
Precautionary W ealth A ccum ulation:A Positive T hird
D erivative IsN otEnough

¤M ark H uggettandEdouardV idon

July 13, 2001

A bstract

W econsiderthestandardm odelanalyzedin theliteratureonthelife-cycle,perm anent-
incom ehypothesis.Itiscom m only conjecturedthatexpectedwealth accum ulation in
thefuture increasesasearningsrisk increasesaslong astheutility function isincreas-
ing, concaveandhasa positivethirdderivative.W epresenta counterexam pleto this
conjecturewhich highlightstheim portanceoftheconvexity ofthesavingsfunction or,
equivalently, the concavity ofthe consum ption function in a theory ofprecautionary
wealth accumulation.
JEL C lassi¯cation:D 80, D 90, E21
K eywords:Precautionary W ealth, EarningsR isk, SavingsFunction

¤A ± liation:G eorgetown U niversity
W ethank M ilesK imballfora valuablesuggestion.V idon thanksthe B anquedeFranceforfunding.
C orresponding A uthor:M ark H uggett
A ddress:Econom icsD epartm ent;G eorgetown U niversity;W ashington D C 20057-1036
E-m ail:m h5@ georgetown.edu
H om epage:http://www.georgetown.edu/faculty/m h5
Phone:(202)687-6683
Fax:(202)687-6102

1



1 Introduction
T heliteratureon precautionary wealth accum ulation isto a largedegreem otivatedby
thepossibility thata largepartofaggregate wealth accum ulation m ay bedue to the
presenceofuninsured, earningsrisk.H owever, despitesharing a com m on m otivation,
the em piricaland theoreticalliteratureson precautionary wealth accum ulation have
focusedon di®erentobjects.Theseobjectsarehighlightedin F igure1.

[InsertF igure1(a)-(b)H ere]

T he em pirical literature hasfocused on establishing whetherornot household
wealth acumulation increasesin a m easureofearningsrisk, otherthingsequal.F igure
1(a)graphsthesituation wherem oreearningsrisk leadsto m oreexpectedwealth ac-

1cum ulation in allperiodsoverthe life cycle. O ne reason why the pattern in F igure
1(a)iscentralin theliteratureon precautionary wealth accum ulation isthat it isthe
key toestablishingwhetherornotearningsrisk m ay beresponsiblefora largefraction

2ofaggregatecapitalaccumulation.
T hetheoreticalliterature, in contrast,hasfocusedonwhentheoptim aldecisionrule

forsavings(i.e.thesavingsfunction)increaseswith increasesin risk.T hissituation
isgraphed in F igure1(b)where wealth carried into the nextm odelperiod isplotted
against a m easure ofcurrentresourcesoften called cash-on-hand.T he key result in
the theoreticalliterature isthatthisoccurswithin the fram ework ofm axim izing an
additively separable expected utility function when the utility function isnot only

3increasing andconcavebutalso hasa positivethirdderivative.
A centralquestion in the precautionary wealth accumulation literature iswhat

propertiesofthesavingsfunction in F igure1(b)aresu± cientto producethepattern
in F igure 1(a). T hisquestion wasansweredby H uggett (2001)forthe case where
earningsshocksare independent. H uggettshowsthat when the savingsfunction in
F igure 1(b)isincreasing andconvex in cash-on-handandwhen the savingsfunction
shiftsupwhen earningsrisk increases, then thepattern in F igure1(a)m usthold.T he

1B rowning andL usardi (1996)review theem piricalliterature.
2T heidea isthatthelaw oflargenumberscanbeusedtotreattheexpectedwealth prō leofoneagentas

therealizedaveragewealth accumulation prō leform any sim ilarly situatedagents.Sinceaggregatewealth
isa weightedaverageofthe average cross-sectionalwealth holdingsofagentsofdi®erentages, theupward
shiftofF igure1(a)im pliesthataggregatewealth holding increasesasearningsrisk increases.

3L eland (1968), Sandm o (1970) and otherspresent thisresult in the context of a two-period m odel.
M iller(1975, 1976), Sibley (1975), Schechtm an (1976)andA m ihudandM endelson (1982)extendthisresult
to multi-period m odels. K im ball(1990)describesthe determ inantsofthe m agnitude ofthe shift ofthis
decision rule forsm allrisks.C aballero (1991)and W eil(1993)presentparam etric exam pleswith analytic
solutionsthatproducethepattern in F igure1(a)and(b).
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convexity ofthe savingsfunction turnsout to be a key issue. C arrolland K im ball
(1996)provideconditionsthatguaranteethattheconsum ption function isconcaveor,
equivalently, thatthe savingsfunction isconvex.T hese conditionsare strongerthan

0 00 000the standard conditions(i.e. u > 0;u < 0and u > 0)that guarantee that the
savingsfunction shiftsupward with increasesin risk. T hisleadsto a naturalopen
question.
T heopen question iswhetherconditionson utility functionsbeyondtheconcavity

ofthe utility function anda positive thirdderivative are essentialto guarantee that
the expectedwealth prō le shiftsupwardwith increasesin risk.T hispaperanswers

0 00thisquestion.In particular, two exam plesare constructedwhere u > 0;u < 0and
000u > 0butwhere thepattern in F igure1(a)doesnothold.T he exampleshighlight
how a concave savingsfunction can counteract the e®ect ofthe upwardshift ofthe
savingsfunction highlightedin F igure1(b)in any m odelwith m orethan twoperiods.
T heupshotofthispaperisthateconom istsneedtorevisetheirthinkingon thefun-

dam entaltheoreticaldeterm inantsofprecautionary wealth accum ulation.Speci¯cally,
thispaperm akestwo m ain points.F irst, a positivethirdderivative isnotenough for
the expectedwealth accum ulation prō le to increase with increasesin earningsrisk.
Second, thereason thata positivethirdderivative isnotenough isthattheconvexity
ofthe savingsfunction iskey in a theory ofprecautionary wealth accum ulation and
thatconvexity isgovernedby propertiesbeyonda positivethirdderivative.
T he rem ainderofthe paperisorganized in two sections.Section 2describesthe

standardconsum ption-savingsproblem considered in the literature on precautionary
savings.Section 3presentstwo exam pleswhich m akethetwo pointsdescribedabove.

2 C onsum ption-SavingsProblem
A n agentm axim izesan additively separable expectedutility function.T he only ran-
dom nessin the decision problem com esfrom earningse which are assum ed to bej
drawn independently from age-speci¯c distributions¼ indexed by a param eterµ.jµ
T hisproblem isstatedbelow where itisunderstoodthata single, risk-free assetwith
grossreturn (1+r)> 0isavailable andthatafterthelastperiodoflifesavingsmust
benon-negative(i.e.a ¸ 0).J+1

P JM ax E [ u (c)]j jj=1

s.t.c + a = a (1+r)+ e anda ¸ 0j j+1 j j J+1

A solution to thisproblem can be described in a couple ofdi®erent ways. O ne
usefulway, thatisfam iliarfrom thetheory ofdynam icprogram m ing, iswith optim al
decision rulesforconsumption c(x;µ)andsavingsa (x;µ).T hesedecision rulesm apj j
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the agent'sstate x at age j into consum ption and savingsdecisions, given earnings
distributionsindexedby µ.T he state ofan agent in periodj isthe am ountofcash-
on-handx ´ a (1+ r)+ e.A notherway ofdescribing the solution isby m eansofj j j
functionswhich m apthehistory ofrealizationsoftheshock variable into thesettings
each periodofconsum ption, savingsandso forth.T henextsection willhighlighteach
ofthesewaysofdescribing solutionsto thisproblem .
A stheessenceofthispaperisto comparethesolution to thisproblem forearnings

distributionsdi®ering in risk, we brie°y presenta standardnotion ofincreasing risk.
0O neearningsprocessµ isriskierthan anotherearningsprocessµ providedthat¼ isjµ

0 4riskierthan ¼ each periodj in thesenseofR othschildandStiglitz(1970).jµ

3 R esults
W e present two exam plesshowing that a positive third derivative isnot enough to
im ply thattheexpectedwealth prō le increaseswith increasesin earningsrisk.Each
exam ple hasthree m odelperiods.M ore than two m odelperiodsare essentialasthe
pattern in F igure1(b)im pliesthepattern in F igure1(a)in thespecialcaseofa two-
periodm odel.

3.1 Exam ple1
In Exam ple1theperiodutility function isoftheconstantrelativerisk-aversion class
but where the coe± cient ofrelative risk-aversion, oralternatively the elasticity of
intertem poralsubstitution, variesacrossperiods.T he agentstartswith no ¯nancial
wealth andfacesan interestrateofzero.

Exam ple1

(1¡¾ )j² u (c)= c =(1¡ ¾ ), wherej= 1;2;3and¾ = ¾ = 0:5;¾ = 2:0.j j 1 2 3

² a = 0:0andr= 0:01

² no earningsrisk -(e;e;e )= (1:5;1:5;0:0)1 2 3

² earningsrisk -(e;e;e )= (1:5;0:0;0:0);(1:5;3:0;0:0)with equalprobability.1 2 3
R R

4 0 0Probability m easure¼ isriskierthan ¼ providedthat f(e)d¼ · f(e)d¼ forallconcavefunc-jµ jµjµ jµ
tionsf forwhich the integralsexist.T hedē nition im pliesthatwhen two distributionscan beorderedby
risk then them eansm ustbeequal.R othschildandStiglitz(1970)providethisanda numberofequivalent
waysofdē ningtheorderofincreasingrisk.ShakedandShanthikum ar(1994)review thework on stochastic
orders.
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T hesolution tothisproblem isgiven in Table1below.Table1¯rstliststhesolution
5fortheproblem with no earningsrisk andthen liststhesolution with earningsrisk.

T hesolution with earningsrisk hastworowsforperiods2and3.T hisre°ectsthefact
thatallvariablesin period2andbeyondarecontingenton theearningsrealizationsin
period2.

Table1:Solution to Example1
Period Earnings W ealth C ash-on-H and C onsum ption

j e a a (1+r)+ e cj j j j j

1 1.5 0.0 1.5 1.0
2 1.5 0.5 2.0 1.0
3 0.0 1.0 1.0 1.0

Period Earnings W ealth C ash-on-H and C onsum ption
j e a a (1+r)+ e cj j j j j
1 1.5 0.0 1.5 0.5638
2 0.0 0.9362 0.9362 0.2379

3.0 0.9362 3.9362 2.6592
3 0.0 0.6984 0.6984 0.6984

0.0 1.2770 1.2770 1.2770

T heexpectedwealth prō lecorresponding to each earningsprocessisdisplayedin
F igure2.Itshowsthatwealth startsoutatthesam elevelatage1.W ealth holding is
greateratage2with earningsriskthan withoutastheoptim aldecisionruleforsavings
shiftsupwardsasearningsrisk increases.H owever,atage3theexpectedwealthholding
prō lescross:expectedwealth is0.9877with earningsrisk, com paredto 1.0without
earningsrisk.

[InsertF igure2H ere]

5T hesolution iscomputedby solving thenonlinearequationscorresponding to theEulerequations.The
solution with earningsrisk isnecessarily approxim ate since only fourdecim alsare provided.Plugging in

0the consumption valuesforthe relevantperiods, one can calculate Eulerequation residuals(i.e.u (c)¡jj
0 ¡5E [u (c )(1+r)]).T he¯rstperiod'sEulerequation hasa residualof6:4£10 .T hetwosecondperiodj+1j+1

¡5 ¡6Eulerequationshave residualsof5:3£ 10 and8:9£ 10 respectively.Sm allerresidualscan easily be
obtainedwith m oredecim als.
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3.1.1 U nderstanding Exam ple1

To understand why the prō lesin F igure 2crossit ishelpfulto considerF igure 3
6which graphsthe savingsfunction at age 2. T he concavity ofthe savingsfunction

workstodepressexpectedwealth holding atage3when thestateatage2isdispersed.
Essentially what ishappening in Example 1isthat the Jensen'sInequality e®ect in
F igure3 issu± ciently strong so asto o®setthefactthatthe m ean valueofthestate
atage2ishigherwith earningsrisk than without.

[InsertF igure3H ere]

T he rem aining unresolved issue isto understand whatdeterm inesthe localcon-
cavity orlocalconvexity ofthe savingsfunction.T hisissue wasexploredby C arroll
and K im ball(1996)where the focuswason the concavity ofthe consum ption func-
tion. T heirresultshighlight the point that the convexity ofthe savingsfunction,
equivalently theconcavity oftheconsum ption function, relieson assum ptionsthatare
m uch strongerthan a positive thirdderivative.To understandone ofthe key points
oftheiranalysis, considerinteriorsolutionsto theproblem ofm axim izing thefunction

0 0 0 0u(x¡ a )+ V (a ).B y di®erentiating theEulerequation u(x¡ a(x))= V (a(x)), one
0 00 00 00¯ndsthat a (x) = u =(u + V ). B y di®erentiating thislast result one ¯ndsafter

som e algebra thatlocally the concavity orconvexity ofthe savingsfunction depends
on the com parative localcurvature propertiesofthe functionsu and V .T hisresult
ishighlightedbelow where thefunctionsu andV areevaluatedatx¡ a(x)and a(x)
respectively.

00 0000 002 0000 002a (x)¸ (·)0( ) u u=u · (̧ )V V =V

A rm edwith thisinsight, it isclearhow to constructexam pleswhere the savings
0000 002function islocally concave. O ne sim ply focuseson situationswhere u u=(u ) ¸

0000 002V V =(V ).In Exam ple1thiswasaccom plishedby changing the coe± cientofrel-
ativerisk aversion acrossm odelperiods.In particular, between thesecondandthird

0 0m odelperiodsa problem ofthegeneraltypeaboveoccurswhereu(x¡ a )= u (x¡ a )2
0 0 0000 002and V (a ) = u (a (1+ r)+ e ). O ne can calculate that u u=u = 1+ 1=¾ and3 3 2

0000 002V V =V = 1+ 1=¾ .Thus, a situation where¾ < ¾ producesa savingsfunction3 2 3
thatiseverywhereconcaveasin F igure3.

6W e calculatethesavingsfunction a (x;µ)by solving theEulerequation fordi®erentvaluesofcash-on-2
0 0handx:u (x¡ a (x;µ))= u (a (x;µ)(1+r)+ e )(1+ r)2 2 32 3
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3.2 Exam ple2
Example1highlightshow extra earningsrisk m ay notbeconvertedinto m orewealth
accum ulation even when there isprecautionary savingsin thesense thatthedecision
ruleforsavingsshiftsupwith earningsrisk.Exam ple2highlightsthissam epointbut,
unlike Exam ple1, doesso withoutassum ing thatthe periodutility function changes
acrossm odelperiods.T hem ethodrelieson consideringa periodutility function where

0000 002thecurvature, asm easuredby u u=(u ), changesastheconsum ption levelchanges.
A sboth the classofconstantrelativerisk aversion andtheclassofconstantabsolute
risk aversion utilityfunctionshaveconstantvaluesofthiscurvaturem easure, itisclear

7thatonemustdepartfrom theseclassesto ¯nda counterexam ple.
Exam ple 2isbasedon choosing the periodutility function to be the sum oftwo

functionswhich each are ofthe constant absolute risk-aversion class. C learly, the
periodutility function isincreasing, concaveandhasa positivethirdderivativeaseach
ofit'scom ponentfunctionshavetheseproperties.In exam ple2theinterestrateserves
the role ofm oving consumption into di®erentcurvature zonesacrossm odelperiods.
A lternatively, m ultiplicative taste shifters(i.e.u (c)= ¯ u(c)for¯ > 0)couldbej j j
usedto achievethise®ectforarbitrary valuesofthe interestrate.

Exam ple2

¡ac ¡bc² u (c)= ¡e =a ¡ e =b, wherej= 1;2;3anda = 4:0;b= 0:2.j

² a = 0:0andr= 1:01

² no earningsrisk -(e;e;e )= (1:5;1:5;0:0)1 2 3

² earningsrisk -(e;e;e )= (1:5;0:0;0:0);(1:5;3:0;0:0)with equalprobability.1 2 3

T he solution to thisproblem isgiven in Table 2.A sbefore, thesolution isgiven
¯rst forthe problem with no earningsrisk, and then forthe problem with earnings

8risk. W ealth holding startsoutatthesam elevelatage1.W ealth holding isgreater
at age 2with earningsrisk than without asthe savingsfunction shiftsupwardsas
earningsrisk increases.H owever, atage3expectedwealth is2.5021with earningsrisk
com paredto 2.5320withoutearningsrisk.

7Fordeterm inisticproblemsthisisclearfrom thediscussion in thelastsection.Forproblemswith earnings
risk, C arrolland K imball(1996)show thatthe consumption function willbe concave forthese classesof
utility functions.T hus, thesavingsfunction willbeconvex.

8T hesolution with fourdecim alsisnecessarily approxim ateforboth thecasewith andwithouteaernings
¡5risk.Forthecasewith no earningsrisk, the¯rstandsecondperiodEulerequation residualsare9:1£ 10

¡7 ¡5and¡6:5£ 10 , respectively.Forthecaseofearningsrisk, theresidualsare7:2£ 10 in the¯rstperiod,
¡5 ¡6and1:0£ 10 and¡1:6£ 10 respectively in thesecondperiod.
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Table2:Solution to Example2
Period Earnings W ealth C ash-on-H and C onsum ption

j e a x = a (1+ r)+ e cj j j j j j

1 1.5 0.0 1.5 0.1793
2 1.5 1.3207 4.1413 1.6093
3 0.0 2.5320 5.0640 5.0640

Period Earnings W ealth C ash-on-H and C onsum ption
j e a x = a (1+ r)+ e cj j j j j j
1 1.5 0 1.5 0.1556
2 0.0 1.3444 2.6887 0.7359

3.0 1.3444 5.6887 2.6373
3 0.0 1.9528 3.9055 3.9055

0.0 3.0514 6.1028 6.1028

T he crossing ofthe expected wealth prō lesisagain due to the concavity ofthe
savingsfunction in period2.B uildingon thepreviousdiscussion,recallthatthesavings
function willbelocallyconcaveata pointxprovidedthatthecurvatureoftheperiod2
utility function isgreaterthan thecurvatureoftheperiod3utility function evaluated
atthe respective consum ption levelsacrossperiods.F igure 4plotsthe curvature as

0000 002m easured by u u=(u ) asa function ofconsum ption. T he consum ption levelsin
periods2and3when the agentreceivesno earningsin period2areplottedin F igure
4.Sincethecurvature isgreaterattheperiod2consum ption levelthan attheperiod
3 consumption level, the savingsfunction islocally concave. A sin exam ple 1, the
concavity ofthesavingsfunction again counteractsthefactthatthem ean valueofthe
state in period2ishigherwith earningsrisk than without.

[InsertF igure4H ere]
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E conom ic T heory, 2, 225-43.

Sandm o, A .(1970), T he E®ect ofU ncertainty on Saving D ecisions, Review of
E conom ic Studies, 37, 353-60.

Schechtm an, J.(1976), A n Incom e F luctuation Problem , JournalofE conom ic
T heory, 12, 218-41.

Shaked, M .andJ.Shanthikum ar(1994), Stochastic O rdersandT heirA pplica-
tions, A cadem icPress, N ew York.

Sibley, D .(1975),Perm anentandTransitory Incom eE®ectsin a M odelofO ptim al
C onsum ption with W age U ncertainty, JournalofE conom ic T heory, 11, 68-82.

W eil, P.(1993), Precautionary Savingsandthe Perm anent Incom e H ypothesis,
Review ofE conom ic Studies, 60, 367-83.

9


