazs < lloll§llpll;™ = M[|pll3° (2.23)
This is
/p4/3da? < Mga(/ pYdz)?, (2.24)
where b = ﬁ Since v > 4/3, we have 0 < b < 1. Therefore, (2.22) and (2.24) imply
1 L
[t + AR 4y < ) 0 - parie [ A, (22)

Using (2.24) and the inequality (cf. [17] p. 145)
af < ea® + 5t (2.26)

if s7!+¢71=1(s,t>1)and e > 0, since b < 1, we can bound the last term in (2.25) by
3 | A(p)dx + Ca, where C5 is a constant depending only on M and v (we can take e = 1/2
and s = 1/band t = (1 — s~ 1)7! in (2.26) since s > 1 due to 0 < b < 1). This implies
(2.21). O

We also need the following lemma.

Lemma 2.5. Suppose v > 4/3. Then
(a) far <0 for every M > 0,
(b) if (2.12) holds, then fy; > (M /M)5/3 for for every M > M >0 .



Proof. Tt follows from [1] that there exists p € Wiy 5 C Wiy such that F(p) = infew,, s F(p).
By Theorem 2.1, it is easy to verify that the triple (p, v, CiJ) is a time-independent solution
of the Euler-Poisson equations (1.1) in the region G = {x € R3 : p(z) > 0}, where Vv =
(—mzj(mﬁ(r)) 21J(m(r)) 0) and ® = —Bj. Therefore

9 r 9y *

r

V.p(p) = pVa(Bp) + pL(mp)r(z) e, z € G, (2.27)

where e, = (=%, £2-/0). Moreover, it is proved in [3] that the boundary G of G is smooth
r(x)’ r(z)

enough to apply the Gauss-Green formula (cf. [12]) on G. Applying the Gauss-Green formula
on G and noting that p|apc = 0, we obtain,

[}»mﬂmm:—;émmm:—sfmmM- (2.28)

By an argument in [33] (used also in [10]), we obtain
N N L[ .. I A
/ x - pVBpdr = —/ pBpdr = —= /poda:. (2.29)
G 2 Ja 2

(In fact, this can be verified as follows. Let

I:/Gx-ﬁVxBﬁdx:—/Gﬁ(x)/GWdydx.

Then
sy [Py @ —y) o [Py Yy
1= ot [ PR e = [ ) [P
sy [Py @ —y)
B /Gp( )/G’ |z —y|3 dyde =1
:_/ pBpdx — 1, (2.30)
G

which is (2.29).) Next, since z - e, = r(x), we have

[ & p@ Ly @) werds
G

pla) L{mp(r(x))r () da

/.
/ p2)L(my(r(2))r (@) da. (2.31)

Therefore, from (2.28)-(2.31) we have

3 / p()dz = —% / pBjdz + / P(2) L(m(r(2))r— (2)da, (2.32)
so that 43 .
F() =50 [ o)z = 5 [ pla)Llmyr(a))r @)



Thus, if v > 4/3, F(p) < 0 since L(m) > 0 for 0 < m < M. Since p € Wy g C Wiy, then

infoew,, F(p) < 0. This completes the proof of part (a).

The proof of part (b) follows from a scaling argument as in [29]. Taking b = (M/M)'/3 and

letting p(x) = p(bx) for any p € Wy, It is easy to verify that p € Wy, and that the following

identities hold,

/ pBpdr = b~° / pBpdz,
/A(p)da: = b3/A(p)dx

mp(r) = 277/0 5/ p(s,z)dsdz
—00

=27 s/ p(bs,bz)dsdz
0

o0

br 9]
27r/ s/ p(s', 2" )ds'dz’
0 o0

mp(br)

Moreover, for r > 0,

3
Since L satisfies (2.12) and b > 1, we have

L(mp(r)) 2 3 Llimy(br).

Thus,

o(x)L(mz(r(x oo 2y OO
/p( ) L(my(r(2))) 1/ 2L(mp(br))/ p(br, bz)dzdr

r(z)? 0ty oo

1 [T 2y 0
- /0 S Lmy(r")) / p(r!, ) d dr

1 [ p@Lmyr@)
bd r(z)?

Therefore, since b > 1, it follows from (2.33)-(2.37) that

) >b" /A )dx — b— pBpdx + E plz)L(my T(x)))dx

2 r(z)?
>0 </A(p)dx — % /podx + % / p(@LﬁZ’;y(w)))dx)

— (/M) F(p).

Since p — p is one-to-one between Wy, and Wy, this proves part (b).

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

The following lemma gives the boundedness of a minimizing sequence of F' in L7 (R3).

10



Lemma 2.6. Suppose v > 4/3. Let {p'} C Wy be a minimizing sequence of F. Then {p'}

is bounded in L"(R3), and moreover, the rotating kinetic energy

I JACEURLO)

s also uniformly bounded.

Proof. By Lemma 2.4, we have

, “(x)L(my(r(z ‘
/[(Pl)’y(w)ﬁ- p) i(xPQ( ( )))]daz < CLF(p') + Cy, i > 1. (2.39)
The lemma follows from this and Part a) in Lemma 2.5. O

Lemma 2.7. Suppose v > 4/3. Let {p'} C Wy be a minimizing sequence for F. Then there
exist constants ro > 0, dg > 0, ip € N and x' € R® with r(z*) < ro, such that

/ pi(z)dx > &, i > ig. (2.40)
B (z?)

Proof. The proof of this lemma essentially follows from those arguments in [1] with slight

modification. First, since lim; .o, F(p') — fu and fyr < 0 (see part (a) of Lemma 2.5), for

large i,
. 1 o 1 .
< or() < 5 [ s < SMB (2.41)
So
||Bp'||oe > —far/M, for large i. (2.42)
For any 1, let
§; = sup / p'(y)dy. (2.43)
zeR3 J|y—z|<1

Now
By'(w) = [ 1y =l )y
S ot
ly—z|<1 1<|y—z|<r ly—z|>r
=: B1 + B2 + Bg, (244)

and Bg < Mr~!. The shell 1 < |y — 2| < r can be covered by at most Cr?® balls of radius
1, so By < O6;73. In order to estimate By, we apply (2.18) to X{yHy—x|<1}pi(y)7 where y is
the indicator function. This gives By < C(6¢ + %), where a,b > 0. It follows that we could
choose r so large that the above estimates give Bp' < — fa; /M if 6; were small enough. This

11



would contradict (2.42). So there exists o > 0 such that §; > Jp for large 7. Thus, as i is
large, there exists z! € R3 and ip € N such that

/ p(x)dx > &, i > io. (2.45)
Bi(z?)

We now prove that there exists ry > 0 independent of i such that those 2° must satisfy
r(x?) < rg for i large. Namely, since p’ has mass at least &y in the unit ball centered at a?,
and is axially symmetric, it has mass > Cr(x%)dy in the torus obtained by revolving this ball
around z3-axis (or z-axis).Therefore r(z?) < (Cdp) =1 M. O

In order to prove Theorem 2.3, we will need the following lemma which is proved in [29],

and uses a concentration-compactness argument.
Lemma 2.8. Suppose v > 4/3. Let {f'} be a bounded sequence in LY (R3) and suppose
o= f° weakly in LV (R?).

Then
(a) For any R > 0,

VB(XBr0) ') = VB(XBa0)[°) strongly in L*(R?),

where x is the indicator function.
(b) If in addition {f'} is bounded in L*(R3), fO € LY(R3), and for any € > 0 there exist
R >0 and ig € N such that

/ |fi(x)|dx < e, i > o, (2.46)
|z|>R
then

VBf! — VBf° strongly in L*(R?).

Before giving the proof of Theorem 2.3, we first outline the main steps. In step 1, we first
show (2.15) and (2.16). In step 2 we show that if j is a weak limit in L7(R3) of {Tp’}, then
mj(r) is a continuous function of r for all 7 > 0. The third step is to prove that F is lower

semi-continuous with respect to the weak topology in LY (R?).
Proof of Theorem 2.3

Step 1. We prove (2.16), and apply Lemma 2.8 to prove (2.14). We begin with a splitting as
in [29]. For p € W)y, for any 0 < R; < Ra, we have

P = PX|z|<R: T PXRi<|z|<R> t PX|z|>R, = P1 + p2 + p3, (2.47)

12



where y is the indicator function. It is easy to verify that

/A(p)da; = Z/A(pj)da:,

Jj=1
and
3
/PdeﬂU = Z/PjBdeOC + Iz + I3 + I3,
j=1
where
fi= [ [ le=ul n@nwdedy,  1<i<j<s

R3 JR3

Also,

pa)L(my(r(z) , [ i@ Ly, (r(@))
/ ME.

r?(z) ?(x)

- 23;/ pj (&) (L(my(r(z)) — L(my, (r(z))
pm

r2(z)

It follows from (2.47)-(2.50) that

3

Fi) =Y Flo)—5 S Iy

j=1 1<i<j<3

3 i\ muy\r\r)) — my. (r{T
+;§/m( )(Lmy (r(@) = L(m,, (@)

r?(z)

Since p > pj , we have m,(r) > m,,(r) for any r > 0 and j = 1,2,3. By (2.13),

3

F(p) > Y F(p)) —% > Iy

j=1 1<i<j<3

dz.

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

Using (2.52) and Lemma 2.5, by the same argument as in the proof of Theorem 3.1 in [29],

we can show that

fv — F(p) < CfuMiMs + C(Ry* + ||P|’(7q+1)/6HVBPZ||2)7

(2.53)

by choosing Ry > 2R; in the splitting (2.47), where M; = [ pi(z)dz = f‘x|<R1 p(z)dz,
M = [ ps(x)dz = f‘x|>R2 p(z)dz and ¢ = 1/(y —1). Let {p'} be a minimizing sequence of F'

in Wjs. By Lemma 2.7, we know that there exists ig € N and §y > 0 independent of ¢ such

that
/ p'(z)dx > &, i > o
Bl(l‘l)

13
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for some 2 € R? with r(2%) < rq for some constant g > 0 independent of i. Let a; = z(z")
and Rp = ro + 1, then (2.54) implies

/ d@)de > b, if i > o, (2.55)
aieg+Bry o)

where e3 = (0,0,1). Having proved (2.55), we can follow the argument in the proof of
Theorem 3.1 in [29] to verify (2.46) for

Fiw) = To'(x) = (- + aies)

by using (2.52) and (2.55) and choosing suitable Ry and Rs in the splitting (2.47). We sketch
this as follows. The sequence Tp! =: p'(- + a;es), i > ig, is a minimizing sequence of F in
W (see Remark 2 after Theorem 2.3). We rewrite (2.55) as

/ Tp'(x)dz > 6o, i > ig. (2.56)
Br(0)

Applying (2.53) with Tp’ replacing p, and noticing that {Tp'} is bounded in L7(R?) (see
Lemma 2.6), we obtain, if Ry > 2Ry,

—CfuMiM; < C(Ry" + [|[VBTpll2) + F(Tp') = fur, (2.57)

where M{ = [Tpi(z)dz = flm\<R1 Tp'(z)dz,, My = [Tp4(x)de = f|a:|>R2 Tp'(z)dz and
Tph = XRi<|z|<r,Tp'. Since {Tp'} is bounded in L7(R?), there exists a subsequence, still
labeled by {Tp’}, and a function p € Wy, such that

Tp' — p weakly in L7(R?).

This proves (2.15). By (2.56), we know that M} in (2.57) satisfies M? > &y for i > iy by
choosing Ry > Ry where Ry is the constant in (2.56). Therefore, by (2.57) and the fact that
fu <0 (cf. Part (a) in Lemma 2.5) , we have

—CfudoMi < CRy 4 C||[V Bpal|a + C||VBTph — VBpall2) + F(Tp') — fur, (2.58)

where P2 = X|y>r,p- Given any € > 0, by the same argument as [29], we can increase
R; > Ry such that the second term on the right hand side of (2.58) is small, say less than
€/4. Next choose Ry > 2Ry such that the first term is small. Now that R; and Rs are fixed,
the third term on the right hand side of (2.58) converges to zero by Lemma 2.8(a). Since
{Tp'} is a minimizing sequence of F' in W), we can make F(Tp') — fu; small by taking 4

large. Therefore, for i sufficiently large, we can make

M =: / Tp'(z)dr < e. (2.59)
|1“>R2
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This verifies (2.46) in Lemma 2.8 for f* = Tp’. Therefore, by Lemma 2.8(b),we have
IVBTp' —VBp|ls =0, i— +o0. (2.60)

This proves (2.16). (2.14) in Theorem 2.3 follows from (2.59) by taking R = Rs.

Step 2. Let j be a weak limit of a subsequence of {Tp} in L7(R3) (we still label the subse-
quence by {T'p'}). We claim that the mass function

mp(r) =: p(x)dx is continuous for r > 0. (2.61)

/1 /x%Jr:E%gr
This is proved as follows. By the weak convergence of {Tp‘} and noting that J Tpldx = M,
we know that [ pdz = M. Also, by the lower semicontinuity of norms (cf. [22] p.51) and

Lemma 2.6, we have
1ll, < tim inf[|Tp]], = lim inf |||}, < C, (2.62)
1—00 1—00

for some positive constant C. For any € > 0, by the weak convergence and (2.14) which we

have already proved, there exists R > 0 such that

/ Tp'(z)dx < e, i €N, (2.63)
|z|>R
and
/ p(x)dr = lim Tp'(z)dx < e. (2.64)
|z|>R =0 Jlz|>R

For any » > 0 and ry > 7,

0 <mp(r1) —m(r)

/ p(x)dx
r§~/x§+x§§r1

/ p(x)dx + / plx)d. (2.65)
r<y/zi+23<ry,|z3|>R r<y/z?+22<ry,|z3|<R

Since {x = (z1,72,73) € R3 : r < /22 + 22 < ry,|x3] > R} C {x = (z1,72,73) € R3 : |z >
R}, by (2.64), we have

/ p(x)dx < e. (2.66)
TS\/Z‘%+JJ2ST1,|Z‘3|>R

By (2.62) and Holder’s inequality,

p(x)dx

/T’<\/ 22422<r1,|z3|<R

1/
<lplly (meas{a: = (z1,22,23) €R? : 1 < \ 23+ 23 <1y, fas] < R}>
< C2nR(ry +7)(ry — )7, (2.67)
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where meas denotes the Lebsgue measure and 4" = (y—1) /7. Now, if we take d = min{m,

then by (2.67), we obtain
p(x)dx < e,

/TS\/$%+$§ST1,|$3|SR
whenever 0 < 7y —r < §. It follows from (2.65), (2.66) and (2.67), we have

Imp(r1) —mp(r)| < 2,

(/o)

(2.68)

(2.69)

whenever 0 < r; —r < 6. This proves that mj(r) is continuous from the right for any r > 0.

By the same method, we can show that mj(r) is continuous from the left for any r > 0 .

Since m3(0) = 0, this proves (2.61).

Step 3. Let {p’} be a minimizing sequence of the energy functional F, and let 5 be a weak

limit of {Tp'} in L7(R3). We will prove that p is a minimizer of F in Wyy; that is

F(p) <lim inf F(Tp").

First, by (2.62), we have
/A(ﬁ)dx < lim inf /A(Tpi)dw.

1—00

We fix a positive number § and show that

lim
i—00 r(x)>6 TQ(:U)

To see this, we write

[ @) L),
r(z)>6 7"2($)
- [ @ oseimt),,
r(x)>0 TQ(‘T)
Tp' (@) (L{may (r(@) — L(my(r(2)))
- /r(m)>5 r2(z) -
For any R > 0, we have
[ st
r(xz)>6 TZ(J:)
-/ (Tp!(2) = ) Lims(r(z))
r(z)>6,|z|<R 72(1')
(Tp'(x) = pl) L(mp(r(x))
* /r(m)>5,|:r2R r3(z) o

In view of (2.63) and (2.64), for any ¢ > 0, we can choose R such that

16
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(2.73)

(2.74)
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(Tp'(x) — p(x)) L(mp(r(x)) o < 2L(M)e
|/r(x)25,|m|zR r2(x) s = (2.75)

By the weak convergence of {T'p'} in L7 (IR?) and the fact that L is defined on a bounded range,
L(m(r(2)) X {r(2) 26,21 <r} (@)r 2 (2) € LY (R3), where as before x is the indicator function,
and v = ﬁ (satisfying 1/v 4+ 1/9" = 1). We have

(19! (@) = ) Limp(r(@)) |

lim T

=00 Jy(2)>5,|2|<R r2(x)

= lim (Tp'(x) — p(@)) L(ma(r(2)) X {r(2) 26,2 < Ry (T)r > (x)da

—0, (2.76)

because Tp’ converges weakly to 5. Since e is arbitrary, (2.75) and (2.76) imply

o [ TP@ AL -
=0 Jr(z)>6 r? (.’IJ)

We handle the second term in (2.73) as follows. By weak convergence, we know that mqp,(r)
converges to m;(r) pointwise for r > 0. Since my,i (r) and m;(r) are non-decreasing functions
of r for r > 0 and m3(r) is continuous on [0, +00) (see (2.61)), by a variation on Dini’s theorem
([31], p.167)*, we know that mq,:(r) converges to ms(r) uniformly on the interval [0, R] for
any R > 0. Since L € C'[0, M], it follows that L(mz,i(r)) converges to L(mj(r)) uniformly
on any interval [0, R]. For any € > 0, we can fix R > 0 such that (2.63) and (2.64) hold. Since
L(mq,i(r)) converges uniformy to L(ms(r)) on any interval [0, R], we have

L [[L(mpyi(+)) = L(ms(-))l| Loejo,r) = 0 (2.78)

1— 00

Let
As = {z € R3 r(z) > 0}, (2.79)

then we have, using (2.63) and (2.64) that

Tp'(x)(L(myy (r(z)) — L(ma(r(2))) .
’/(x)>5 r2(x) el
Tp'(x)(L(myy (r(z)) — L(ma(r(2)))
= ‘/A(;QBR(O) r?(z) !
. Tpl(w)(L(mTw(g(éc))) = Lmsr@) )
As—BRr(0) e
<L (mgpi () = L(mp())| | poeo,m) 02 M + 2072 L(M)e. (2.80)

* We thank Dmitry Khanvinson for pointing out this to us.
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Since € is arbitrary, it follows from (2.78) and (2.80) that

i Tp'(x)(L(mgy (r(@)) — L(mp(r(@)))
lirgo r(z)>6 7’2(.%')

dz = 0. (2.81)

This, together with (2.73)and (2.77), implies (2.72). Next, we show that

i a [ T re) - ) Limsr(z)

= dz >0, (2.82)

i—00
by using (2.72) and the monotone convergence theorem for integrals. In fact we have

/Tpi(z)L(mTpi (r(z)) — p(x) L(m;(r(z)))
2
(

r2(x)

/ Tp' () L(meyi (r(x)))(1 — xa5)

dxr

+

/[Tpi(m)L(mTpi(r(x))) — P@)L(mp(r(2))Ixa;
r?(x)

/ p(z)L(ms(r(x)))(xas — 1)d;p7

n (2.83)

where  is the indicator function, and Ay is the set defined in (2.79). For any i > 1,

/ Tpi<x)L(mTpi2(T(x)))(1 ~ XA‘S)dac > 0. (2.84)

r2(x)
We fix 6, and by (2.72), we know that the second term on the right hand side of (2.83)

approaches zero as i — co. Therefore, in view of (2.84),

o [ TA@ L (@) — 5 Lmy(r(@))
i—00 % ()
> [ HLE 0 =),

r?(z)

dzx

(2.85)

By the monotone convergence theorem of integrals, we have

5(@) L(mp(r(2))) (e, — 1)
| r2(z) ¢

Letting § — 0 in (2.85), gives (2.82). By (2.60), (2.71) and (2.82), we obtain

lim
6—0

w| = 0. (2.86)

F(p) < lim inf F(Tp"). (2.87)

71— 00

Since T)p' is a minimizing sequence, j is a minimizer of F' in Wj;. This completes the proof
of Theorem 2.3.
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3 Nonlinear Stability of Rotating Star Solutions

We consider the Cauchy problem for (1.1) with the initial data
p(z,0) = po(x), v(z,0) = vo(z). (3.1)
We begin by giving the definition of a weak solution.

Definition: Let pv = m. The triple (p,m, ®)(z,t) (z € R3,t € [0,7]) (T > 0) and ®
given by (1.2, with p > 0, m, m ® m/p and pV® being in L} (R3 x [0,7T7]), is called a weak

loc

solution of the Cauchy problem (1.1) and (3.1) on R? x [0, 7] if for any Lipschitz continuous
test functions ¢ and ¥ = (11,92, 3) with compact supports in R? x [0, T},

T
/0 / (ptr + m - Vo)) dzdt + /po(x)w(x, 0)dx =0, (3.2)

and

T T
/ / <m W+ m®m -V‘I’) dxdt + /mo(m)\Il(x,O)dx = / /pV@‘I’dzdt, (3.3)
0 p 0

both hold.

For any weak solution, it is easy to verify that the total mass is conserved by using a

generalized divergence theorem for L" functions (r > 1) (cf. [7]),

/p(x,t)d:z: = /p(a:,O)dx, t>0. (3.4)

The total energy of system (1.1) at time ¢ is

B@) = Bp(0v(0) = [ () + 3ol ) 0hdo - o [190P@0de. (35)

where as before,

Alp) = f(_p)l- (3.6)
Note that the energy E(t) has both a positive and a negative part. This makes the stability
analysis highly nontrivial, as noted in [30]. For a solution of (1.1) without shock waves, the
total energy is conserved, i.e., E(t) = E(0) (¢ > 0)(cf. [33]). For solutions with shock waves,

the energy should be non-increasing in time, so that for all ¢ > 0,

E(t) < E(0), (3.7)

due to the entropy conditions, which are motivated by the second law of thermodynamics (cf.
[18] and [32]). This will be proved in Theorem 5.1, below.

19



We consider axi-symmetric initial data, which takes the form
po(.’L') - P(T, Z),
vo(z) = v5(r, 2)e, + 05 (r, 2)eg + v (p, 2)es. (3.8)
Here r = \/2? + 23, 2 = x3, © = (21,72, 73) € R? (as before), and
e, = (x1/r,22/r,0)F, €y = (—xo/r,x1/r, 0)T, e3=(0,0,1)T. (3.9)
We seek axi-symmetric solutions of the form
p<m7 t) = p(r7 Z? t)?
V" (r, 2, t)en + 00 (r, 2, t)eg + 03 (1, 2, t)es, (3.10)
O(x,t) = ®(r, z,t) = —Bp(r, 2, 1), (3.11)
We call a vector field u(xz,t) = (uy,u2,u3)(x) (r € R®) axi-symmetric if it can be written in
the form
u(z) = u"(r, 2)e, + ul(r, 2)eg + u(p, 2)es.

For the velocity field v = (v1, v, v3)(x,t), we define the angular momentum j(z,t) about the
xs-axis at (x,t) , t > 0, by
jlz,t) = x1v9 — w0y (3.12)

For an axi-symmetric velocity field

v(z,t) =" (r, z,t)e, + 00 (r, 2, t)eg + v3(p, 2, t)es, (3.13)
v = Tl gv‘g, vg = L2 + Eve,vg =03, (3.14)
r r r T
so that
g, t) = r?(r, z,t). (3.15)

In view of ( 3.13) and (3.15), we have
2 AT
[v|* = [v"|" + 2t [v°|“. (3.16)

Therefore, the total energy at time ¢ can be written as

o
Bt v(0) = [ A0+ 5 [P0

1 1
- g [19BoP@tds 5 [ o0 P+ P ede. (37)

There are two important conserved quantities for the Euler-Poisson equations (1.1); namely
the total mass and the angular momentum. In order to describe these, we define Dy, the non-

vacuum region at time t > 0 of the solution by

Dy = {z € R3: p(x,t) > 0}. (3.18)
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We will make the following physically reasonable assumptions A1)-A4) on weak solutions of
the Cauchy problem (1.1) and (3.1):

A1) For any t > 0, there exists a measurable subset G; C Dy with meas(D;—Gy¢) = 0 (meas
denotes the Lebsegue measure) such that, for any = € Gy, there exists a unique (backwards)

particle path &(7,x,t) for 0 < 7 < t satisfying

0-&(1,x,t) = v(&(T,x,t),7), &(t,z,t) = . (3.19)

For = € G}, we write
5(0, Zz, t) = fft("l?).
Also, for z € R? and t > 0, we denote the total mass at time ¢ in the cylinder {y € R? :
T(y) < T'(HZ)} by mp(t)(r(x))7 Le.,
m(rie) = [ pla 0y (3.20)
r(y)<r(z)
For axi-symmetric motion, we assume
A2)
My (1()) = mp, (r(§—t(7))), for z € Gy, t > 0. (3.21)
Moreover, the angular momentum is conserved along the particle path:
A3)
j(x,t) = j(&—(x),0), for x € Gy, t > 0. (3.22)
(Both (3.21) and (3.22) are shown in [33] if the solution has some regularity.)
Finally, for L = j2, we need a technical assumption; namely,
A4)
i L(mp) (1) +mp(r))me ()

r—0+ 72
for t > 0, where o(t) = p(t) — p.

=0, (3.23)

Remark 4. (3.23) can be understood as follows. For any p € Wy, we have lim, o+ m,(r) = 0.
Therefore lim, o4 L(m,(r) +mp(r)) = L(0) = 0, so if we define

~ +OO
ps.)=o5) = | (ol zit) = s, )

then if A
Mo (r) _ Jo 2ms(p(s,t) — p(s))ds
2 2
(3.23)will hold. If p(-,t) =p(-) € L>°(0,4), then (3.24) holds. This can be assured by assuming
that p(r, z,t) — p(r,2) € L>((0,0) x R x R") and decays fast enough in the z direction. For
example, when p(z,t) — p(x) has compact support in R and p(-,t) — p(-) € L®(R3), then
(3.23) holds.

€ L>°(0,6) for some 6§ >0, (3.24)
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Now we make some assumptions on the initial data; namely, we assume that the initial
data is such that the initial total mass and angular momentum are the same as those of the

rotating star solution (those two quantities are conserved quantities). Therefore, we require

L)
/po(:r)dac = /ﬁ(m)dw =M. (3.25)

Moreover we assume

Iy) For the initial angular momentum j(z,0) = rv§(r, 2) =: jo(r, 2) (r = /23 + 23, 2 = 3
for x = (1, 22,23), we assume j(x,0) only depends on the total mass in the cylinder {y €
R3, r(y) < r(z)}, ie. ,

(@, 0) = jo (myp, (r(2))) - (3.26)
Finally, we assume that the initial profile of the angular momentum per unit mass is the same

as that of the rotating star solution, i. e.,

I3)
jo(m)=L(m), 0<m<M, (3.27)

where L(m) is the profile of the square of the angular momentum of the rotating star defined
in Section 2. ((3.26) implies that we require that v(r, z) only depends on r.)
In order to state our stability result, we need some notation. Let A be the number in Theorem
2.2, i.e.,

A(p(@)) + [, L(mp(s))s~3ds — Bp(a) = A, = €T,

(3.28)
fri(;) L(mg)(s))s—3ds — Bp(z) > A, r €R3-T,
with A defined in (2.3), and I" defined in (2.10).
For p € L' N L7, we define,
. ~ [ L(mp(s .
o) = [14G) =A@+ (o — ) [ ( ){st - Bpldr. (329)
Remark 5. For x € T, in view of (3.6) and (3.28), we have,
_ ° L(ms(s _ _
()~ 4@ + (5 as = Byt - )
= (A(p) — A(p) = A'(p)(p — p))(2)
—_— P —_— / P —_— N
_ p(p) —p(p) —P'(p)(p—p) (2) > 0. (3.30)
v—1
Thus, for p € Wy,
d(p, p) > 0. (3.31)
Moreover, d(p, p) = 0 if and only if p = p, and if v < 2,
d(p,p) > Cllp—pll3,  peWn. (3.32)
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We also define

X

di(p, p) = 1/P(x)L(mp(r(x)r)ng(x)L(mﬁ(r(az))d

2
-/ : 5= L{my(s))ds(p(x) — f(z))da, (3.33)

for p € Wjys. We shall show later that d; > 0. Our main stability result in this paper is the

following global-in-time stability theorem.

Theorem 3.1. Let p be a minimizer of the functional F in Wiy, and assume that it is unique
up to a vertical shift. Suppose v > 4/3 and the above assumptions A1)-A4) and I, )- I3) hold.
Moreover, assume that the angular momentum of the rotating star solution p satisfies (2.6),
(2.12) and (2.13). Let (p,v,®)(x,t) be an azxi-symmetric weak solution of the Cauchy problem
(1.1), (8.1) with p(-,t) € L* N L, p|v|*(-,t) € L' and V®(-,t) = —VBp(-,t) € L?. If the
total energy E(t) (c.f. (3.5)) is non-increasing with respect to t, then for every € > 0, there

exists a number 6 > 0 such that if
- 1 . .
d(po. p) + 5|1V Bpo = VBRI + ldi(po. )]

45 [ @t + [P )@z < (3.34)

then there is a vertical shift aeg (a € R, eg = (0,0,1)) such that, for everyt > 0
- 1 . -
d(p(t), T%p) + o[V Bp(t) — BT pl[3 + |di(p(t), T*P)|

+ ;/p(m,t)(|v7"(af,t)\2 + |03 (z, t)|?)dx < e, (3.35)

where Tp(x) =: p(x + aes).

Remark 6. The vertical shift aeg appearing in the theorem is analogous to a similar phe-
nomenon which appears in the study of stability of viscous traveling waves in conservation

laws, whereby convergence is to a “shift“ of the original traveling wave.

Remark 7. Without the uniqueness assumption for the minimizer of F' in W);, we can have
the following type of stability result, as observed in [30] for the non-rotating star solutions.
Suppose the assumptions in Theorem 3.1 hold. Let Sp; be the set of all minimizers of F' in
Whr and (p, v, ®)(x,t) be an axi-symmetric weak solution of the Cauchy problem (1.1), (3.1)
with p(-,t) € LN LY, p|v]?(-,t) € L' and let V®(-,t) = —VBp(-,t) € L% If the total energy
E(t) is non-increasing with respect to ¢, then for every e > 0, there exists a number § > 0
such that if

1
inf |d 0 — VB — VB 2 d ~
p*lel‘lSM |: (p07p)+87r” Po p‘|2+| 1(p07p)|
1
N 2/ po(@)([05* + [v3 ) (@)dz <&, (3.36)
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then for every ¢t > 0

: a ~ 1 a ~ a ~
ing [d<p<t>,T 5) + |V Bp(t) — BTG+ di(p(t), T*5)|
PES M 871'

+ ;/p(:):,t)(\v”(:):,t)2 + [0 (z, t) ) (z)dz < e (3.37)

The proof of this follows exactly along the same line as that for Theorem 3.1.

In order to prove Theorem 3.1, we need several lemmas. First we have

Lemma 3.1. Suppose the angular momentum of the rotating star solutions satisfies (2.6),

(2.12) and (2.13). For any p(xz) € Wiy, if

Tli%1+L(mp(7‘) +mp(r))me(r)r—2 =0, (3.38)

where o = p — p, then
di(p,p) = 0, (3.39)

where dy is defined by (3.33).

Proof. First, we introduce some notation. For an axi-symmetric function f(z) = f(r,z2)

r =/ + 23, z = x3 for x = (v1,22,73)), we let
1 2

f(r) =2nr /—:O flr,2)dz, (3.40)
myg(r) = /x:\/mér} f(z)dzx :/0 f(s)ds, (3.41)
so that
m'y(r) = f(r). (3.42)
In order to show (3.39), we let
o) = (o - 7)), (3.43)

and for 0 < o < 1, we define

ey =} [ 0N tan ) = o o),
- a//(oo) s 3 L(mp(s))dso(z)dz. (3.44)
Then
Q(0) =0, Q(1) = di(p, p). (3.45)
Since o) .
Mptac(r(z)) = /0 27rs/ (p+ ao)(s, z)dzds, (3.46)



we have

d r(z) 400
%m,ﬂ_aa(r(m)) = /0 271'8/ o(s,z)dzds = my(r(z)).

Therefore, -
Q) - | [ T,
1 [ (p+ ao)(@) L (mpyas(r(x)))me(r(z))
+ 2/ rpQ(x)

- /: s~°L(mj(s))dso (x)dz,

dx

and in view of (3.42),

Lm0 (r) = (g rao(r)( 5+ 06)().

Therefore, by virtue of (3.49) and (3.42), we obtain
1 / (p + a0)(@) L (Mprao (r(x)))mo(r(z))

— r2(2) dx

2
+oo
- ;/0 (p+ a&)(r)L’(mﬁJraU(r))ma(r)r*2d7“

+oo
-1 /0 (Lm0 (P (r)r2dr.

For 0 < a < 1, since (cf. (2.13)) L'(m) > 0, we have

L(mpiac(r)) < L(mpp(r)).
This, together with (3.38), implies

lin Lm0 (1)) (r)r ™2 = 0.

Moreover, since m,(+00) = [o(z)dz = [(p — p)(z) = 0 and

lim L(mpiac(r) = L(M),
rT—00

we have

lim L(mpta0(r))me(r)r~2 = 0.

r—00
It follows from (3.50), (3.52), (3.53) and integration by parts that

1/ (P + a0)(@) L (mptao (r(x)))mo (r(z))

2 r2(x) dr

+o00
= —;/0 &(r)L(m;,JrM(T))ma(r)rfzdr

+oo
+ /0 L(mﬁ+w('r))mg(r)r_3dr.
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(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)



Since

+o0 L -
/ () L(mp a0 (r))me (r)r—2dr = / o(x) (mgﬂ"(r(m)))d:ﬁ, (3.55)
0 r*(z)
and oo -
/ / 53 L(miy(s))dsor(x)da = / &(r) / 3L (my(s))dsdr, (3.56)
0 r
(3.48) and (3.54) imply
/ oo 3
Q@) = [ Lmpranr)me(ryrar
+o00 00
—/ &(r)/ s 3L(mg(s))dsdr. (3.57)
0 T
Using (3.41), we have mq(r) = [; 6(s)ds, so substituting this into the first term in (3.57)
and interchanging the order Of integration gives
+o00
| smprante)ma eyt
+oo
/ / B L(Mpac(r))6(s)dsdr
= [T o) [ s sastrars
0 ]
+oo +oo
_ / &(r) / 5L (Mmoo (5))dsdr. (3.58)
0 r
Hence (3.57) and (3.58) yield
+oo o] 3
Q) = /0 &(r) / (LMt (s)) — Lmy(s)))dsdr, (3.59)
and therefore
Q(0)=Q'(0)=0 (3.60)
Differentiating (3.59) again, we obtain
2 +oo o)
4Qla) :a/ &(7“)/ s 3L (Mpra0(s))mey(s)dsdr, (3.61)
da? 0 r
and interchanging the order of integration gives
+o0 73
da2 / / r)drL (mptac(s))me(s)ds. (3.62)
Noting that [ 6(r)dr = ms(s), we obtain
2 +o0
df(f) —a / sT3L (Mpra(5)) (Me(s)) ds. (3.63)
@ 0
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Therefore, if L'(m) > 0 for 0 < m < M, then

d*Q(a)
12 >0, for0<a<l1. (3.64)
This, together with (3.60)and (3.45), yields di(p, p) = Q(1) > 0. O

Lemma 3.2. Let (p,v) be a solution of the Cauchy problem (1.1), (3.1) as stated in Theorem
3.1, then

E(p,v)(t) = F(p)

= dlplt). )+ i (p(t). ) ~ oIV (Bp(-1) ~ B3

- % /p(w\? + [03?)(z, t)dz. (3.65)
Proof. From A1)-A3), for any « € G; we have
52 (@, 1) = 5 (64(2)), (3.66)
(see (3.26)). In view of (3.22) and (3.27),
72w, 1) = j§(E-e(x)) = L(mp, (r(€-e())), (3.67)

for # € G. This, together with (3.21), yields
§2(x,t) = L(m ) (r(z))), z € Gy. (3.68)

Therefore, by (3.17), we have

Bl v(0) = [ A+ [ P(x,t)L:;EL;;;t)(T($))dx

1 1
~ & / IVBp|?(z,t)dz + 3 /,0(\1/"2 + [0*?) (x, t)d. (3.69)

Here we have used the fact that

[P, [ o))
Gt

r2(z) r2(z)
which holds because D; = {x € R3: p(x,t) > 0}, Gy C Dy and meas(D; — Gy) = 0. It follows
from (2.5) and (3.69) that

E(p,v)(t) — F(7)
~ [ at) - A @)
Y pl, ) L{mp (r()) — () L(mp(r(x)

2 r?(z)

2
(IVBp(x, t)[I* |V Bpll3

dx,

dx

1
8w

45 [P+ 1P oty (3.70)

27



On the other hand,
1 -
— IV, DI ~ 19 B7)
1 1 N
=~ V(B 1)~ VBRIB - - / VB(z) - (VBp(a,t) — VBp(a))dz.  (3.71)

Noting that A(Bp — Bp) = —4w(p — p), and integrating by parts (this is legitimate, cf. [29])

gives,
_ /VBp - (VBp(x,t) — VBj(z))dx
- = / Bi(«)(ABp(x,t) — ABp(z))de
= /Bﬁ(a:)(Bp(m,t) — Bp(z))dz. (3.72)

y (3.70)-(3.72), and noting (3.33), we have

E(p,v)(t)
(A (p—»p {/ Llmp(s)) 4 Bp})
+di(p(t), )~ oIV (Bote 1) — B7)l
45 [ o+ PP o) (373)

Since p(-,t) € W, [ p(z,t)dx = [ p(x)dx = M. Thus [ A(p(x,t) — p(x))dz = 0. Therefore,
the first term in (3.73) is the same as d(p(t), p) defined by (3.29). This completes the proof

of the lemma. ]
We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Assume the theorem is false. Then there exist ¢g > 0, £, > 0 and
initial data py,(x,0) € Wy and v, (x,0) such that for all n € N,

d(pn(0), p) + di(po, )+*HVBPn( )~ VBjll3

+ / o2, 0) ([0, 0) 2 + (o3 (2, 0) 2) () dr < ~, (3.74)

n

| =

but for any a € R,
~ a~ 1 a~
d(pn(tn), Tp) + di(p(t), T"p) + gHVBpn(tn) — VBT p||g

45 [ puleta) (55w ) P+ [0 )P ) > (3.75)
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By (3.65) and (3.74), we have

lim E(pn(0),vn(0)) = F(p). (3.76)

n—oo

Since E(pn(t), vn(t)) is non-increasing in time,

i sup F(pu(ta) < lim E(pu(tn), va(ta)) < lim E(p,(0),va(0)) = F(7).  (3.77)

n—oo

(The first inequality holds because we have, similar to (3.71),

Bpv)(t) ~ Flplt) = 5 / o0 + [0 12) (2, £)d > 0, > 0.)

Therefore {p, (-, t,)} C W)y is a minimizing sequence for the functional F. We apply Theorem

2.3 to conclude that there exists a sequence {a,} C R such that up to a subsequence,
IV(Bpn(tn) — BT p)[|l2 — 0, (3.78)

as n — 00; this is where we use the assumption that the minimizer is unique up to a vertical
shift. Note also that for any p € Wy, and a € R,

IVB(T*p) = VBplla = |[VB(p) = VBTp||2,
d(Tp, p) = d(p,T~%p), and dr(T*p, p) = di(p,T~%p).

Thus, by (3.65), the fact that the energy is non-increasing in time, and F(T%p) = F(p), we

(3.79)

have for any p € Wy and a € R,
E(pn(tn), va(tn)) — F(T"" p)
= d(pn(tn), T p) + di(p(tn), T"" p)

1 o ~
— IV (Bou(tn) — BT 5)|

+5 [ pallerl? + 63P) o )z
< E(pn(O),Vn(O)) - F(Tanﬁ)
= B(pa(0), va(0)) ~ F () — 0, (350)

as n — 00. Since

IVBpn(tn) — VBT plls — 0,
as n — 00, d(pn(tn),p) >0 (cf. (3.31)) and di(p(t,),p) > 0 (cf. A4) and (3.37)), we have
d(pn(tn), T p) + di(p(tn), T p)

1 _
+ g IV(Bpn(tn) = T Bp)|f3

1
+ 5 [ oullor + 2P ot — 0, (381)

as n — oo. This contradicts (3.75), and completes the proof.
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4 Stability of General Entropy Solutions
In this section, we shall obtain a stability theorem for general entropy weak solutions. We
begin with the definition of entropy weak solution.

Definition 4.1. A weak solution (defined in Section 3) on R? x [0,7] is called an entropy

weak solution of (1.1) if it satisfies the following “entropy inequality”:

3 3
O+ 045 +p ) 1y @y <0, (4.1)
P =1

in the sense of distributions; i.e.,
T 3
L[ s+ a 950300, | dedis [ peomeode =0, (@2)
0o JRr3 = R3

for any nonnegative Lipschitz continuous test function § with compact support in [0,7") X R3.

Here the “entropy” function 7 and “entropy flux” functions ¢; and q, are defined by

_ |
= "3 = WJF%v
2

q= (Q17 92, q3).

Remark 8. The inequality (4.1) is motivated by the second law of thermodynamics ([18]),
and plays an important role in shock wave theory ([32]). For smooth solutions, the inequality

in (4.1) can be replaced by equality.

For a general entropy weak solution, our stability result is given by the following theorem:

Theorem 4.1. Suppose 1 < v < 2. Let (p,m,®)(x,t) (t € [0,T], z € R®) with (p,m) €
L>®(R3 x [0,T]), be a weak solution of (1.1) satisfying the entropy condition (4.1) and let
(p,m, ®)(z,t), t € [0,T], * € R® be any solution of (1.1) satisfying (p,m) € VV&;O(RS
[0,T7]). Assume

Z(T) =: OzlgT(Hp(»t)Hoo(Hp(nt)Hoo + 1120 1)l lo0)* T (VOLS(£))*2 + [[Va¥ (-, 1) ]oo) < 400,
o (4.4)

and

% e L®(R® x [0,T]). (4.5)

NIE!

where S(t) = Supp|p—p|(-,t). Then there is a constant C(T) depending on T and Z(T) such
that
Y (t) < C(T)Y(0), 0<t<T, (4.6)
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where
Y(t) = D(p, p)(t) + [[V/p(V® — V®)|[5(t) + /p(x, t)|v — v|*(z,t)dz,

® = —DBp, P = —Bp,

and

X.

_ p(p) —p(p) —p'(P)(p—p
D 5= [P0,
v—1
Remark 9. The function (p, m, ®) in the theorem could be, but is not necessarily, a rotating

star solution.

Remark 10. For 1 < v <2/ it is easy to see

D(p, p) > Cllp— pll3,

for some constant C' > 0 if p, p € L>=(R? x [0, T).
Proof of Theorem 4.1

Letting U = (p,m)? with m = (my,m2,m3) = pv and U = (p,m)T, we can write system
(1.1) as
3
Ui+ S5, Fi(U),, = —pV, o
AD = 4mp.
Here the flux functions F;(U) are given by
AU) = (mr.plp) + 7, oz, mma )"
1 = 1, P\p P’ p P )
T
Fy(U) = (ma, ™2, p(p) + "3, marma ) (438)
T
F3(U) = (m37 mlpmga m2pm37 p p) + ng) .
The entropy and entropy fluxes n and q are as in (4.3) and satisfy
Vg;(U) = Vn(U)VE;U),  j=1, 23, (4.9)
as is easily verifiable. Since U is an entropy weak solution
3 3
<9t77(U)—i-zaquj(U)—i—panj(U)(I)xj <0, (4.10)
j=1 J=1
in the sense of distributions. Because U € I/Vli’coo is a weak solution of (1.1), we have
Om(U) + > 00, q;(T) + p D 0, (T) By, = 0. (4.11)
j=1 j=1
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We define the relative entropy-entropy flux pairs by

{ 0 (U,0) = n(U) — (0 <U><U—U>

) —
(U, U) = ¢;(U) — ¢;(U) = Vn(U)(F;(U) - F;(U)) (j = 1,2,3).

Using (4.10) and (4.11) gives

3
Om" + Y 00,4
j=1
3 —_
= (0mU) + Z ax]% — (0m(U ) + Z aijj(U))

j=1

= V(O (0, U =0) + (Y 92,0, F;(U) = F3(0))}

in the sense of distributions, where
R=(0,—pV®)T, and R = (0,—pV®)T.
It is easy to check that

(Vn(U) = Vn(U)R — V*n(U)(R,U - U)
=—p(v—9)- (VO - V),

so that

3
= V2(0) ) (9,0, Fi(U) — F;(0) = F{0)(U = 0)),

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

in the sense of distributions. That is, for any nonnegative, Lipschitz continuous test function
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¥ on R? x [0,T), with compact support, we have

T 3
/0 /R3 (&W +;8jwqj> d;vdt%—/RBw(:v,O)n (z,0)dx

T
> / VYp(v —v) - (VO — V®)dxdt
0

T
+ /0 $VPn(0)Y (0:,U, Fy(U) — Fy(U) — Fj(U)(U — U)) dadt.

A calculation gives

m? P _my _mp  _mg
07 ~—1 lpz o2 02
_m1 1 0 0
2
Vin(U) = o ST
p? p )
_m3 1
p? 0 0 o
ko (0) = p(7) P (P)p — D)
n*_pl) pbip b p){p P+ p|v—l7|2.

So, for 1 < v < 2,
* ~ =2 o 1 —12
7" 2 e1(llpC Dlloo + 1120 )lloc)™™(p = £)" + 5plv = ¥[7 2.0,

for some positive constant c;.
A further calculation yields, using (4.18),

3
0)) (0,0, F;(U) = F5(0) = F(O)(U - 1))

.
—_

+5 Y plvi — ) (v — ;) (00 + 0imy).

ij=1
Here and in the following, we use the notation:

0
0; = — =1, 2, 3.
7 a$ja J ) 4y

Therefore, by (4.19) and (4.21), we have

3
V2n(0) Y (0:,U, Fi(U) = F;(U) = Fj(U)(U - 0)) |(x,1)

7j=1
< Ol Vev(, 8)lloon” (. 1),
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(4.18)
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for . € R3, ¢t € [0,T) and some constant C' > 0. Thus, (4.17)-(4.22) yield
T 3
[ [ o+ Y000 | dode+ [ oo 0 2,00
0o JRrs . R3
7j=1

T
> / Yp(v —v) - (VO — V)dxdt
0o Jrs

0<t<

T
-C sup [|Vav(,t Hoo/ / Yn*(x,t)dzdt. (4.23)
0o Jrs

Using (4.5), it is easy to see that there exists a positive constant A, which may depend on T,
such that

3
O I3 t) < A, t), (at) € RO x [0, ). (4.24)
j=1
For fixed L > 0, t € (0,7) and small € > 0, we consider the test function ¢ (x, 7) = ¢(x, 7)(7)
defined by

1, 0<7<t
Hr)=9 Lit-7)+1, t<r<t+e (4.25)
0, t+e<7<T,
1, (x,7) € Ry
s(z,7) = LL+ACt—7)— 2] +1, (z,7) € Ry (4.26)
0, (x,7) € R3,

where
Ri={(z,7):0<7<T, 0< |zg| < L+A(t—1)},
Ry={(z,7):0<7<T,L+A(t—7) <|z| <L+ A(t —7) + €},
Ry3={(z,7):0<7<T, |z| >L+A{t—7)+e¢},
and A is the constant given in (4.24). Substituting this in (4.23), a straightforward calculation

yields,
t+e
/ / (z,7)dxdr
\$|<L
/ n* (2, 0)da
|m|<L+At
1/t 3 T
_6/ / An*—i—Zﬁq}f dxdt
0 JL+A(t—7)<|z|<L+A(t—T)+e j=

t
- / / p(v—v) (VO — V®)dzdr
0 Jlz|<L+A(t—T)

+C sup [|Vav(, ||Oo/ / n*(z, 7)dzdr + O(€). (4.27)
0<r<T || <L4+A(t— T)
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The second term on the right-had side of (4.27) is negative in view of (4.24), together with
Cauchy-Schwartz inequality. Letting e — 0T in (4.27) gives

/ n*(z,t)dx

lz|<L

< / n*(z,0)dx
|z|<L+At

t
= / / p(v =) (V® — V®)dzdr
0 J|z|<L+A(t—T7)

+C sup [|Vav(, ||Oo// (x,7)dxdr. (4.28)
0<r<T || < L+A(t— T)

We now let L — +oo in (4.28) to get

/n*(x,t)dx
</ *(x,0)dx
// v—9)- (VD — V®)dwdr

+C sup ||Vav(, ||Oo// x, T)dxdrT. (4.29)

0<r<T
The second term on the right hand side can be estimated as follows. By Cauchy-Schwartz

inequality, we have

| /p(v —v) - (V® — V®)(x,7)dx

< ;/p\v 2, 7V + ; /p|V<I> _VOP(z, 7)dx. (4.30)

Applying Lemma 2.3, we obtain
/p[V@ — VO|*(x,t)dx

<o Dlool V(@ = @) (-, 7[5

S(7) = supplp — pl(, 7).

where

It follows from Hélder’s inequality that
2/3
/ o= p|** (@, t)da < </ P — ﬁ\2(1‘77)d90> (volS(r))'/?, (4.32)
S(t) 5(7)
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and

2/3 1/3
( / o — pl(w)dm) < ( / o — pl%m)dx) (volS(7))"/2. (4.33)
S(t) S(t)

Then using (4.31)-(4.33) we obtain

/plvq’—@‘m?(m)dm < Ol ) oo (1ol oo H1B( ) o0) > (=) (-, 75 (VLS (1)),
(4.34)
In view of (4.20), (4.29), (4.30) and (4.34), we have

¢
/n*(a?,t)dx < /77*(1',0)(1$—|—CZ(T)/ /n*(:v,T)d:L‘dT, (4.35)
0
for 0 <t < T, where

Z(T) =: supo<e<r([[p(- )l [oo ([1(, D)oo + 11A( O)loo) >V (VIS ()% + || Va¥ (- 1) |oo)-

Then (4.6) follows from Gronwall’s inequality applied to (4.35) and using (4.19) and (4.20).
This completes the proof of Theorem 4.1.

5 Uniform A Priori Estimates

The theorem proved in this section gives a uniform a priori estimate for the entropy weak
solution defined in (4.2) of the Cauchy problem (1.1) and (3.1). As we shall see, this estimate
justifies some assumptions made in Section 3 and should be useful for obtaining the existence

of global weak solutions for the Cauchy problem.

Theorem 5.1. If (p,m) € L>([0,T]; L'(R3)) satisfies the first equation in (1.1) in the sense

of distributions, then

/RS p(x,t)dr = /R3 p(x,0)dx =: M, 0<t<T. (5.1)

Let (p,m,®) be a weak solution defined in Definition 3.1. Suppose (p, m,®) satisfies the
entropy condition (4.2), p € L>®([0,T); LY(R3)) N L*°([0,T); L™ (R?)) for some r satisfying
r>3/2 andr >, m € L¥([0,T]; L*(R3)) (s > 3), (n,q) € L>=([0,T]; LY(R3)), where n and

q are given in (4.3). Moreover, we assume that (p,m) has the following additional regularity:

t
lim / lp(z, 7+ h) — p(x,7)|dedr =0, te€(0,T),a.e. (5.2)
h—0 Jo JRr3

Then

E(t) < E(0), 0<t<T, (5.3)
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and if v > %, then
H(t) < C1H(0) + Cy, 0<t<T, (5.4)

where Cy and Cy are two positive constants only depending on vy and M (cf. (5.1)), where

m|”

H(t) = /{71+ > +f|v<1>\ Vo t)dz, € [0,T)

Remark 11. (5.1) and (5.3) justify some assumptions made in Section 3 on the conservation
of total mass and non-increase of energy.

Remark 12. The boundedness of [z p7(x,t)dz was proved in [10] for smooth solutions if
~v > 4/3. Here we prove that this is still true for general week solutions satisfying the entropy
condition even without assuming that p € L. In fact, the global existence of radial L*°-
solutions was proved in [34] for (1.1) outside a ball. The blow-up of L®-norm of the radial

solutions of (1.1) in the entire R? space was discussed in [27] and [11], respectively.

Remark 13. Condition (5.2) can be assured by the following condition

lim  sup lp(z,7) — p(x — ey, T)dx = 0, (5.5)
e=00<r<T |y|<1 JR3

if (p,m) € L>®([0,T]; L*(R3)); this is proved in the Appendix. Note that (5.2) is the L!
modulus of continuity in time and (5.5) is the L' modulus of continuity in space.

In order to prove this theorem, we begin with the following lemma.

Lemma 5.1. If f € L"(R3) (r > 1), then

LP(R3), with 1/p=1/r —2/3, if r<3/2,
e | P®) /p=1/r-2/ / 56)
L*>®(R3), if r>3/2;

and

LA(R3), with 1/¢=1/r —1/3, if <3,
v e d ED) with Vg =1/r=1/ nr (5.7)
L>(R3), if r> 3.

The proof of this lemma follows from the extended Young inequality (cf. [28], p. 32).

Lemma 5.2. Suppose 0 < p € L>=([0,T]; L*(R?)) and 2 ¢ L>([0,T]; L?(R3)), then

o
m € L>([0,T]; L' (R?)). (5.8)

Proof. Using Holder inequality, we have

m m 2
[ mlas = [ ﬁ'\/ﬁ'dx < ([ oy [ 225y (5.9)
Note that (5.9) implies m € L ([0, T]; L' (R?)). O
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Remark 14. n € L>([0,T); L*(R3)) implies T € L>([0,T]; L*(R?)).

Lemma 5.3. Let (p,m,®) be a weak solution defined in Definition 3.1. Suppose (p, m,®)
satisfies the entropy condition (4.2), p € L°°([0,T]; LY(R3)) N L>=([0,T]; L"(R3)) for some r
satisfying r > 3/2 and v > v, m € L>®([0,T]; L*(R3)) (s > 3), (n,q) € L>=([0,T]; L}(R?)),
where n and q are given in (4.3). Then, for any T € [0,T), we have

/ n(z, 7)dx —/ m - Vodzdt < / n(z,0)dz, 7€ (0,T),a.e. (5.10)
R3 0 JRr3 R3

Proof. For a fixed 7 € (0,7, and small positive € and R > 0, we define

1, 0<t<,
0t)=q —Lt-7)+1, 7t<t<7+e (5.11)
0, T+e<t<T,
and for x € R3,
L, lz| < R,
afz) = — (x| = R) +1, R< |z < R+e (5.12)
0, |z| > R+ e.

Let B(x,t) = 0(t)a(x), then B(x,t) is Lipschitz continuous, with compact support in [0,7") X
R3. Using (4.2), a calculation yields

1 [Tt 1 [7te
- / / n(z,t)dzdt — / / n(x, t)o(z)dzdt
€Jr |z|<R €Jr R<|z|<R+e

3
1 /T-‘re/' xj
- - (Y qj—)0(t)dzdt
€Jo  JR<z|<Rte ; 7| ()

+/|x<R77(x,0)dx+/ n(x,0)a(x)dx

R<|z|<R+e

T T+€
+/ / m - Vodxdt —|—/ / m - VO5(z,t)dzdt > 0. (5.13)
0 Jiz|<R T |z|<R+e

Since (n,q) € L*([0,T], L'(R?), we have

lim n(z,t)a(z)dr =0, a.e., t €[0,7], (5.14)
R=00 JR<|z|<R+te
lim n(z,0)a(x)dz =0, (5.15)
R—00 JR<|z|<R+e
and .
T
lim (> q;—L)0(t)dx = 0, a.e., t €[0,T]. (5.16)
R—00 J R<|a|<Re ; 7]
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We let R — oo in (5.13) to get

_/ /]Rs mtdmdt+/ n(z,0)dz

T+e

+/ m - V(dedt+/ m - VO5(z,t)dzdt > 0. (5.17)
0o JR3 T R3

Because p € L°([0,T]; L"(R?)) with r > 3/2, by (5.7) we have V& € L>°([0, T]; L4(R?) with
q > 3. Tt then follows from (5.8), the assumption m € L*°([0,T]; L*(R?)) with s > 3 and
Holder’s inequality that

m - Vo € L>=([0,T]; L' (R?)).
This implies

T+€
lim m - VO§(z,t)dzdt = 0.
=07 R3

Letting € — 0 in (5.17), we obtain (5.10). O

Lemma 5.4. Let (p,m,®) be an entropy weak solution defined in Section 4 satisfying the

conditions in Lemma 5.3. Then

00, t) = — | mly,t)-V,(——)dy. (5.18)
R3 ly — x|
Moreover
o® € L°([0,T); LY(R?)), (5.19)
and
o® € L>=([0,T] x R3). (5.20)

Proof. The key is to prove (5.18). Once (5.18) is proved, (5.19) and (5.20) follow from the
fact that m € L>°([0,T]; L' (R3)) N L>=([0, T]; L*(R3)) and the extended Young’s inequality
(cf. [28], p-32). In order to prove (5.18), we use the fact that (p, m) satisfies the first equation
of (1.1) in the sense of distributions. For this purpose, we choose a C™ function §(z) (z € R!)
with compact support in the interval [1, 2] satisfying 0 < §(z) < 1 and fj;o d(z)dz =1, and
let
1.2 z 1
0c(2) = =0(=), ae(z) = de(s)ds, zeR", (5.21)
€ —0o0

for small positive e. For y € R3, 0 < € < % and R > 1, we set

Ry = <3 +e (5.22)
ac(R+2e—1ly)), |yl>5+e
Then
fEy) =0, as lyl <e, or |y > R+e,
0< fRy) <1,  ase<l|y <26 or R<|y| < R+e (5.23)
Ry =1, as 2¢ < |y| < R.
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For z € R3, we choose

1

R(,\ — fR(, _

Then gft(y) € C°(R3) for any fixed z € R3. Since (p, m) satisfies the first equation of (1.1)
in the sense of distributions, it is easy to show (see [15] for instance), [ps p(y,t)g5(y)dy is
differentiable in ¢ for ¢ € [0,7T] a. e., and satisfies

(5.24)

G [oowteiwin = [ m0) Vielwids,  telTace 62
R3 R3
We also let

ge(y) = Jim g’(y),  yER® (5.26)

Then we show (5.18) in the following steps.
Step 1. We show that [ps p(y,t)ge(y)dy is differentiable for ¢ € (0,T], a.e., and

G [ pwtawis= [ w0 (5.27)
R3 R3

for t € (0,7],a.e
For this purpose, we prove that
1 ply,t+h)—ply,t
- ( 11 B r(yay — [ m(y,1) - 7,08 w)dy
R3 R3
as h — 0 uniformly in R for R > 1. (5.28)

This is proved as follows. Since (p,m) satisfies the first equation of (1.1) in the sense of

distributions and g(y) € C°(R3), it is easy to verify (see [15] for instance),
R t+h R
[ etwtm=p gy = [ [ mls)- Vgl wdyds. 5:2)
t
for [t,t + h] C [0,T]. Thus,
t h) — t t+h
lim (ply,t+h) = ply, )) y)dy = lim — / m(y,s) - V92 (y)dyds.  (5.30)
R3

h—0 Jr3 h h—0 h

On the other hand,

t+h
/ ™ (v, 8) - Vygli(y)dyds — - m(y,t) - Vygl(y)dy

t+h
-1 / " /R (m(y, )~ m(y, 1)) - V(o) dyds

S m(y, s o Cely =)
_h/ /Sy $|<R( (y,s) —m(y, ) - Vy( o] )dyd
+ 1 o R .
h/ /<y x\<R+e m(y,s) —m(y, 1)) - Vyg (y)dyds. (5.31)
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The first term can be handled as follows. For h > 0,
1 [tth ac(ly — =z
s s - mi)- vy gy
h t e<|ly—z|<R ‘y—ZE‘

e oy —al) | adly—al).
B —mGnl o )iy

ly — x| ly — x|

IN

t+h 1
< — m(y,s) —m(y,t)| ——dyds
eh /<|y :1:|<25‘ ( ) ( )"y_x’

1 t+h - - 1
] m(y, ) — m(y, )| ——dyds
h Ji 2e<|y—z|<R ’ ’

2 t+h
<o [ imls) - miy.oldyds
€ t e<|ly—z|<2e

1 t+h
com [ [ mis) - mi.oldyds. 5:32
e Jy 2e<|y—z|<R

The last term in (5.31) can be estimated as follows.

t+h R
/ / m(y.s) — m(y.1)) - V0 (y)dyds
R<\y x|<R+e
t+h 1
—)— m(y,s) — m(y,t)|——dyds
h/t /R<|y—x<R+e‘ ) ( )‘|y_37|

1 1 t+h
)h/ lm(y,s) — m(y,t)|dyds. (5.33)
t R3

€

Since we choose R > 1, (5.31), (5.32) and (5.33) yield,

t+h R
!/ /R3 (v, 8) - Vyal(y dyds—/ m(y,t) - Vyg: (y)dy|

t+h
. .34
S(pgtit+D; / [ () — m(y. 0 dyds (534

Since m € L>([0,T]; L' (R?), we have

1 t+h
lim / lm(y,s) —m(y,t)|dyds =0, tel0,T], a.e. (5.35)
he0+ h ¢ RS
1 pt+h :
Therefore ¢ [ [pa(m(y, s) —m(y,t))- VygZ(y)dyds Converges to zero as h — 0+ uniformly

in Rfor R > 1. Bya sumlar approach, we can show that ; ft b Jrs(m(y, s) — m(y,t)) -
V95 (y)dyds converges to zero as h — 0— uniformly in R for R > 1. This verifies (5.28).
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(5.27) follows by the following argument, using (5.22) and (5.24).

p(y,t)ge(y)dy

dt Jgs
o p(y,t+h) —py,t) g
=1 1 d
Ry h 9 W)y
I ply.t+h) —p(y,t) g
= A o e
= lim — gl (y)d
Jim dt/ Py, t)ge (y)dy
= lim [ m-V,gf(y)dy
R—oo R3
= [ m-Vyge(y)dy. (5.36)
]R3

Step 2. In this step, we show that

y,t
/ p(y,t)ge(y)dy —>/ l )dy as € — 0
R3 R

s |y — =
uniformly in ¢ for t € (0,7), (5.37)
and
lim [ m(y,t) - Vyge(y)dy = / m(y,t) - Vy(——)dy, (5.38)
e~0 JRs R3 ly — x|
for t € (0,7).

We prove (5.37) as follows. Since p € L*([0,T]; L"(R3)) with r > 3/2 and 7 > ~, we have,
by using Holder inequality,

[y [ g < [ 20,

R3 ‘y_x‘ <|ly—z|<L2e ‘y_x‘
1
< (/ pr(y,t)dy)l/’"(/ rdy)"/!
e<|ly—z|<2e e<|ly—z|<2e |y - :U|
2e 1/1
< lplleqoyarieon( | 4mslds) (5.30)

where | = 5. Since r > 3/2, | < 3, (5.37) follows. Next (5.38) can be shown as follows.
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Since m € L*([0, T]; L*(R3)) for s > 3, we have

1
/ m(y,t) - Vyge(y)dy — /my, ‘dy\
1

= m(y,t) - Vy(ge(y) — 7—
e<|y—a|<2e ly —

oy m@J%Vﬂwiﬂ&Mw—xD—UMm

e<|ly—z|<2e

1 1
< m(y,t + Solly — 2)))dy
/<y x\<26| ( )|(|y—x|2 ly — x| (I )

2 1
< / im(y, t)] dy
€ Je<|ly—a|<2e ’y - I”

my|| 700 (0,77 L5 (R3
€ ([ } ( )) €<|y_3;‘<2€ ’y x’q

IN

dy)"/?

2 2¢ oo 1/s
< Il ory; e me)) (/ drr0 dT> 7 (5.40)

where ¢ = —%5. Since s > 3, then ¢ < 3/2. Therefore, (5.38) is proved.
By (5.37) and (5 24), we have that ng |yy’t) dy is differentiable with respect to t for (¢,z) €
(0,T) x R3, a. e. Moreover, by (5.24), (5.37) and (5.38), we obtain,

d [ plyt) d
- 1 d
di Joo Ty — a1 = a0 [, P 9 )dy)

—hmd/ p(y:1)ge(y)dy = lim | m(y,t) - Vyge(y)dy

e—0 dt R3
1
= [ myt) Vy(——
RS (y ) y(|y_$|

)dy. (5.41)

This proves (5.18). (5.19) and (5.20) then follows as we showed at the beginning of the proof
of this Lemma. O

Proof of Theorem 5.1
We prove Theorem 5.1 in the following steps.

Step 1 In this step, we prove (5.1). This can be proved by using (5.25) in which g®(y) is
replaced by fE(y), i.e.,

G L owosfmay = [ men-viiedne e, (642)

where f is defined in (5.22). We integrate (5.42) to get

/R3 ply,t) fF(y)dy — /R5 p(y,0)fF(y)dy = /Ot /RJ m(y,s) - Vy fE(y)dy, (5.43)
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By using a same argument as in the proof of Lemma 5.4, we can prove

lim lim p(y, ) fE(y)dy = /}R3 p(y,t)dy,

€—0 R—oo Jp3

fim Jin [ o000y = | plo-0)d,

e—0 R—oo JR3

and

t
lim lim m(y, s) -V, fE(y)dy = 0.

e—0 R—oo Jo JR3

(5.1) follows from (5.43) by letting R — oo and € — 0.

Step 2 In this step, we show that

/Ot /R3 p(x,$)0sP(x, s)dxds = % </Rs(p<1>)(a:,t)da: — /Rs(pcp)(x,o)dx> L te[0,T). (5.44)

This is can be proved as follows.

t
/ / p(x,$)0sP(z, s)dxds
0 JRr3
h
= lim — // (z,s / ply,s+h) = ply ’S)dyd:z:ds
h—0 h R3 R3 |=T—y|
t+h
— lim ~ / / / plz,s = h)p(y,s) , da;ds—/ / / P $)0W:5) b1
h—0 h R3 R3 ]a:—y| R3 JR3 |:L’—
= lim — / / / plz,s —h) = plz, 5)ply, )dyda;ds
h—0 h R3 JR3 |ZL’— |
t+h
+ hm / / oLy, )d dxds — hm / / / S)dydxds
h—0 h R3 R3 \x—y\ R3S JR3 -

— lim -~ /// (x5 —h) = p(@,5)pY:9) 4 10
h—0 h R3 JR3 |.’E— |

+ [ (p®)(z,t)dz — [ (p®)(x,0)dx. (5.45)
onéje other hand, /RS
/ /RS /RS A= |$_ (T EDPW:5) g g
/ /R /R e |f_Ty|+ WP 4 gy
/ /W/W (z,7) — x,T—F‘Z))_(/Z(‘y,T—i-h)—p(yﬂ—))dydxdT
e a0

Since

ply, 7 +h) —ply,7)
1 dy = -0, 9(x,
hli%h/Rs |z — y| Y Ore(e.7)
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|1/ ply, 7 +h) —p(y,7) dy| < 0, (z,7)| + 1, (5.47)
h R3 |ZL‘ - y|

for small |h|. Therefore,

1 [ (p(x,7) = p(z, 7+ 1)) (ply, T+ h) — ply, 7))
’h/o /R3 /RS p— dydxdr|

t
< (1[0¢®@|] oo (jo,1)xR3 + 1)/0 » |(p(y, T + h) — p(x, 7)|dydr. (5.48)

Then (5.2), (5.20) and (5.48) imply

ple, 1) = pla, 7+ 1)) (p(y, 7+ h) = p(y, 7)) _
lim — / /RS /R3 dydzdr = 0. (5.49)

h—0 h |z — y|

Similarly, we have, for small |h|,

h h
‘/ / / p(x,7) xT_+ Np(y, 7+ )dyda?dﬂ
t—h JR3 JR3 |z —

< Uoliqorzs +1) [ [ olorr -+ Ry (5.50)

Since p € L>([0,T]; L*(R3?)), (5.50) implies,

1t (p(x,7) — p(z, 7+ h)ply, 7 + h) _
lim /th /R3 /RS dydxdr = 0. (5.51)

h—0 h |z — y|

Hence, (5.46), (5.49) and (5.51) yield

lim — / / / Pz, 5 — P, 5))p(y, 5) dydxdr
h—0 h R3 JR3 ’33‘ — ’
plx,7) — plx, 7+ h))p(y, )
=1 dydxdr. 5.52
hlir(l)h//H@/Rs |3:—y| yarar ( )

This, together with (5.45), implies (5.44).

Step 3 In this step, we prove (5.3).
Since p € L>([0,T; L' (R3)) N L>([0,T]; L™ (R3)), where r > 3/2 and r > ~, we have, in view
of (5.7) that

Vo e L([0,T); L¥?(R?)) n L=(]0, T); LM (R?)), (5.53)

if r < 3, where 1 = 2 — 1. We also know that A > 3 if 7 > 3/2. Similarly, by (5.7), we have

T

vV e L2([0,T]; L¥?(R?)) N L=([0, T] x R3), (5.54)

if > 3. Furthermore, because (p,m) satisfies the first equation of (1.1) in the sense of
distributions, then by a density argument as in [15], in view of (5.19), (5.20), (5.53 and
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(5.54), we have,

Lotz = [ (p9)(a.0)dz

R3
t t
= / / p(x,s)0sP(z, s)dxds —i—/ m(z,s) - V®(z, s)dzds, (5.55)
0 JR3 0 JR3
for t € [0,T). This, together with (5.10) and (5.44), implies (5.3), due to the fact
1
B0 = [ nlatide— 5 [ (00)(w 00z, (5.56)
R3 2 R3

for t € [0,T).

Step 4 In this step, we proof (5.4).

First, since p € L>([0, T]; L*(R3) N L*°([0, T); L" (R?) with » > 3/2, it follows from [22]), [29]
and [30] that

1 1
/ (p®)(z,t)dx = —— [ |V®|*(z,t)dz, tc[0,T].
2 Jps 81 Jrs
Using (2.19), we have, for v > 4/3
1 1
8|V<I>2}da::/2pod9:gC’/,04/3da:(/pdaz)2/3:MQ/?’/pzl/?’de’7 (5.57)
T
E
where A(p) is given by (2.3). Taking p = 1, ¢ = 4/3, r = 7, and a = 4,;711 in Young’s
inequality (2.17), we obtain,
l1ollags < llpllllolly~ = M[[pl[57° (5.58)
This is
/,04/3dm < Mé‘a(/ pda)?, (5.59)
where b = ﬁ Since v > 4/3, we have 0 < b < 1. Therefore, (5.57) and (5.59) imply

1
/2podx <C(y- 1)bM§“+§(/ A(p)dz)®. (5.60)
Using the inequality (cf.[15] p. 145)
af <ea®+et5pt (5.61)

if s71+¢71 =1 (s,t > 1) and € > 0, since b < 1, we can bound C(y — 1)bM%“+%(f A(p)dz)®
by % J A(p)dz + Cs, where C5 is a constant depending only on M and v (we can take e = 1/2
and s =1/band t = (1 — s~ )71 in (2.26) since s > 1 due to 0 < b < 1). Therefore,

1

1 1 pY(x,t)
d — —|IVB(-, )2 < ) 2

for t € [0,T), where C' is a constant only depending on M = [o5 [ p(x,t)dx = [ps p(z,0)dz
(cf. (5.1)) and 7. This, together with (5.3), implies (5.4).
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6 Appendix

In this appendix, we prove the following theorem which is Remark 13 in Section 5.

Theorem If (p,m) € L®([0,T]; L' (R3?)) satisfies the first equation of (1.1) in the sense of

distributions, then

lim  sup / lp(z,t) — p(x — ey, t)|dx =0, te€(0,T),a.e., (6.1)
00<t<T |y|<1 /R
implies
t
lim / / p(z,t + h) — p(a, B)dz = 0, te (0,T),ae. (6.2)
h—0 Jo JRr3

Proof. For any fixed t € (0,7 and small h, we let

First, we note that if ¢ (z) € C1(R3)) with ¢ and V¢ being bounded in R3, then

t+h
/ w(z)Y(z)dr = / m(z, s) - Vi (z)dzds. (6.3)
R3 t R3

This is because (p, m) € L*([0,T); L'(R?)) satisfies the first equation of (1.1) in the sense of
distributions. The justification of (6.3) is standard, for instance, see [15]. In view of (6.3),
we have

| | w(z)(x)dz| < h sap [VY(@)|[|m]|pee (o101 ®3))- (6.4)

R3 z€R3
We choose v as
wia) = [ sgnta = cn)s(o)d.

where sgn is the sign function, § € C§°(R3) is a smooth function satisfying 0 < §(y) <

1, [ps 6(y)dy = 1 and supp 6 C {y € R® : |y| < 1}. Then |V¢| < % for some constant C.

Moreover,
[ wlawia)ds = [ sl
—1 [, [ w0 ~ e~ e)sgnte - e)stu)dds

< sup [ Jw(z) —w(z — ey)|dy
ly|<1JR3

< swp | |plet) = plx — ey lde+ sup | |p@,t+h) —pla — eyt +h)ldz.  (6.5)
ly|<1JR3 ly|<1JR3
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Therefore,

[, lw@las

< sup | |p(z,t) = p(x — ey, t)|dx + sup | |p(x,t+h) = p(x —ey,t + h)|dz

ly|<1JR3 ly|<1JR3
+ %HmHL‘”([O,T];Ll(R%)- (6.6)
We let h — 0 first in (6.6), (6.2) follows from (6.1) because € is arbitrary. O
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