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1 Introduction
A com m onproblem indynam iceconom ictheory istodeterm inewhen an increase
in a param eterand/oran initialcondition increasesthe future dynam icsofa
theoreticaleconom y.C onsiderthree exam ples.In capitaltheory when doesan
increasein thediscountfactorortheinitialcapitalstock increasethecapitalstock
in allfutureperiods? In consum ertheory when doesan increase in earningsrisk
orinitialwealth leada consum erto increaseexpectedwealth holding in allfuture
periodsoverthe life cycle? In hum an capitaltheory when doesan increase in
the dispersion ofthe initialhum an capitaldistribution lead to an increase in
the dispersion ofthe hum an capitaldistribution in allfuture periodsoverthe
life cycle? Such questionsare the focusofa theory ofm onotone com parative
dynam ics.
T hispapero®ersa generalapproach tom onotonecom parativedynam icsques-

tionsin m odelswith a recursivestructure.T he approach hastwo key features.
F irst, at a point in tim e a consum er, ¯rm oreconomy isdescribedby a state
variable.T heanalysisthen focuseson thedistribution (i.e.probability m easure)
ofthe state variable.T he distribution can be interpreted in a numberofways
depending on theapplication.Forexam ple, in singleagentproblem sin thepres-
enceorabsenceofuncertainty itdescribestheprobability thattheagent(e.g.a
consum er, ¯rm oreconomy)willbein a particularstateorcollection ofstatesin
a futureperiod asviewedfrom the currentperiod.In m ultiple agentproblem s
without uncertainty itdescribesthe actualrealizeddistribution ofagentsover
statesin a futureperiod.In problem swith a continuum ofagentsand idiosyn-
craticuncertainty thedistribution also describestheactualrealizeddistribution
ofagentsoverstates.Second, thesedistributionshave a recursivestructure.To
specify thislet ¸ denote a distribution. T he recursive structure isthen given
by ¸ = T ¸ , wherethefunction T m apstheperiodjdistribution into thej+1 jµ j jµ

periodj+ 1distribution andµ isa param etergoverning dynam ics.
T he m onotone comparative dynam icsproposition that isthe focusofthis

paperisgiven below.T heproposition considerstwo sequencesofdistributions
0 0 00f̧ g and f̧ gdē nedrecursively by ¸ = T ¸ and ¸ = T ¸ . Thesej j+1 jµ j jµj j+1 j

0sequencesm ay di®erbecause an initialcondition di®ers(i.e.¸ 6= ¸ )and/or1 1
0because a param eterµ di®ers(i.e. µ 6= µ) that governsthe dynam icsofthe

0economy.T heproposition below statesthat¸ islargerthan ¸ in every periodj j
0providedthatthisistrue in the¯rstperiodandthatµ islargerthan µ.
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0 0 0µ¸ µ and¸ º ¸ =) ¸ º ¸ ;j= 1;2;::::£ 1 j1 j

T hispaperprovidesnecessary andsu± cientconditionsforthisproposition to
hold.T hese conditionscan be statedatvariouslevelsofabstraction each with
itsown m erits.W hen theseconditionsarestateddirectly in term sofproperties
ofthem apT they turn outtobequitesim pleandto havegreatgenerality.A tjµ

thislevelofabstraction these conditionsapply to arbitrary binary relationsº
on distributionsthatarere°exiveandtransitiveandto arbitraryre°exivebinary
relations¸ on param eters.T hisresultcouldbe interpretedassaying that at£

a high enough levelofabstraction allm onotonecom parativedynam icsproblem s
arealike andhavea sim plestructure.
Toapplytheseresultstoconcreteproblem s, itisim portanttodevelopdetailed

characterizationsofthese conditionsat lowerlevelsofabstraction forspeci¯c
choicesofthebinary relation º usedto orderdistributions.T hus, fora speci¯c
problem theprocessisoneofreverseengineering.T hem apT iswritten in term sjµ

ofdeeperstructurederivedfrom theproblem athand.T hen eithersu± cientor
necessary conditions, stated in termsofthisdeeperstructure, are backed out
from thenecessary andsu± cientconditionsstatedin term softhem apT .jµ

O neusefullevelofabstraction toconsideriswherethedynam icsofthem odel
can be stated in termsofpropertiesofa decision rule andpropertiesofan ex-
ogenousM arkov shock process. A decision rule m apsthe state variable in a
given periodinto a valueofthedecision variables.T hedistribution ofthestate
then followsa M arkovprocessdeterm inedbythedecision ruleandtheexogenous
shocks.T he decision rule can be viewedasa rule ofthumb, can be estim ated
from data orcan bederivedasthesolution to a m axim ization problem .T helast
interpretation isfam iliarfrom thetheory ofdynam icprogram m ing.
W hen stochastic dom inance isusedto orderdistributions, itturnsoutthat

su± cient conditionsform onotone comparative dynam icsare easy to state in
1termsofpropertiesofthedecision rule andshock process. W hen thedecision

ruleisincreasinginboththestatevariableandtheparam etergoverningdynam ics
and when the exogenousshock processisincreasing in the sense ofstochastic
dom inanceboth in the currentshock and in the param eterthen the m onotone
com parative dynam icsproposition holds.W hen a decision rule isderived asa

1Stochasticdom inance, som etim escalled¯rstorderstochasticdom inance, isa strongnotion ofm onotone
0com parativedynam ics.Itisstrong since a distribution ¸stochastically dom inatesa distribution ¸ im plies

thattheexpectation ofany variablethatisan increasingfunction ofthestatevariableislargerunder¸than
0under¸.T hus, stochasticdom inancehasm any im plications.
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solution to a m axim ization problem , thisresultiscom plem entary to thework in
the m onotone com parativestaticsliterature.T hisliteraturecharacterizeswhen
optim aldecisionsare m onotone in param etersthatdescribe the objective and
constraints.
It isim portant to em phasize at thispoint that comparative dynam icsand

com parative staticsfocuson di®erentobjects.Speci¯cally, the m onotone com -
parativestaticsliteraturecharacterizeswhen optim aldecisionsarem onotone in
param eterswhereasthem onotonecomparativedynam icscharacterizeswhen fu-
ture distributionsare increasing in the initialdistribution and/ora param eter
a®ecting the dynam ics.T he case when distributionsare orderedby stochastic
dom inancebringsthesetwoliteraturestogetherascom parativestaticsresultsare
key to establishing assumptionson prim itivesso thatcomparativedynam icsare
m onotone.H owever, forsom em onotonecom parativedynam icsproblemsproper-
tiesbeyondthem onotonicity ofdecision rulesandshock processesareessential.
T hiswillbethecasewhen som ebinaryrelation otherthan stochasticdom inance
isusedto orderdistributions.T helastsection ofthepaperprovidesan exam ple
illustrating thispoint.
T he rem ainderofthe paperisorganized asfollows. T he literature related

to thispaperisbrie°y outlined in section 1.1. The fram ework form onotone
com parativedynam icsisdescribedinsection2.T heresultsarestatedandproved
in section 3.T heresultsareappliedin severalexam plesin section 4.

1.1 R elated L iterature
T hispaperisrelated to work in three areas. F irst, H openhayn and Prescott
(1992)analyzewhenstationarydistributions(i.e.steadystates)exist, areunique
andincrease in a param eter.T heirwork andthework in thispaperarerelated
asboth focuson distributionsasthe unit of analysisand both m ake use of
m onotonicity propertiesoffunctionsm apping a setofdistributionsinto itself.
B oth linesofresearch arecom plem entary in thatonecharacterizessteadystates,
whereastheothercharacterizescom parativedynam ics.T he m onotonecompar-
ative dynam icsproposition providedhere isapplicableregardlessofwhetheror
notsteady statesexist.A n im portant application where steady statesare not
relevantistheclassofproblemsfocusingon consum erbehavioroverthelifecycle.
Second, thispaperiscom plem entary to thework in the m onotone com parative
staticsliterature(see M ilgrom andShannon (1996)orTopkis(1998)).T hislit-
eratureo®erstechniquestocharacterizewhen optim aldecisionsareincreasing in
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param etersdescribing objectivesandconstraints.A srem arkedpreviously, the
m onotone com parative staticsliterature linksup perfectly with the m onotone
com parativedynam icsresultsofthispaperwhenstochasticdom inanceisusedto
orderdistributions.T hird, there isa literatureon comparativedynam icswithin
capitaltheory. T he standardproblem in thisliterature (see B eckerand B oyd
(1997)) isto compare how the capitalstock variesovertim e in determ inistic
m odelswhen a param eter(i.e.taxrate ora discountfactor)isincreasedoran
initialcondition (i.e.thecapitalstock)isincreased.T hecom parativedynam ics
fram ework developedherecoversproblemsofthistypeasa specialcase.

2 Fram ework
T he fram ework isbasedon the following assum ptions:(i)a function T m apsjµ

the set ¤(X ;X ) into itself, where ¤(X ;X) isthe set ofprobability m easures
dē nedon a m easurable space (X ;X )and X iscalledthe state space and(ii)
there isa re°exive andtransitive binary relation º on ¤(X ;X )anda re°exive
binary relation ¸ on the param eterspace £. It issom etim esusefulto state£

the m apping T in term sofotherobjects. Forexam ple, equation (1)statesjµ

thism apping in term sofa transition function P .Transition functionsare ajµ

standardtoolin thetheory ofM arkov processes.T hetransition function on the
statevariable isdē nedin equation (2)in term sofa decision ruley(x;j;µ)and
a transition function ¼ fora M arkov shock process.In thiscontext, thestatejµ

variable isx= (y;z)andthestatespace isspecializedto be X = Y £ Z, where
Y isthesetofpossiblevaluesofthedecision variableandZ isthesetofpossible
valuesofa shock.T hisspecializedform ulation ofthestatespace iswidely used
in thedynam icm odelspresentedin Stokey andL ucas(1989).

Z
¸ (B)= T ¸ (B)´ P (x;B)ḑ ;8B2X (1)j+1 jµ j jµ j

X

Z
0 0¸ (B)= T ¸ (B)´ ¼ (z;fz :(y(x;j;µ);z)2Bg)ḑ ;8B2X (2)j+1 jµ j jµ j

X

D ē nition 1dē nesterms. Stochastic dom inance and transition functions
are given the following interpretations. Stochastic dom inance describeswhen
one distribution islargerthan anotherin the sense that m ore probability or
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2weight isput on high realizations. A transition function P(x;B)statesthe
probability thatnextperiod'sstate willlie inBgiven thatthisperiod'sstate is
x.Thedē nition ofcomparativedynam icsisthatdescribedin the introduction.
A di®erentbutrelatednotion ofeconom ic dynam icsoccurswhen thesequence
dē nedby¸ = T ¸ ism onotonein tim e.Forthisnotion, a usefulpropositionj+1 jµ j

wouldbe¸ º ¸ =) ¸ º ¸ .W hen T istim e invariant, necessary andj+1 j j+2 j+1 jµ

su± cientconditionsforthisproposition follow from theresultsofthispaper.

D EF IN IT IO N 1:L et(X ;̧ )bea partially orderedset, (X ;X)bea m easur-X

ablespaceand¤(X ;X )bethesetofprobability m easureson (X ;X ).
(i) A setBµ X isincreasing providedy2B whenevery ¸ x;y 2 X andX

x2B.
0 0 0(ii) Foreach ¸;̧ 2 ¤(X ;X ), ¸ stochastically dom inates¸ (denoted¸ º ¸)sd

0provided (̧B)¸ ¸(B)forallincreasing setsB2X.
(iii)P:X £X ! [0;1] isa transition function provided(i)8x2X ,P(x;:)isa

probability m easureon (X ;X )and(ii)P(:;B)isa X m easurablefunction
8B2X.

0(iv) C om parative dynam icsare m onotone provided forallµ;µ 2 £ , forall
0 0¸ ;̧ 2 ¤(X ;X ) and forallj the following proposition holds:µ ¸ µj £j

0 0and¸ º ¸ =) ¸ º ¸ , k= 0;1;::::j j+kj j+k

3 R esults
A llthe resultsin thepaperbuildupon T heorem 1.T heorem 1statesthat Tjµ
satisfyingassum ptionsA 1-2isnecessary andsu± cientforthem onotonecompar-
ative dynam icsproposition stated in the introduction anddē ned in D ē nition
1.

0 0 0A 1 (T increasesin µ)8µ;µ 2£ , µ¸ µ =) T ¸º T ,̧ 8¸2¤(X ;X ).jµ £ jµ jµ

0 0 0A 2 (T preservesorder)8¸;̧ 2¤(X ;X ), ¸º ¸ =) T ¸º T ¸;8µ2£jµ jµ jµ

2A n equivalentdē nition ofstochasticdom inance(seeL ehm ann 1955orShakedandShanthikum ar1994)R R0 0isasfollows:¸ stochastically dom inates¸ provided f(x)ḑ ¸ f(x)ḑ forallm easurable, increasing
functionsf forwhich the integralsexist. N ote that the dē nition ofstochastic dom inance isbasedon a
partially orderedset(X ;̧ ).A partialorder¸ isre°exive, transitiveandantisym m etric.X X
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T H E O R E M 1:A ssum e º isa re°exive and transitive binary relation on
¤(X ;X ), ¸ isa re°exive binary relation on £ andT :¤(X ;X )! ¤(X ;X )£ jµ

forall(j;µ)2f1;2;:::g£ £.
C omparative dynam icsare m onotone ifandonly ifT satis̄ esA 1-2.jµ

Proof:
(=) )A 1followsfrom the dē nition ofm onotone com parative dynam icsby

0 0letting ¸ = ¸ , whereasA 2followsby letting µ= µ.j j
0 0 00(( =)It issu± cientto show thatµ¸ µ and¸ º ¸ =) T ¸ º T ¸ .£ j jµ j jµj j

T hisisestablished in the equation below.T he leftm ost inequality below holds
00by A 2.T herightm ost inequality below holdsby A 1.T ¸ º T ¸ then holdsjµ j jµ j

by transitivity.
0 0 00¸ = T ¸ º T ¸ º T ¸ = ¸j+1 jµ j jµ jµj j j+1

T heorem 2restatesT heorem 1in term sofpropertiesoftransition functions.
T he result isthat a transition function that isincreasing in thestatex and in
theparam eterµ isa necessary andsu± cientcondition forcom parativedynam ics
to be m onotone when distributionsare orderedby stochastic dom inance.T he
proofisbasedon showing thatP increasing in µ isequivalentto T increasingjµ jµ

in µ and thatP increasing in x isequivalent to T preserving order. T hus,jµ jµ

key propertiesofthe m ap T are easily restated in termsofpropertiesofthejµ

transition function P .jµ

0 0 0B 1 (P increasesin µ)8µ;µ 2£ , µ¸ µ =) P (x;:)º P (x;:), 8x2X .jµ £ jµ sd jµ
0 0 0B 2 (P increasesin x)8x;x 2X , x¸ x =) P (x;:)º P (x;:);8µ2£jµ X jµ sd jµ

T H E O R E M 2:A ssum e (X ;̧ ) isa partially orderedset, ¸ isa re°exiveX £

binary relation on £ , P isa transition function forall(j;µ)2f1;2;:::g£ £ ,jµ

T isdē nedby equation (1)andstochastic dom inance isthebinary relation onjµ

distributions.

C omparative dynam icsare m onotone ifandonly ifP satis̄ esB 1-2.jµ

Proof:Theresultfollowsfrom T heorem 1andL em m a 1.

L E M M A 1:A ssum e (X ;̧ ) isa partially ordered set, ¸ isa re°exiveX £

binary relation on £ , P isa transition function forall(j;µ)2f1;2;:::g£ £ ,jµ

T isdē nedby equation (1)andstochastic dom inance isthebinary relation onjµ

distributions.

7



(i)P satis̄ esB 1 ifandonly ifT satis̄ esA 1.jµ jµ

(ii)P satis̄ esB 2ifandonly ifT satis̄ esA 2.jµ jµ

Proof:
(i) Show B 1 if and only ifA 1. T he dē nition of T in equation (1) andjµR R

0 0assum ption B 1im ply thatT ¸(B)= P (x;B)ḑ ¸ P (x;B)ḑ = T ¸(B)jµ jµ jµ jµ

forallincreasing setsB 2 X because forallvaluesofx andB the integrand
0P (x;B)¸ P (x;B).To show the reverse im plication, let¸ be the m easurejµ jµ

putting allm asson a singlepointx.
R0(ii)Show B 2ifandonly ifA 2.A 2isrestatedas¸º ¸ ) P (x;B)ḑ ¸sd jµR 0P (x;B)ḑ forallincreasing setsB2X.Two factsestablish thatB 2im pliesjµ R R0 0A 2.F irst,¸º ¸ im plies f(x)ḑ ¸ f(x)ḑ forallm easurableandincreasingsd

functionsf forwhich the integralsexist. See L ehm ann (1955)orShaked and
Shanthikum ar(1994, C h. 1) fora proof. Second, P (x;B) isan increasingjµ

function ofx forall increasing setsB 2 X and the integralofthisfunction
0clearly exists.Toshow thereverse im plication, let¸ and¸ bem easuresputting

0 0allm asson a singlepointxandx respectfully, wherex¸ x.X

T heorem 3 isusefulin m any applications. In T heorem 3 the m apping Tjµ
and the transition function P are dē neddirectly in termsofa decision rulejµ

and an exogenousM arkov shock process(see equation (2)in section 2).M any
ofthedynam ic m odelsconsidered in Stokey and L ucas(1989)can be posed in
termsofdecision rulesandexogenousshock processes.T heorem 3statesthatif
the decision rule y(x;j;µ)and transition probabilities¼ are increasing in thejµ

param eterµ (assum ption C 1)and ifthe decision rule and transition probabili-
tiesare increasing in x andz (assum ption C 2)then com parative dynam icsare
m onotone.T he proofisbasedon observing that the two propertiesin C 1are
reinforcing in producing a transition functionP thatincreasesin theparam eterjµ

µ(assumption B 1)andthatthe two propertiesin C 2arereinforcing in m aking
3P increase in thestatex(assum ption B 2).jµ

In T heorem 3 it isim portantto note that(i)thestatespace hasa product
representation X = Y £Z, whereY andZ can beinterpretedastheendogenous
and exogenouscomponentsofthe state variable, (ii) a decision rule y :X £

3C onditionsC 1and C 2aresu± cientbutnotnecessary forproducing m onotone comparativedynam ics.
Toseethispointconsideran example.L etY = Z = £ = f0;1gwith theusualorders.L ety(x;j;µ)and¼jµ
bearbitrary aslong asy(x;j;µ)2 Y;8x;j;µ.P isthen trivially m onotoneinxandµwhen them easurablejµ
setsX;Y;Z consistofonly theem pty setandtheentireset.
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0f1;2;::::g£ £ ! Y isconsidered which isincreasing in thatx ¸ x im pliesX
0y(x;j;µ)¸ y(x;j;µ), (iii)¼ :Z £ Z ! [0;1] isa transition function dē nedY jµ

on theexogenousshocks, (iv)¼ increasing in zorµ alwaysm eansin thesensejµ
0ofstochasticdom inanceand(v)(X ;̧ )hasthecomponentorder(i.e.x¸ xX X

0 0 0 0 0provided(y¸ y andz¸ z), wherex= (y;z);x = (y;z)).Y Z

C 1:y(x;j;µ) increasesin µ;8(x;j)and¼ increasesin µ;8(j;z).jµ

C 2:y(x;j;µ) increasesin xand¼ increasesin z;8(j;µ).jµ

C 3:y(x;j;µ) ism easurable in x;8(j;µ).
C 4:(X ;̧ ), (Y ;̧ ), (Z;̧ ) are partially orderedsets, (X ;X ), (Y;Y),X Y Z

(Z;Z)are m easurable spaces, ¸ isa re°exive binary relation on £ , X =£

Y £ Z, ¸ isthe componentorderandX istheproduct¾-algebra.X

T H E O R E M 3:A ssum e thatT isdē nedby equation (2), stochastic dom i-jµ

nance isthe binary relation on distributionsandthe regularity conditionsC 3-4
hold.
T hen y(x;j;µ) and ¼ satisfy C 1-2 im ply that comparative dynam icsarejµ

m onotone.
Proof:F irst, note that since y(x;j;µ) ism easurable (assum ption C 3)then

Stokey andL ucas(1989, T heorem 9.13)im pliesthatT dē nedin equation (2)jµ

m aps¤(X ;X )into itself.Second, letthe transition function P beconstructedjµ

asindicatedin equation (2).T hen C 1givessu± cientconditionsforP tosatisfyjµ

B 1 and C 2givessu± cient conditionsforP to satisfy B 2. T hus, T heorem 3jµ

followsfrom T heorem 2.

4 Exam ples
T he resultsfrom the previoussection are now illustratedby severalexam ples.
Exam ples1and2aresingle agentproblemswith uncertainty which are drawn
from the literatureson optim algrowth andcom m odity storage.T heorem 3 of

4thispaperisapplied to both exam ples. Exam ple 3 highlightsthe point that
4T he readerwillobserve that shocksare independent in both example 1and 2. C learly, thisisnot

im portantforapplying T heorem 3.H owever, itisusefulsinceexisting resultsfrom theseliteratures, which
have been establishedforthe case ofindependentshocks, can im m ediately be used to m ake comparative
dynam icstatem ents.
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often interesting m onotone comparative dynam icsproblem srequire that som e
binary relation otherthan stochastic dom inance ordersdistributionsand the
pointthatwhen thisisthecasepropertiesofdecision rulesbeyondm onotonicity
areneeded.Inthisexam pletheconclusionsareestablishedbya directapplication
ofthe generalresult proved in T heorem 1. Exam ple 4showshow to m ap a
heterogeneous-agentm odelinto thecom parativedynam icsfram ework.
Exam ple1:O ptim alG rowth - B rock andM irm an (1972)

P 1 jT heoptim algrowth problem istom axim izeE [ ¯ u(zf(k )¡ k )]sub-j j j+1j=0
jectto theconstraint0· k · zf(k ).In thisproblem zf(k )istheproduc-j+1 j j j j

tion function in periodj, which dependson capitalk andan independentandj

identicallydistributedshock z with distribution ¼.Thestatex= (y;z)consistsj

ofthe capitalstock y = k andthe shock z.B rock and M irm an (1972, L em m a
1.1-1.2)establish thattheoptim aldecision ruley(x;j;µ)forcapitalbroughtinto
the nextperiod isa continuousandtim e-invariantfunction ofthestate andin-
creasesin each componentofthestate.D anthineandD onaldson (1981, T heorem
5.1)establish thaty(x;j;µ)isan increasingfunction ofthediscountfactorµ= ¯.
G iven thesepropertiesofthedecision rule andshocks, T heorem 3 im pliesthat
the expectedpath ofcapitaloroutputovertim e isalwaysweakly greaterwith
highervaluesofthediscountfactor¯ and/orhighervaluesofthe initialcapital
stock.T heseresultscom plem entthecom parativesteady stateanalysisprovided
forthism odelby D anthine andD onaldson (1981).
Exam ple2:C om m odity Storage- D eaton andL aroque(1992)
D eaton and L aroque (1992)study the problem ofcompetitive storage ofa

com m odity where harvestsare independentand identically distributedandthe
m arketdem andcurve isdownwardsloping in thequantity consum ed.T hestate
x= (y;z)consistsofbeginning-of-periodinventory y andharvestz.T hey prove
thatthere isa unique rationalexpectationsequilibrium with prō tm axim izing
storage. Furtherm ore, they prove that the inventory decision y(x;j;µ) is(i) a
continuous, increasing andtim e-invariantfunction ofthestatex and(ii)an in-
creasing function ofthediscountfactorµatwhich futurepayo®sarediscounted.
B asedontheseresults, T heorem 3im pliesthatexpectedfutureinventoriesarein-
creasingin thediscountfactorstartingfrom anydistribution ofthestateandthat
expectedfuture inventoriesare increasing in the initialinventory andharvest.
Exam ple3:Precautionary W ealth A ccum ulation - H uggett(2001)
O ne ofthe fundam entalquestionsin the theory ofprecautionary savingsis

when do increasesin earningsriskleadto increasesin an agent'sexpectedwealth
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accum ulation ateach age overthe life cycle? T he underlying decision problem
that agent'sface isthe standardproblem in the literature that form alizesthe
perm anent-incom e hypothesis(e.g.Schechtm an (1976)).Forthisproblem the
stateisx= (y;z), wherey iswealth andzisan earningsshock, andtheparam eter

5µ indexesearningsprocesses¼ thatareindependentoverperiods. T heam ountjµ

ofwealth that iscarriedfrom oneperiodto the next isdescribedby a decision
ruley(x;j;µ).
H uggett(2001)answersthisquestion both atthe levelofpropertiesofdeci-

sion rulesandpropertiesofpreferencesby using the generalapproach to m ono-
tone com parative dynam icsadvanced in thispaper. H e usesthe increasing-

6convex stochastic orderratherthan stochastic dom inance. T he increasing-
convex stochastic orderisbettersuited fordeterm ining when expected wealth
accum ulation increaseswith increasesin earningsrisk.H euristically, thisisbe-
causethedistribution ofwealth m ay bem oredispersedasearningsrisk increases
at the sam e tim e that m ean wealth holding increases. T he increasing-convex
stochastic orderallowstwo such distributionsto be orderedwhereasstochastic
dom inancedoesnot.
H uggett(2001)usesthe generalresult in T heorem 1ofthispaperto show

thatwhen thedecision rule forwealth accum ulation y(x;j;µ)isincreasing and
convexin thestatexandincreasingin earningsriskµthencom parativedynam ics
arem onotone.A n im plication isthatexpectedwealth accum ulation ateach age
overthelifecycle increaseswith increasesin risk and/orwith increasesin initial
wealth holding.
A sketch oftheargum entbehindthisresultisto note¯rstthatT increasesjµ

in µ (assum ption A 1) isequivalent to the three expressionsbelow, where the
functionsf arethosethatare increasing andconvex.T heexpression E [fjx]´jµR 0 0f(x)P (x;dx) issim ply a conditionalexpectation. H uggett notesthat thejµ

rightm ost inequalitiesholdwhen E [fjx] increasesin µ andthisin turn holdsjµ

when y(x;j;µ)increasesin µand¼ increasesin µ in thesenseofincreasing riskjµ

describedearlier.
5T he partialorder¸ on earningsprocessesisa naturalgeneralization ofthe dē nition ofincreasing£

risk providedin R othschildandStiglitz (1970).In particular, one earningsprocessisriskierthan another
providedthatperiodby periodonedistribution isriskierthan anotherin theR othschild-Stiglitzsense.R R6 0 0¸ dom inates¸ in the increasing-convexorderprovided fḑ ¸ fḑ forallm easurable f that are
increasing andconvexandforwhich theintegralsexist.Sincef(x)= y isan increasing andconvexfunction

0representing wealth holding, ¸ dom inates¸ in the increasing-convex orderim pliesthat expected wealth
0holding ishigherunder¸ than under¸.
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Z Z Z Z
0 0 0T ¸º T ¸ , fdT ¸¸ fdT ¸ , E [fjx]ḑ ¸ E [fjx]ḑjµ jµ jµ jµ jµ jµ

T herem ainderoftheargum entistonotethatT preservesorder(assum ptionjµ

A 2)isagain equivalentto thethreeexpressionsbelow.H uggettthen notesthat
therightm ostinequalitiesholdwhen E [fjx] isincreasing andconvex in xandjµ

thatthisholdswhen y(x;j;µ)isincreasing andconvex in x.

Z Z Z Z
0 0 0T ¸º T ¸ , fdT ¸¸ fdT ¸ , E [fjx]ḑ ¸ E [fjx]ḑjµ jµ jµ jµ jµ jµ

Exam ple4:G rowth with Idiosyncratic Shocks-H uggett(1997)
H uggett(1997)generalizesthestandard,one-sector,com petitivegrowthm odel

to include incompletem arketsandidiosyncraticlaborendowm entrisk.T here is
a continuum ofagentsofm assequalto onewho arehom ogeneousin preferences
but possibly heterogeneousin period laborendowm ent and the holdingsofa
risk-free asset.A n agent'sstate variable isx= (y;z), where y iscurrentasset
holding andz isa M arkovian laborendowm entshock with transition probabil-
ity ¼ .The distribution ofagentsoverstatesisdenoted ,̧ whereasµdenotesµ

a param eterentering agent'spreferencesand/orM arkovian endowm entprocess.
A nequilibrium in thism odelis(c(x;̧;µ);y(x;̧;µ);W (̧ );R (̧ );T (̧ ))such thatµ

(i)c;y are optim aldecision rules, given W ;R and T , (ii) W ;R are com petitive
wagesandgrossinterestrates, (iii)c;yarefeasiblein thatconsumption andnext
period'sassetholding sum m edoverthepopulation equalavailable totaloutputR
F (̧ )(i.e. (c(x;̧;µ)+k(x;̧;µ))ḑ = F (̧ ), 8¸)and(iv)T isa law ofm otion,µX
dē nedbelow, m apping thisperiod'sdistribution into nextperiod'sdistribution.

Z
0¸(B)= T ¸(B)´ P (x;B)ḑ ;8B2Xµ ¸µ

X

0 0P (x;B)´ ¼ (z;fz :(y(x;̧;µ);z)2Bg)¸µ µ

C learly, T heorem 1providesnecessary andsu± cientconditionsform onotone
com parative dynam icsin thism odel. H owever, since the distribution ¸ enters
thetransition functionP abovebutnotin thefram eworkdescribedpreviously,¸µ

T heorem s2and 3 are not applicable. W ith thissaid, it turnsout that it is
straightforwardtoverify that(i)P increasesin µ issu± cientforT to increaseµ̧ µ
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in µ(assum ption A 1)andthat(ii)P increasesin (x;̧)(using the coordinateµ̧

order) issu± cient forT to preserve order(assumption A 2). T hus, a versionµ

ofT heorem 2can be establishedthat o®erssu± cient conditionsform onotone
com parative dynam icsforthisexam ple. U sing thisresult it isthen easy to
statesu± cientconditionsin term sofpropertiesofdecision rulesandexogenous
M arkovprocessesalongthelinesofT heorem 3.Inparticular,y(x;̧;µ)increasing
in (x;̧)and¼ increasing in z in thesenseofstochasticdom inance issu± cientµ

forassumption A 2to hold, whiley(x;̧;µ)increasing in µand¼ increasing in µµ

issu± cientforassum ption A 1to hold.
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