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1 Introduction
It iswidely conjectured that uninsured earningsuncertainty m ay be an im portant
source ofaggregate wealth accum ulation.T hisconjecture issupportedby household

1surveysthat¯ndthat\em ergencies" area popularself-reportedreason forsaving. It
isalso supportedby som e ofthe em piricalwork surveyedby B rowning and L usardi
(1996)which exam ineswhetherhouseholdwealth accumulation in paneldata isposi-
tively relatedto m easuresofhouseholdearningsuncertainty.F inally, it isim pliedby

2sim ulationsoftheleading m odelsofconsum ption andsavingsbehavior.
T hism otivatesusto ask when isthere m ore aggregate wealth in the presence

ofuninsured, idiosyncratic earningsuncertainty than in the absence, aggregate labor
endowm entheldconstant? W e note two things.F irst, although the question isfun-
dam ental, there islittle existing theoreticalwork answering it. Second, it iswidely
believedthattheanswerisknown.In particular, itisbelievedthattheansweristhat
thisoccurswhen individualsarenotonlyrisk aversebutalsowhen thethirdderivative
oftheperiodutility function ispositive.
T he im portance ofthe thirdderivative originatesfrom the work ofL eland(1968)

andSandm o (1970).T hey posethefollowing question.W hen doesan expectedutility
m axim izing individualsave m ore in the presence ofuninsured, earningsuncertainty
than in itsabsence, m ean earningsheldconstant? T hey answerthisquestion in the
contextofa two-period, partial-equilibrium m odelin which there isearningsuncer-
tainty in thesecondperiodandin which there isonly a single, risk-freeassetthatcan
beaccumulated.T heyprovethata risk-averseindividualwillsavem orein thepresence
ofuncertainty aslong asthethirdderivativeoftheperiodutility function ispositive.
M ore precisely, they prove thatthe optim aldecision rule forwealth accumulation is
increasing in uncertainty.
W e believe thatthe question ofwhen aggregate precautionary savingsispositive

oughtto be analyzed within the context ofthe dom inant fram eworksusedforboth
theoreticalandem piricalinvestigationsofaggregatecapitalaccum ulation.T hese are
the overlappping generationsand the in¯nitely-lived agent fram eworks. T hisbelief
seem sto be uncontroversial insofarasthe m ain attem ptsto quantify the potential
m agnitudesofaggregate precationary savings(i.e.Skinner(1988), C aballero (1991),
A iyagari (1994)andH uggett(1996))havebeen basedon thesefram eworks.H owever,
thesefram eworkswouldseem toallow aggregatewealth accumulation tobedeterm ined
bydistinctconsiderationsthan thoseconsideredby L elandandSandm o.In particular,
theanalysisofwealth accumulation in eitherofthesefram eworksisdoneby com paring
steady states. Thus, any such analysiswillhave to em ploy the underlying logic of

1SeeProjectorandW eiss(1966, TableA 30).
2See Skinner(1988), C aballero (1991), A iyagari (1994)andH uggett(1996).
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steady-stateanalysis.
W e investigate aggregate precautionary savingswithin the in¯nitely-lived agent

fram ework, while H uggett (2000)analyzesthisissue within the overlapping genera-
tionsfram ework. In ourm odelthere are a continuum ofin¯nitely-lived agentsthat
experienceidiosyncraticshockstolaborendowm ent.ParallelingtheanalysisofL eland
andSandm o, weassum ethatlaborendowm entisinelasticallysuppliedandthatagents
can holdonly a risk-free asset.W hile L elandandSandm o abstractfrom thepossibil-
ity thatagentsm ightface a borrowing lim itthatcouldbe endogenously binding, we
do not.T hus, in ourm odelan agentfacesa ¯xed lim it in the am ountthatcan be

3borrowed which we referto asa liquidity constraint. In the aggregate, agentscan
accum ulatephysicalcapital.W ewillsay thatthereis(positive)aggregateprecaution-
ary savingsprovidedthatthesteady-statecapitalstock islargerin thepresencethan
in the absence ofidiosyncratic laborendowm entuncertainty, holding aggregate labor

4endowm entconstant.
T heorem 1ofourpaperstatesthatthe capitalstock islargerin any steady-state

equilibrium with idiosyncraticuncertainty than without.T hus, aggregateprecaution-
arysavingsisa necessary featureofa steady-stateequilibrium whererisk averseagents
experienceidiosyncraticearningsuncertainty andfacea liquidity constraint.T histhe-
orem holdsregardlessofthe thirdorhigherorderderivative propertiesofthe period
utility function, theam ountofidiosyncraticuncertainty, thepreciseleveloftheliquid-
ity constraintorwhetheragentsdi®erin preferencesandendowm entprocesses.
T heorem 2ofourpaperprovidesa com plete characterization of aggregate pre-

cautionary savingsin the presence ofa liquidity constraint.T he theorem statesthat
aggregateprecautionary savingsoccursifandonly iftheliquidity constraintbindsfor
a positivem assofagents.Thus, ourresultsem phasizetheroleofendogenouslybinding
liquidity constraints.
W e now provide a preview forourresults.W e ¯nd thatm any econom istswhose

focusison theprecautionary savingsliteraturearesurprisedthatthirdderivativesare
irrelevant forourresults. In contrast, econom istswhose focusison capitaltheory
are notsurprised.C apitaltheoristsarenotsurprisedassteady statesin m odelswith
in¯nitely-livedagentscan becharacterizeddirectly from theEulerequation usingonly
the assum ption that m arginalutility isdim inishing in consumption. In particular,

3Section 3 ofthepaperspeci¯esm ore precisely whatwe m ean by a liquidity constraint.W e note that
thepresenceofborrowing lim itsin dynam icm odelsisnotreally the issue.W hatm attersistheexactform
oftheborrowing lim itsthatagentsface.W e expandupon thisissue in section 5.

4W e note that thissteady-state notion ofaggregate precautionary savingsisthe standard one in the
literature(seeSkinner(1988), C aballero(1991), A iyagari (1994)andH uggett(1996)).A n alternativenotion
wouldcom parepathsforaggregatecapitalin thepresenceandabsenceofidiosyncraticuncertainty, starting
from thesam e initialdistribution ofcapitalandholding thepath ofaggregatelaborendowm entconstant.
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thefactthatin a steady statethedistribution ofm arginalutility cannotchangeover
periodsallowsonetopindownthesteady-statecapitalstock in one-sectorm odels.T his
papershowsthat the sam e reasoning, again using only dim inishing m arginalutility,
also applieswhen characterizing steady statesin sim ilarm odelswith idiosyncratic
uncertainty.
T hepaperisorganizedin sixsections.Section 2describeshow ourpaper¯tsinto

the literature.Section 3 describesthe m odeleconom y.Section 4presentsthe m ain
resultsaswellasthelogic usedto provetheseresults.Section 5discussesourresults.
Section 6 concludes.

2 L iterature R eview
W e review the theoreticalliterature that bearson the question ofwhen aggregate
wealth holding islargerwith idiosyncratic earningsuncertainty than without. O ur
review isdivided into three parts. Partsone and two focuson resultsrelevant for
overlapping generationsandin¯nitely-livedagentm odelsrespectively.T hethirdpart
presentssom econtributionsto theliteraturewhich arerelevantbutdo nototherwise
fallnaturally into the¯rsttwo categories.

2.1 O verlapping G enerationsEconom ies
T heearlyliteratureonprecautionarysavingsisassociatedwith L eland(1968), Sandm o
(1970)andthe otherauthorslisted in Table 1.T hey focusedon a two-periodm odel
where future earningsz are random and are drawn from a distribution indexedby2
theparam eterµ.A gentsm axim ize an expectedutility function E [u (c )+ u (c )] by1 1 2 2

5choosing the am ountofa risk-free assetto carry to thenextperiod. A sindicatedin
Table1, them ain resultisthattheoptim aldecision rulehastheproperty thatwealth
holdingk(x;j;µ)carriedto thenextperiodincreasesin uncertainty µfrom any initial

6statex and age j. A statex= (k;z)consistsofwealth holding k brought into the
periodandearningsz.T heresultfollowsfrom theEulerequation below, which ignores
cornersolutionsforsim plicity.H ererdenotesthe interestrate.

0 0u (k (1+r)+ z ¡ k )= E [u (k (1+ r)+ z )](1+r)1 1 2 2 21 2

0T he intuition fortheresultisthatwith convexm arginalutility (u convexoralter-2
000natively u > 0)increasesin earningsuncertainty increase expectedfuture m arginal2

5W efocuson additiveutility in orderto facilitatecomparisonswith therestoftheliterature.
6Increasing uncertainty isdē nedasin R othschildandStiglitz(1970).T heR othschild-Stiglitzdē nition

inducesa partialorderon alternativevaluesofµ, whereµ indexesearningsdistributions.
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utility ofconsum ption forany ¯xed levelofwealth k carried to the secondperiod.2
T hus, asuncertainty increasesit isoptim alto carry m ore wealth to the secondpe-
riod. T he subsequent literature associated with M iller(1975, 1976), Sibley (1975),
Schechtm an (1976)andM endelson andA m ihud(1982)generalizesthisresultto applyP Jto m odelswherepreferencesare E [ u (c)], earningsshocksare independentandj jj=1
therearearbitrarily m any m odelperiodsJ.The intuition fortheresultisthesam e.

[InsertTable1H ere]

T heresultssum m arizedabovedonotim plythataggregatewealth holding increases
with increasesin uncertainty. H uggett (2000) arguesthat the key result which is
su± cientto im ply thataggregatewealth holding increaseswith uncertainty isthatthe

7expected wealth holding prō le overan agent'slife cycle increase with uncertainty.
0Such a prō le isdisplayedin F igure1foroneearningsprocessindexedby µ andfora

riskierearningsprocessindexedby µ.

[InsertF igure1H ere]

W ithin thecontextofF igure1, im aginethatwehavean econom y whereallagents
at birth start out with the sam e wealth, experience drawsfrom the sam e earnings
distribution and em ploy the sam e decision rule to determ ine wealth holding carried
into futureperiods.H ereweassum ethatearningsdrawsareindependentovertim eas
wellasacrossagents.In thiseconom y aggregatewealth holding isa weightedsum of
the averagewealth holding ofagentsofdi®erentagesthatare alive atthesam epoint
in tim e. B y the law oflarge numbers, the average wealth holding ofa large cohort
ofagentsofa given age equals, with probability one, the expected wealth holding
displayed in F igure 1. Forthisreason, ifthe entire expected wealth holding prō le
shiftsupwardsasuncertainty increases, then aggregate wealth holding also increases
with uncertainty in partialequilibrium .
U ndertheconditionsdescribedabove, H uggett(2000)showsthatwhen a decision

ruleforwealth accum ulation hasthreekey propertiesthen theexpectedwealth prō le
in F igure1shiftsupwardsasuncertainty increases.T hesekey propertiesarethatthe
decision rulek(x;j;µ)isincreasing in uncertaintyµandisincreasing andconvexin the
statex.Furtherm ore, H uggett(2000)arguesthatifany ofthesethreekey properties
aredropped, then counterexam plescan befoundwherethepattern in F igure1does
not hold. T hese counterexam plescan be found in m odelswhere agentslive m ore

8than two m odelperiods. T hus, increasing aggregate wealth holding in overlapping
7T hisresult, justliketheotherresultsin Table1, isa partialequilibrium result.
8In m odelswhereagentsliveforpreciselytwoperiodstheL eland-Sandm oresultissu± cientforaggregate

wealth holding to increasewith uncertainty.
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generationseconom iesdepends, even in a partialequilibrium context, on properties
beyondthose stressed in the work ofL eland, Sandm o andthe otherauthorscited in
Table1.

2.2 In¯nitely-L ived A gentEconom ies
T here isan extensive literature which analyzesthe partialequilibrium problem of
optim alconsumption and savingsbehaviorwhen an agent livesforever, experiences
independentearningsshocksandcanholdonlya risk-freeasset.A n agentm axim izesanP 1 jexpectedutility function E [ ¯ u(c)], where¯ = 1=(1+±)isa discountfactorandjj=0
±> 0isa tim epreferencerate.Som eoftheim portantresultswhich arerelevanttothe
issueathandaresum m arizedin Table2.In particular, M endelson andA m ihud(1982,
T heorem 6.1)andSotom ayor(1984, T heorem 2.8and4.5))provethatan agent'sasset
accum ulation becom esin¯niteovertim ealm ostsurely when the interestraterequals

9orexceedsthetim epreferencerate±. W enotethatthisresultiscloselyrelatedtoour
T heorem 1.O urT heorem 1statesthata steadystatewith an interestrategreaterthan
orequalto thetim epreferencerate isim possiblewhen there isidiosyncratic earnings
uncertainty anda liquidity constraint.Statedsom ewhatdi®erently, weprovethatthe
capitalstock in any steady-state equilibrium with idiosyncratic uncertainty islarger
than the capitalstock thatwould obtain without idiosyncratic uncertainty andthus
the interestraterm ustbelessthan thetim epreferencerate±.

[InsertTable2H ere]

T heorem 1in ourpaperisrelatedto the papersby A iyagari (1995)and H uggett
(1997).B oth authorsprovethatforthecaseofidiosyncraticuncertaintythatin steady
stater< ±or, equivalently, that¯(1+r)< 1.W enotetwo things.F irst, in contrast
to the presentpaper, neitherofthese papersfocusdirectly on the issue ofwhen ag-

10gregateprecautionary savingsoccurs. Second, theresultin ourpaperhasa number
ofadvantagesoverthat in A iyagari.In particular, ourpaper(i)m akesit clearthat
the result isdue neitherto im posing a borrowing lim itofzero (i.e.no borrowing at
all)norto im posing an Inada condition which m akesthem arginalutility ofadditional
consum ption in¯nite atzero consum ption, (ii)em ploysa logic which perm itsa short
andsim pleproofbasedon ¯rstprinciplesthatalsoextendsnaturally to coverthecase
ofM arkov shocksand(iii)leadsim m ediately to the insight, contained in T heorem 2

9C hamberlain andW ilson (1984)provea closely relatedresult.
10A iyagari (1994)doesfocusonthisissue.H epresentscomputationalresultsonthem agnitudeofaggregate

precautionary savingsratherthan theoreticalresultson when thisoccurs.
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ofourpaper, thatagregate precautionary savingsisequivalentto the phenom ena of
endogenously binding liquidity constaints.
A notherim portantresult from the literature focuseson the existence ofsteady-

state equilibria. T he papersby L aitner(1979)and C larida (1990)prove that there
existsan equilibrium where the interestrate r islessthan the tim e preference rate
11±. A n equivalent statem ent isthat there existsa steady-state equilibrium where

¯(1+ r) < 1when there isidiosyncratic uncertainty. T heirargum ent isbased on
showing thatin partialequilibrium aggregatewealth accumulation by agentsbecom es
in¯niteastheinterestrateapproachesthetim epreferenceratefrom below.Thisresult
andthe continuity oftherelationshipbetween aggregate assetaccum ulation andthe
interestrateim ply thatthereisatleastoneinterestrateforwhich steady-statecapital
supply equalsthe capitaldem anded by com petitive ¯rm s. T hisresult, while quite
suggestive, leavesopen the issueofwhetherthere areotherequilibria forwhich r¸ ±
or¯(1+ r)¸ 1.O urresultsshow very generally thatequilibria with ¯(1+r)¸ 1are
notpossible andthatthishasnothing todo with thirdderivativeconditions.

2.3 O therC ontributions
W em ention twootherstrandsoftheliteratureon thetopicofaggregateprecautionary
savings.F irst, the papersby Skinner(1988), C aballero (1991), A iyagari (1994)and
H uggett(1996)allattem ptto quantify thepotentialm agnitudesofaggregate wealth
accum ulation due to uninsuredearningsuncertainty.Each authordem onstratesthat
earningsuncertainty accountsfora positivefraction ofaggregatewealth accum ulation.
T hesepapersallem ploy speci¯cfunctionalform sforpreferencesandforearningspro-
cesses.In fact, allthesepapersem ploy preferenceswhere the thirdderivative ofthe
utility function ispositive. C aballero'sresult isbasedon ¯nding a analytic solution
to the problem posed (the guessand verify m ethod), whereasthe otherresultsuse
com putationalm ethodsto approxim atethesolution to theproblem sstudied.Second,
D eaton (1991, 1992)considersthe consum ption andsaving behaviorofan in¯nitely-
livedagentwho facestheproblem studiedin theprevioussubsection.T hediscussion
in D eaton (1992, C H .6 andespecially pp.197-98)issuggestive ofwhatfeaturesof
thism odelm ay determ ine how aggregate wealth accumulation isrelatedto earnings
uncertainty. O urpaperadvancesthe debate about what these determ inantsare by
providing precisely statedT heorem sbearing on thisissue.

11C larida'spaperm akesuse ofa proposition, which C larida attributesto B ewley (1984), stating that
aggregatewealth accum ulation by agentsiscontinuousasa function ofthe interestrater, when r< ±.
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3 TheEconom y
W edescribetheeconom y in threesteps.F irst, westateourassum ptions.Second, we
describethedecision problem ofagentsandstatesom enecessary conditionsofoptim al
decisions.Third, wedē neoursteady-stateequilibrium concept.

3.1 A ssum ptions
T here are a continuum ofin¯nitely-lived agentsin the econom y. T he totalm assof
agentsisequalto 1.A llagentshave identicalpreferencesoverconsumption thatare
given by a calculation ofexpectedutility:

1X
jE [ ¯ u(c)]j

j=0

A ssum ptionsA 1-2 list the restrictionson the period utility function u and the
discount factor¯. A ssum ption A 1 ensuresthat expected utility willbe bounded.
A ssum ption A 2listssom estandardpropertiesoftheperiodutility function u.

A 1 u(c) isboundedand¯2(0;1).
A 2 u isstrictly increasing, strictly concave andcontinuously di®erentiable.

Each periodeach agentreceivesa laborendowm ente2 E m easured in e± ciency
units.A ssum ption A 3saysthatin any tim eperiodthelaborendowm entispotentially
uncertain.T hisuncertainty isrepresentedm athem atically by a probabililty m easure
Pdē nedon E , the B orelsetsofE .W ewillsay thatthereisidiosyncraticuncertainty
when P(e) 6= 1forany e 2 E , whereasthere isno idiosyncratic uncertainty when
P(e)= 1forsom ee2 E .A ssum ption A 3alsosaysthattheexpectedlaborendowm ent
ofany agent is¯nite and norm alized to equal1. H ere it isunderstood that labor
endowm entsare independent and identically distributed fora given agent overtim e
aswellasindependent acrossagents. T hus, there ispotentially uncertainty foran
individualagentbutno uncertainty overtheaggregatelaborendowm entwhich always
equals1.

A 3 (E ;E;P) isa probability space. R
E = [e;1)µ R , E are the B orelsetsofE and edP= 1+ E

T here isa single ¯rm in the econom y that operatesa totaloutput function f.
A ssum ption A 4 liststhe restrictionson f. T hese assum ptionsare the usualones
em ployedin neoclassicalgrowth theory andim ply thatthem arginalproductofcapital
ispositive anddim inishing.A ssum ption A 4allowsforthe case ofa constantreturns
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to scale production function F (K ;L )in capitalK andlaborL inputs, where capital
depreciatesata constantrate±.In thiscase the totaloutputfunction f isgiven as
follows:f(K )= F (K ;1)+ K (1¡ ±).

0 00A 4 f(0)= 0, f > 0andf < 0

3.2 D ecision Problem
T hedecisionproblem thatan individualagentfacesisa version ofthedecisionproblem
studied in the theoreticalliterature thatwasreviewed in section 2.1.T hus, an agent
experiencesrandom variation overtim e in the e± ciency ofhis/herlaborendowm ent.
A n agentfacesa ¯xedrealwagew pere± ciency unitoflaboranda ¯xedrealinterest
rateratwhich itcanborrow andlendaslongasassetholdingsstay abovea borrowing
lim it, k.A n agentm axim izesexpectedutility.
T hisdecision problem isstated below in the language ofdynam ic program m ing.

T he individualstate variable x = (k;e) ofa particularagent containsthe current
period valuesofasset holding k and the laborendowm entshock e. T he individual
statexliesin theindividualstatespaceX = [k;1)£ E .Expectationsin thedynam ic
program m ing problem are taken with respect to the probability m easure P dē ned
on endowm entshocks.A solution to thisproblem isgiven by optim aldecision rules
forconsum ption c(x)andnextperiodassetholding k(x)aswellasan optim alvalue
function V (x)satisfying thefollowing equation:

00V (x)= m axu(c)+ ¯E [V (k;e)]
0(c;k)2¡(x;w;r;k)

T heperiodbudgetset¡(x;w;r;k)allowsan agenttodividecurrentperiodresources
0between consum ption c and nextperiod assetholdingsk.C urrentperiodresources

equalthe value ofthe current period laborendowm ent ew and the value of asset
holdingsk(1+r).In addition, an agentfacesa borrowing lim itk in thatnextperiod
assetholdingsm ustlieabovethislevel.

0 0 0¡(x;w;r;k)= f(c;k):c+ k · ew + k(1+r);c¸ 0;k ¸ kg

W e puttwo restrictionson the borrowing lim itk, given thatw and(1+ r)> 0.
F irst, agentsfacea liquidity constraintin thattheborrowinglim itk issetatany level
above the levelassociated with solvency. T he lim it associated with solvency isthe
levelk such thatwhen assetsare atthislevelandwhen the agentreceivesthe lowest
endowm entshock e allresourceswouldbe usedto m aintain assetsatthe borrowing
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12lim it (i.e. k = ew + k(1+ r)) and, hence, consum ption iszero. Second, k must
lie below the levelofthe capitalstock perperson, K , in the econom y.T he liquidity
constraintrestrictionsdescribedabovearesum m arizedasfollows:

k< ew + k(1+ r)andk< K

3.3 Propertiesofthe D ecision Problem
L em m a 1below listssom e propertiesofoptim alvalue functionsV (x) and optim al
decision rulesc(x)andk(x).W eusethenecessary condition from L em m a 1(2)(iii)in
each ofthe m ain theorem softhe paper.T hisnecessary condition isstated in term s
ofthe right-handderivative ofthe value function with respectto its¯rstargum ent,
+V (x).Itstatesthatthem arginalutility gain to additionalassetholdingsequalsthe1

m axim um ofitsusein currentconsum ption oritsusein assetaccum ulation.L em m a 1
(3)establishesthatforlow enough interestratestherearevaluesoftheindividualstate
xsuch thattheborrowinglim itwillbestrictlybinding.W ewillsaythattheborrowing

+ + 0lim itstrictly bindswhen V (x)> ¯(1+ r)E [V (k(x);e)].T hisjuststatesthatthe1 1
best use ofan increm ent in assetsisforcurrent consum ption ratherthan forasset
accum ulation.L em m a 1(4)establishesthatforlow enough interestratesindividual
agentswillalwaysreceive laborendowm entshockswhich lead them to reduce asset
holdingsifthey werenotalready attheborrowing lim it.
To prove L em m a 1weusethefollowing standardresultsforthistypeofproblem.

F irst, a unique, continuousandboundedfunction V (x)existsthatsolvesthedecision
problem stated above.Second, V isstrictly increasing andstrictly concave in asset
holdingsk, given strictly positivefactorpricesw and(1+ r).

L em m a 1:A ssum e A 1-3, w > 0, (1+ r) > 0and that agentsface a liquidity
constraint.
(1)c(x)andk(x)are continuous.

+(2)(i)V (x)existsandisstrictly decreasing in both argum ents.1
+(ii)V (x) isbounded1
+ +0 0(iii)V (x)= m axfu(c(x))(1+r);̄ (1+ r)E [V (k(x);e)]g1 1

(3) Ifthere isidiosyncratic uncertainty and¯(1+ r)· 1, then there existsa set
B= [k;a)£Awhere a > k andP(A)> 0such thattheborrowing lim itstrictly binds
forallx2B.

12W hen r· 0thelim itassociatedwith solvencydoesnotexist.In thiscaseweallow any borrowing lim it
such thatk< ew + k(1+r).
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(4) Ifthere isidiosyncratic uncertainty and¯(1+ r)· 1, then forany k > k1
there exists²;± > 0andA2 E where P(A) > 0such thatk(k;e)· k ¡ ²forall1
k2[k ;k + ±)andforalle2A.1 1
Proof:SeetheA ppendix.

+In theanalysisthatfollowswem akeuseofthegeneralnecessarycondition V (x)¸1
+ 0¯(1+ r)E [V (x)] from L em m a 1 (2)(iii) ratherthan the m ore fam iliarnecessary1

0 0 0condition u(c(x))¸ ¯(1+ r)E [u(c(k(x);e))].T hislattercondition followsfrom the
+ 0 13 0form erwhen V (x) = u(c(x))(1+ r). W e note that u(0) = 1 issu± cient for1

+ 0 0V (x)= u(c(x))(1+ r).A sthisneednotholdwhen u(0)< 1 , we use the general1
necessary condition in allofourargum ents.

3.4 Equilibrium
In thissection we provide a dē nition ofsteady-state equilibrium .Thisequilibrium
concept requiresthat the distribution ofagentsacrossindividualstatesxdoesnot
changeovertim eeven though individualagentscan m ovewithin thedistribution.T he
distribution isdescribedm athem aticallyby a probability m easure¸dē nedon (X ;X),

14where X = [k;1)£ E isthe individualstatespace andX are the B orelsetsofX .
To state the equilibrium concept used in thispaperwe dē ne a transition function

0 0P(x;B)´ P(fe :(k(x);e)2Bg)on thesetsB2X.T he transition function gives
the probability thatan agentwith statexthisperiodwillhave a state in the setB
nextperiod.

D ē nition:A steady-state equilibrium with a liquidity constraintis
(c(x);k(x);K ;w;r;k;̧ )such that
(1)c(x)andk(x)are optim aldecision rules, given (w;r;k).
(2)FactorPricesare C ompetitively D eterm ined:

0 01+ r= f(K )andw = f(K )¡ f(K )K
(3)Resource Feasibility:R R R

(i)K = kḑ (ii) eḑ = 1and(iii) (c(x)+ k(x))ḑ = f(K )X X X
(4)D istributionsAre T im e Invariant:R

¸(B)= P(x;B)ḑ forallsetsB2XX
(5)L iquidity C onstraintRestrictions:

k< ew + k(1+ r)andk< K

13M irm an andZilcha (1975, L em m a 1)prove thatthisequality holdswhen both assetholding andcon-
sum ption areo® corners.
14T hetreatm entofagentheterogeneity issim ilarto thatin L ucasandPrescott(1974), Foley andH ellwig

(1975)andL ucas(1980).
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4 R esults
T he m ain resultsofthe paperare contained in two theorem s. T hissection states
the m ain results, presentsthe logic used to prove these resultsandprovidesseveral
com m entsindicating how theresultscan beextendedto apply to econom ieswith het-
erogeneity in preferencesandendowm entprocesses.A llotherdiscussion ofT heorem s
1and2iscontainedin thenextsection.
T heorem 1statesthat the realinterestrate r isalwayslowerin econom ieswith

idiosyncraticuncertainty anda liquidity constraintthan in econom ieswithoutidiosyn-
cratic uncertainty.A sthesteady-state capitalstock increasesasthe interestratede-
creases, T heorem 1statesthataggregateprecautionary savingsisa necessary feature
ofan equilibrium with idiosyncraticuncertainty anda liquidity constraint.
T he logic used to prove T heorem 1 isasfollows. A ny statistic ofthe aggregate

stateoftheeconomy ¸cannotchangeovertim e in a steady-stateequilibrium .A pplied
to econom ieswith no idiosyncratic uncertainty, thislogic im pliesthat¯(1+ r)= 1.
O therwise, the m arginalutility ofconsum ption when sum m ed overagentsor, alter-
natively, the m arginalgain in utility to additionalassetholdingswhen sum m edover
agentswouldchange overtim e.T hisisshown by integrating the necessary condition
0 0 0u(c(x))¸ ¯(1+r)E [u(c(x))jx]or, som ewhatm oregenerally, thenecessary condition
+ + 0 15V (x)¸ ¯(1+ r)E [V (x)jx] using the steady-state distribution ¸. In econom ies1 1

with idiosyncraticuncertainty, thesam e argum entshowsthat¯(1+r)· 1.H owever,
in the presence ofidiosyncratic uncertainty, a steady state with ¯(1+ r)= 1isnot
possible. T he reason isthat optim alsm oothing behaviorim pliesthat agentswould
draw down asset holdingsso that the liquidity constraint would be strictly binding
fora positivem assofagents.T hisfollowsfrom L em m a 1(4)which showsthatwhen
¯(1+r)· 1theoptim aldecisionruleforassetholding im pliesthatwhen agentsreceive
low endowm entshocksthey choosetoreduceassetholding.R easoning in thisway, one
concludesthatthe the m arginalgain to additionalassetholding when sum m edover
agentsm ustbeshrinking overtim e, sincetheliquidity constraintwouldthen bindfor
som e agents.T hiscontradiction establishesthat¯(1+r)= 1isnotpossible.
Itshouldbenotedthatin allofourresultsthetrivialsteadystatewith zerocapital

isignored.T hus, allresultsim plicitly concern steady stateswith positivecapital.

T heorem 1:A ssum e A1-4.

(i) C onsiderthe m odeleconom y withoutidiosyncratic uncertainty.In a steady-state
equilibrium with a liquidity constraint¯(1+r)= 1.

15SeeL em m a 1(2)(iii)andthediscussionrelatedtothisL em m a tounderstandhow eachoftheseconditions
arerelated.
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(ii) C onsiderthe m odeleconom y with idiosyncratic uncertainty. In a steady-state
equilibrium with a liquidity constraint¯(1+r)< 1.

Proof:SeetheA ppendix.

C om m ent1.
T heorem 1(ii)caneasilybeextendedtoeconom ieswithheterogeneity inpreferences

and endowm ent processes. T he reason isthat the logic used to prove T heorem 1
(ii) can be applied separately to each of a ¯nite numberof agent types. H ere an
agenttypeischaracterizedby theirpreferencesandtheirendowm entprocesses.W hen
discountfactorsdi®eracrosstypes,thentheresultisthatwith idiosyncraticuncertainty
¯(1+ r)< 1forthediscountfactor¯ associatedwith any agenttypei.i i

C om m ent2.
B ecker(1980)and H ernandez (1991)characterize steady statesin sim ilarm odels

butwhereagentsdi®erin preferencesandendowm entsanddo notexperience idiosyn-
cratic uncertainty. T hey prove that in steady state ¯(1+ r) = 1, where ¯ isthe
highestdiscountfactorassociatedwith any agenttype.T he argum entusedin T heo-
rem 1(i)couldeasilybem odi¯edtohandleeconom ieswith preferenceandendowm ent
heterogeneity andthusto o®era di®erentproofofthisresult.

T he secondresult ofthe paperprovidesa com plete characterizaton ofaggregate
precautionary savingsin thepresenceofa liquidity constraint.T heorem 2statesthat
aggregateprecautionarysavingsoccursifandonly iftheliquidity constraintisendoge-
nouslybindingfora positivem assofagents.T heorem s1and2then jointly im ply that
binding liquidity constraintsare a necessary feature ofany equilibrium with idiosyn-
cratic uncertainty anda liquidity constraint.T hereaderwillrecallthatthe liquidity

+ + 0constraint isbinding foran agentwhen V (x)> ¯(1+ r)E [V (k(x);e)] and isnot1 1
+ + 0binding when V (x)= ¯(1+ r)E [V (k(x);e)].1 1

T helogic usedto prove Theorem 2isquitesim ple.Thelogic isthatthecondition
foraggregateprecautionary savings(̄ (1+ r)< 1)isprecisely the condition thatthe
liquidityconstraintbindsfora positivem assofagentsinsteadystate.Thisfollowsfrom
integrating the abovenecessary conditionsoverthepopulation using thesteady-state
distribution ¸.

T heorem 2:A ssum e A 1-4. C onsiderthe m odeleconom y with idiosyncratic un-
certainty.In a steady-state equilibrium with a liquidity constraint, ¯(1+ r)< 1
ifandonly ifthe liquidity constraintbindsfora positive m assofagents.

Proof:SeetheA ppendix.
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C om m ent3.
T heorem 2can berestatedto apply to econom ieswith a positive m assofeach of

a ¯nitenumberofagenttypes, wheretyperefersto both preferencesandendowm ent
processesasdiscussed in C om m ent1.T he theorem couldthen be stated asfollows:
¯(1+ r)< 1foreach agenttype i ifandonly ifthe liquidity constraintbindsforai
positivem assofeach agenttype.T heproofisexactly thesam e.

5 D iscussion
In thissection wediscusswhichfeaturesofthem odeleconomyarecriticalforproducing
aggregateprecautionary savings.O urdiscussion takesthe form ofanswersto several
naturalquestions:(1)Isa borrowing lim it key?, (2)A re in¯nitely-lived agentskey?
and(3)Isa generalequilibrium m odelkey?

Isa B orrowing L im itK ey?

It isclearthatthere m ustbe borrowing lim itsin any m eaningfuldynam ic m odelof
individualdecision m aking orelse allconsum ption planslie in thebudgetset.So the
interesting issue iswhattype ofborrowing lim itsm ightone wantto considerrather
thanwhatwouldhappen in theabsenceofborrowinglim its.G iven thatthepointofthe
precautionary savingsliterature isto investigateconsum erbehaviorin thepresenceof
uninsurable, idiosyncratic uncertainty, itwouldnotm akesenseto considerborrowing
lim itsthatdependon an individual'sshock history in such a way so asto e®ectively
o®ercom plete insurance. T hiswould sim ply m ake aggregate precautionary savings
zero by construction.Furtherm ore, asthe environm entfacing an agent isstationary,
itseem snaturalto focuson borrowing lim itsthatare independentoftim e aswellas
history.L astly, given thatthe literature hasfocusedon the accum ulation ofrisk-free
assetsitm akessensetofocuson borrowing lim itsthatareconsistentwith theseassets
being risk free.Forthesereasonswe focuson borrowing lim itsthatare independent

0oftim eandshock history (i.e.k ¸ k)andthatm aketheseassetsriskless.
From thisperspective, the interesting question isnot Ìsa borrowing lim it key?'

butrather Ẁ hathappensatdi®erentvaluesofk?'.T heorem 1ofthispaperanswers
thisquestion forallvaluesofkthatsatisfy thecondition k< ew +k(1+r).T hiscase
hasbeen term edthecaseofa liquidity constraint.T hiscasecoversallborrowinglim its
ofinterestexcepttheextrem ecaseofa solvency constraintdiscussedin section 3.2.A
solvency constraintallowsagentsto borrow upto thepointwhereconsum ption could
potentially bezero when an agentreceivestheworstearningsshock andisalready at
the borrowing lim it:k = ew + k(1+ r).Forexam ple, k = 0constitutesa solvency
constraintwhen agentsreceivezero earningswith positiveprobability.
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W edonothavetheoreticalresultsforthesolvencyconstraintcase.H owever,K rusell
andSm ith (1998)reportcom putationalresultssuggesting thatthere isaggregatepre-
cautionary savingsin the particulareconom ieswith a solvency constraint that they

16haveconsidered.

A re In¯nitely-L ived A gentsK ey?

G iventhewell-knownequivalenceofan in¯nitely-livedagentwith a sequenceof¯nitely-
livedagentscom prisingthegenerationsofan altruistically linkedfam ily, itisclearthat
the resultsofthispaperalso apply to atleastsom e situationswhere agentslive for
¯nitely m any periods.T hus, a narrow answerto thequestion isthatin¯nitelifetim es
arenotabsolutely fundam entalto ourresults.
A m ore interesting question would ask when aggregate precautionary savingsoc-

cursin m odelswith ¯nitely-livedagentshaving no altruisticlinks.T hisisthefocusof
theoverlapping generationsfram ework.O necan easily constructexam pleswith over-
lapping generationsoftwo-period-lived agentswith quadratic preferenceswhere the
addition oflaborendowm entuncertainty in thesecondperiodoflife (holding second
period m ean endowm ent constant foreach agent)leavesunchanged allsteady-state
aggregates.T hisworksaslong asallagentsare interioron theirsavingsdecision (i.e.
borrowing lim itsdo notbind)before and afterthe introduction ofidiosyncratic un-
certainty. T hus, with ¯nite lifetim esagentsneed not optim ally choose to hit their
borrowing lim itsforatleastsom elaborendowm entprocesses.Thisisa key di®erence
with in¯nitely-livedagentm odelswith thestationary laborincom e processesconsid-
eredhere.In thesem odelsoptim alsm oothingdictatesthatagentseventually hittheir

17borrowinglim itsforany settingsofthislim itcorrespondingto a liquidity constraint.
In sum m ary, aggregateprecautionary savingsisnota necessary featureofan equi-

librium with idiosyncraticuncertainty in atleastsom eoverlappinggenerationsm odels.
T hus, a broaderanswertothequestion thatthissection addresseswouldbethat¯nite
lifetim esanda lack ofaltruistic linksacrossgenerationscan bekey.

Isa G eneralEquilibrium M odelK ey?

To addressthisquestion one can focuson analyzing aggregate precautionary savings
in a partialequilibrium context where factorpricesare set at strictly positive but

16Itiseasy toshow that¯(1+r)= 1in thecaseofno idiosyncraticuncertainty anda solvency constraint.
In the case ofidiosyncratic uncertainty and a solvency constraint the integralthat we have focused on,R +V (x)ḑ , m ay bein¯nite.Ifin¯nite, then ourapproach issilenton thevalueoftheinterestrate.If¯nite1X 0andu(0)= 1 , then ¯(1+ r)= 1andthere isno aggregateprecautionary savings.W eleavethisissuefor
futureresearch.
17See L em m a 1(3-4)andthesection oftheproofofT heorem 1showing that¯(1+ r)6= 1.
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arbitrary values.A stheresultsofthisanalysisare independentofthepreciselevelof
the realwage, there are then three casesto consider:C ase 1:̄ (1+ r)< 1, C ase 2:
¯(1+r)= 1andC ase3:̄ (1+ r)> 1.
In case1itisclearthatallagentsareeventually attheborrowinglim it(i.e.k= k)

when there isno idiosyncratic uncertainty.T he aggregatenetcapitalownedby these
agentsistherefore K = k.W ith idiosyncratic uncertainty it isclearthat aggregate
net capitalm ust be at least aslarge, holding the borrowing lim it constant. Infact,
aggregate netcapitalwillbe strictly largerundertwo circum stances.F irst, a given
borrowing lim it m ay no longerbe feasible in the presence of uncertainty. In this
caseaggregatecapitalm ustbestrictly largersimply becauseuncertainty actsto raise
the setoffeasibleborrowing lim its.Second, aggregate capitalwillbestrictly larger,
holdingtheborrowinglim itequal, in any situation in which sm oothingconsum ption is
benē cial.T hisisthecaseasagentscan only sm ooth consum ption by holding assets.
Incase2anydistribution ofcapitalacrossagentsisa steady-statedistribution when

agentsface no idiosyncratic uncertainty.In thiscase it isalwaysoptim alto consum e
theintereston assetholdings.T hevalueofK isthereforeindeterm inate.W hen agents
face idiosyncratic uncertainty theresultsofSotom ayor(1984, T heorem s2.8and4.5)
guaranteethatwhen ¯(1+r)¸ 1theassetholdingsofany individualwillgoto in¯nity
with probability 1.T hisresultsuggeststhatno steady statedistribution wouldexist
with idiosyncraticuncertainty.In fact, thisisprecisely whatwasshown in theproofof
T heorem 1forany interestratesatisfying ¯(1+ r)¸ 1.T hus, there isno theoretical
resulton aggregate precautionary savings, aswe have dē ned it, assteady statesdo
notexistwhen ¯(1+r)= 1.
O necan now seethatcase3runsintothesam eincom parabilityproblem asin case

2.H owever, in case 3 the problem iseven m ore severe assteady statesdo notexist
even in the absence ofidiosyncratic uncertainty.H ence, the only way to talk about
aggregateprecautionarysavingsistom akepath com parisons.T hisisbeyondthescope
ofthispaper.
In sum m ary, the only situation thatperm itssteady-state com parisonsofidiosyn-

craticandno idiosyncraticuncertainty isthecasewhere¯(1+r)< 1.Fortheseinterest
ratesthepartialequilibrium com parisonsyielda sim ilarconclusion aswaspreviously
obtained in T heorem 1.T hisconclusion isthatthere isatleastasm uch capitalin a
steady state with idiosyncratic uncertainty than withoutwheneversteady statescan
becom pared.
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6 C onclusion
T he conventionalwisdom am ong m any econom istsisthat precautionary savingsis
theoretically relatedto thirdderivative propertiesofexpectedutility representations
ofpreferences.T hispaperfocuseson the question ofwhen aggregate precautionary
savingsoccursin econom iespopulated by in¯nitely-lived agentswho face earnings
uncertainty anda liquidity constraint.W ithin thiscontextithasbeen shown that(1)
aggregate precautionary savingsisa necessary im plication ofany equilibrium where
risk-averse agentsexperience idiosyncratic uncertainty andface a liquidity constraint
and(2)aggregateprecautionarysavingscoincideswith thephenom ena ofendogenously
binding liquidity constraints.T hus, thirdderivative conditionsare irrelevantforthe
issueofwhen aggregateprecautionary savingsoccurswithin thism odelin theprecise
sensethatany steady-statecapitalstock islargerwith idiosyncratic uncertainty than
without, regardlessofthesign ofthethirdderivative.
T heseresultshavebeen exam inedforrobustness.W ehaveshown thattheyholdfor

any am ountofidiosyncraticuncertainty aswellasany valueoftheliquidity constraint
thatisfeasiblein equilibrium .T heseresultsholdindependentofthirdorhigherorder
derivative conditions, independentofthe rate atwhich agentsdiscountfuture utility
and independentofwhetherornotthere are severaltypesofagentsin the econom y
di®ering in preferencesand endowm entprocesses. H owever, the resultsdo depend,
just like several im portant resultsin capitaltheory, on whetherornot agentsare
altruistically linked in particularways.Forexam ple, aggregateprecautionary savings
isnota necessary property ofan equilibrium in atleastsom eoverlapping generations
m odelswhereagentsarerisk averse aswasm entionedin section 5.
A n open question forfuture work concernswhen aggregate wealth accumulation

increasesasearningsuncertainty increases.T hisisa strongerproperty than theprop-
erty proved in thispaper. T hisquestion could be answered by com paring steady
statesorby com paring tim e pathsofaggregate wealth accum ulation.T he question
can beaddressedin both overlapping generationsaswellasin¯nitely-livedagentm od-
els. H uggett (2000)providesa generalm ethodology forproving such statem entsas
wellasa ¯rstresultrelevantforthe case ofindependentearningsshocks.T he result
statespropertiesofdecision rulesforwealth accum ulation thatguaranteethataggre-
gate wealth accum ulation increaseswith uncertainty.O ne ofthese propertiesisthat
the decision rule increasesasuncertainty increases(see Table 1).Forthisreason, it
wouldseem that a positive thirdderivative willbe im portantforthisquestion even
though itm ay notbe in itselfsu± cientto producetheresult.
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A ppendix
ProofofL em m a 1:

(1)T he Theorem ofthe M axim um togetherwith thestrictconcavity ofu and V
generatesthisresult.
(2)(i)A sthe value function isstrictly increasing andstrictly concave in its¯rst

argum ent, the right-hand derivative exists(R ockafellar(1970, T hm . 23.1)) and is
00strictly decreasing in k. It isclearthat V (k;e) = V (k;e)when ew + k(1+ r) =

+0 0ew + k(1+ r).T hus, V (x)isalso strictly decreasing in e.1
+(2)(ii)To provethatV (x)isboundedweargueasfollows.F irst, L em m a 1(2)(i)1

+ +im pliesthatV (x)· V (k;e)forallx2 X .Second, R ockafellar(1970, T hm .29.1)1 1
im pliesthatany subgradientofV with respectto k isoftheform ¸ (1+r), where¸1 1
isa m̀ ultiplier'associatedwith theresource constraint in ourdynam ic program m ing

+problem .T hus, we know that V (k;e)· ¸ (1+ r)ifa subgradientexists.F inally,11
R ockafellar(1970, C or.28.3.1)statesK uhn-Tuckerconditionsthatarenecessary and
su± cientfora solution toconcaveprogram m ingproblem s.Theseconditionsarestated
in term sofsubdi®erentialssotheobjectivefunctionneedbeconcavebutnotnecessarily
di®erentiable.
C orollary28.3.1appliestoourdynam icprogram m ingproblem asthebudgetsethas

nonem ptyinterior.Sincea solutiontothedynam icprogram m ingproblem exists, C orol-
lary 28.3.1statesthatthereexist¯nite, positive m̀ ultipliers'(̧ ;̧ ;̧ )satisfying the1 2 3

0 0 00restriction below attheoptim allevelsof(c;k).H ereh(c;k)´ u(c)+¯E [V (k;e)], @ h
denotesthesubdi®erentialand(̧ ;̧ ;̧ )arem ultipliersassociatedwith theresource1 2 3
constraint, theliquidity constraintandthenon-negativity constrainton consum ption.

0(0;0)2 @ h(c;k)+ ¸ (¡1;¡1)+ ¸ (0;1)+ ¸ (1;0)1 2 3

+ +0 0(2)(iii)F irstshow V (x)¸ m axfu(c(x))(1+r);̄ (1+r)E [V (k(x);e)]g.C learly1 1
for²> 0, V (k+ ²;e)¡ V (k;e)¸ u(c(k;e)+ ²(1+ r))¡ u(c(k;e))and V (k+ ²;e)¡

0 0V (k;e)¸ ¯E [V (k(k;e)+²(1+r);e)]¡¯E [V (k(k;e);e)]D ividingby²andtakinglim its
+ + +0 0producesV (x)¸ u(c(x))(1+ r)andV (x)¸ ¯(1+ r)E [V (k(x);e)].T hesecond1 1 1

inequality relieson di®erentiating underthe expectation operator.B illingsley (1986,
+T hm .16.8)showsthatV (x)boundedissu± cientforthisto bevalid.B oundedness1

wasestablishedin L em m a 1(2)(ii).
+ +0 0Secondshow V (x)· m axfu(c(x))(1+r);̄ (1+r)E [V (k(x);e)]g.Thefollowing1 1

two inequalitiesholdforany ²> 0:

+0 0 0V (k+ ²;e)¡ V (k;e)· u(c(k;e))¢ c+ ¯E [V (k(k;e);e)]¢ k1
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0 + 0V (k+ ²;e)¡ V (k;e)· m axfu(c(k;e);̄ E [V (k(k;e);e)]g²(1+ r)1

T he ¯rst inequality above followsfrom the concavity ofu and V , afterdē ning
0¢ c´ c(k+²;e)¡ c(k;e)and¢k ´ k(k+²;e)¡ k(k;e).T hesecondinequality follows

0from the ¯rstasthe budgetconstraint im pliesthat¢ c+ ¢ k = ²(1+ r)T he result
followsfrom dividing each sideofthesecondinequality by ²andtaking lim its.
(3)L em m a 1(2)(i)andthefactthatthereisidiosyncraticuncertainty im pliesthat

thereisê2 E anda setA= E \ [0;̂e]such that0< P(A)< 1andsuch thatthestrict
inequality below holdsforalle2A.T he two weak inequalitiesbelow follow because

+¯(1+r)· 1andbecause V (x)isdecreasing in k.1

+ + + +0 0 0V (k;e)> E [V (k;e)]¸ ¯(1+r)E [V (k;e)]¸ ¯(1+ r)E [V (k(k;e);e)]1 1 1 1

L em m a 1(2)(iii)then im pliesthatthefollowing equation holdsforalle2A.

+ +0 0V (k;e)= u(c(k;e))(1+r)> ¯(1+r)E [V (k(k;e);e)]1 1

0T he continuity ofu(c(x))then im pliesthattheresultholdsforx2 [k;a)£ êfor
+som e a > k. A sV (x) isdecreasing in e and asasset holding isat the borrowing1

constraint, theresultm ustholdforallx2B= [k;a)£A.
(4)W e¯rstestablish thatk(k;e)< k on a setofpositiveprobability when k= k .1 1

Suppose by way ofcontradiction thatthisdoesnothold.T hus, k(k ;e)¸ k forall1 1
e2AwhereP(A)= 1.B y L em m a 1(2)andby thefactthatassetholdingsareo® the

+cornertheequality below holds.The inequality holdsas¯(1+r)· 1andasV (x)is1
decreasing in k.

+ + +0 0V (k ;e)= ¯(1+r)E [V (k(k ;e);e)]· E [V (k ;e)]1 1 11 1 1

+G iven thatthere isidiosyncratic uncertainty andthatV (x)isstrictly decreasing1
in e, thiscannotholdforalle2A.C ontradiction.
D ē ne ² = k ¡ k(k ;e)using any e 2 E forwhich ² > 0and forwhich any1 1 1 1

open neighborhoodofelieing in E haspositiveprobability.Set²= ²=2.Sincek(x)1
iscontinuous(L em m a 1(1)), there isa su± ciently sm allneighborhood(constructed
using the Euclidean m etric)around(k ;e)lieing in X such thatk(x)· k ¡ ²forall1 1
x in thatneighborhood.C learly, thisalso holdsfora neighborhood [k ;k + ±)£ A1 1
lieing inside the previously constructed neighborhood. T he setAcan by chosen to
havepositiveprobability.

ProofofT heorem 1:
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Itwill¯rstbeshown thatin steady-stateequilibrium ¯(1+r)· 1forboth part(i)
and(ii)ofT heorem 1.T hisfollowsfrom thethreeequationsbelow:

+ + 0 + 0V (x)¸ ¯(1+ r)E [V (k(x);e)]´ ¯(1+r)E [V (x)jx]1 1 1

Z Z
+ + 0V (x)ḑ ¸ ¯(1+r) E [V (x)jx]ḑ1 1

X X

1¸ ¯(1+r)

T he ¯rstequation above holdsby L em m a 1(2)andby taking expectationswith
0respecttox.T hesecondequation integratesthe¯rstusing thesteady-statedistribu-

tion ¸.B y L em m a 1(2)these integralsare¯nite.T hethirdequation followsfrom the
secondafternoting two facts.F irst, Stokey andL ucas(1989, T hm .8.3)im pliesthatR R R+ +0 0 ¤ ¤E [V (x)jx]ḑ = V (x)ḑ , where¸ (B)´ P(x;B)ḑ forB2X.Second,1 1X X X

¤thedē nition ofsteady-stateequilibrium im pliesthat¸ = ¸.
W e now show thatwhen there isidiosyncratic uncertainty ¯(1+ r)6= 1.Suppose

by way ofcontradiction that¯(1+ r)= 1. From thiswe willshow that there isa
setBofpositive m easure (̧ (B)> 0)on which the borrowing constraintbinds.T he
contradiction then followsfrom thefourinequalitiesbelow:

Z Z
+ + 0V (x)ḑ > ¯(1+r) E [V (x)jx]ḑ1 1

B B
Z Z

+ + 0V (x)ḑ ¸ ¯(1+r) E [V (x)jx]ḑ1 1
X =B X =B
Z Z

+ + 0V (x)ḑ > ¯(1+r) E [V (x)jx]ḑ1 1
X X

¯(1+ r)< 1

W enow show that (̧B)> 0.From L em m a 1(3)there isa setB= [k;a)£A2X
+ + 0such thatx2 B im pliesthat V (x) > ¯(1+ r)E [V (x)jx]. D ē ne k ´ supfk:11 1

(̧[k;1)£ E )= 1g.N ote that (̧[k ;a)£ E ) > 0forany a > k by the dē nition1 1
ofk and that¸([k ;a)£ A) = P(A)̧ ([k ;a)£ E )by the independence ofshocks.1 1 1
W e now prove by way ofcontradiction thatk = k.D ē ne thesetD = [k;k )£ E .1 1
L em m a 1(4)im pliesthatP(x;D )= 1forallx2 [k ;a)£A, whereP(A)> 0.Since1
P(x;D ) = 1 on a set ofpositive m easure (i.e. ¸([k ;a)£ A) > 0), we have that1R
(̧D )= P(x;D )ḑ > 0.T hisprovesthatk = k andthat¸([k;a)£ E )> 0forany1X

a > k.A sshocksare independent¸(B)´ (̧[k;a)£A)= P(A)̧ ([k;a)£ E )> 0.
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Itwillnow beshown thatwhen there isno idiosyncratic uncertainty ¯(1+ r)¸ 1.
+Suppose that¯(1+ r)< 1.D ē neB asthesetofx2 X such that V (x)> ¯(1+1

+ + +r)V (k(x);1).D ē neX =Basthesetofx2X such thatV (x)= ¯(1+r)V (k(x);1).1 1 1
A sV (x)isdecreasing in its¯rstargum ent, k(x)< k within X =Bexcepton a setof1
m easurezero.W ithin thesetB, k(x)= k andthusk(x)· k.T hese two resultsand
thefactthatk< K im ply thattheinequalitybelow holds.T heequality is, onceagain,
dueto Stokey andL ucas(1989, T hm .8.3)andto thefactthat¸ istim e invariantin
steady state.T hisestablishesthecontradiction.
R R R R0 0kḑ > k(x)ḑ ´ E [kjx]ḑ = kḑX X X X

ProofofT heorem 2:

W e¯rstprovethenecessity ofa binding liquidity constraintforaggregateprecau-
tionary savingsby contraposition.T hus, suppose that the constraintdoesnotbind
fora positive m assofagentsin a steady-state equilibrium. Then the ¯rst equation
below holdsexcepton a setofm easure zero.T he secondequation below followsby
integration asthe value ofthe integraldoesnotdependon the value ofthe function
on a setofm easurezero.L em m a 1(2)guaranteesthatthese integralsare¯nite.T he
thirdequation followsfrom two facts.F irst, apply Stokey andL ucas(1989, T hm .8.3)R R R+ +0 ¤ ¤to getthat E [V (x)jx]ḑ = V (x)ḑ , where¸ (B)´ P(x;B)ḑ .Second,1 1X X X

¤notethatin steady-stateequilibrium ¸ = ¸.T hethirdequation com pletestheproof
by contraposition asthenegation of¯(1+ r)< 1is¯(1+r)¸ 1.

+ + 0V (x)= ¯(1+ r)E [V (x)jx]1 1

Z Z
+ + 0V (x)ḑ = ¯(1+r) E [V (x)jx]ḑ1 1

X X

1= ¯(1+r)

W enow provethesu± ciency ofa bindingliquidity constraintforaggregateprecau-
tionary saving.T hus, supposethattheconstraintbindsfora positivem assofagents.
L etBbethesetofstatesforwhich theconstraintbindsandX =Bbethesetforwhich
theconstraintdoesnotbind.W ethen know thatthe¯rsttwo equationsholdafterin-
tegratingthenecessarycondition from L em m a 1(2)overthesetBanditscom plem ent
X =B.T hethirdequation below followsby combining theprevioustwo equations.

Z Z
+ + 0V (x)ḑ > ¯(1+r) E [V (x)jx]ḑ1 1

B B
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Z Z
+ + 0V (x)ḑ = ¯(1+r) E [V (x)jx]ḑ1 1

X =B X =B
Z Z

+ + 0V (x)ḑ > ¯(1+r) E [V (x)jx]ḑ1 1
X X

T he resultfollowsfrom thislastequation from applying, once again, Stokey and
L ucas(1989, T hm .8.3).
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Table1:R esultsR elevantforO verlapping G enerationsM odels

A uthors R esult K ey A ssumptions M odelPeriods
0 0L eland(1968) optim aldecision rule u > 0, u convex J = 2

Sandm o (1970) k(x;j;µ)increasesin µ u strictly concave
R othschildand
Stiglitz(1971)
M irm an (1971)
D rezeand
M odigliani (1972)
D iam ondand
Stiglitz(1974)

0 0M iller(1975, 1976) optim aldecision rule u > 0, u convex J arbitrary
Sibley (1975) k(x;j;µ)increasesin µ u strictly concave
Schechtm an (1976)
M endelson and
A m ihud(1982)
H uggett(2000) expectedwealth holding k(x;j;µ)increasesin J arbitrary

prō le increasesin µ xandµ andisconvexin x

Table2:R esultsR elevantforIn¯nitely-L ivedA gentM odels

A uthors R esult K ey A ssumptions M odelPeriods
M endelson and lim k = 1 u strictly concave J = 1t!1 t

0A m ihud(1982) alm ostsurely u > 0andr¸ ±
Sotom ayor(1984)

(1¡¾)L aitner(1979) 9 a steady state u(c)= c =(1¡ ¾) J = 1
equilibrium with r< ±

0 00C larida (1990) 9 a steady state u > 0;u < 0and J = 1
00 0equilibrium with r< ± u c=u isasym ptotically

bounded
H uggettand steady statecapitalstock u strictly concave J = 1

0O spina islargerwith uncertainty andu > 0
than without

H uggettand steady statecapitalstock u strictly concave J = 1
0O spina islargerwith uncertainty andu > 0

than withouti® theliquidity
constraintbindsforsom eagents
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