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Proof of Lemma A.2: Let U, (m¢,w) be the same type of continuation payoff as U;(m;_1,w) defined in
(A.3), but this time assuming that ¢ sends message m;. Clearly, U;(m;,w) and Uy(m;—1,w) are related so
that

Ui(mi—1,w) = Pr(s; = O|w)f]t(at(mt,1,0),w) + Pr(s; = 1|w)f],g(a,5(mt,17 1),w)

Also, given two messages m;_1 and mj_; with z;(m—1) > z:(m}_;) and any 7 > 0, we define the set
Z8T (my_1,m}_,) in the following way

Zt’t+7—(mt717m271) = {St,t+T € {07 1}T+1 SUCh tha't

tit+7r —1 /
Qg (Mp1, 8" 7Y > a0 (my_y s

tHT =1 for every 7/ = 1,...,7 + 1} (8-1)

We are now ready to proceed with the argument, which for convenience is divided into 3 separate steps.

Step 1: Fix an M and o* as in Remark A.1. Let m;_y and mj;_, be two messages such that xi(mi_1) >
xg(m}_,). Then, V w € {0,1}, it must be that

Ug(mi—1,w) — Ug(mi_,,w) =

t—1°
(1—48)> ¢! > Pr(sbtt1w)

t=1 sEIFt-1eZETH =1 (ms_ | m! )
[(w — agye(My_q, 55’5+t71))2 — (W — agpe(me_y, s +t71))2]

To keep notation usage down, during the proof of this step we let m;_; = m and m;_, = m'.

Suppose that for some ¢ > 0 there is a sequence st = (s, .. ., St+t) such that: (a) agi.(m,sg, ...,
Stir_1) > agy (M85, ..., 851,1) for every 7 < t, and (b) agyip1(m, Sz, ..., S5e) < appe1 (M, SE, ., Stae)-
(If such a sequence cannot be found then there is nothing to prove.) We need to consider two cases.

(i) After the sequence of signals sP** = (s, ..., Stit), player ¢+t sends the same message (say m) both
when player ¢t behaves according to m and when player ¢ behaves according to m’. Clearly, after the sequence
sttt the messages m and m’ will induce the same action in every period £ + t + 7 for any 7 > 1. Hence in
this case there is nothing further to prove.
(ii) After the sequence of signals st¥Ht player £ + t sends message 7 if player ¢ behaves according to m
and message m’ # m if player ¢ behaves according to m’. Also, let ¢ (resp. §’) denote the beginning-of-period

belief of player ¢ + ¢ + 1 when he receives m (resp. m'). Of course, §’ > ¢ since

E,t+t)

J—a = agep1(m,s < af+t+1(m/73t’t+t) =7 -«

Let Z denote the end-of-period belief of player ¢ + ¢t when player ¢ behaves according to m and the
sequence of realized signals is sbttt - Also let ' denote the end-of-period belief of player ¢ + ¢ when player ¢
behaves according to m’ and the sequence of realized signals is sbt+t Notice that & > &’ since by assumption
a,prt(m, Stilse--s Sg+t,1) > a,prt(m', Stils-- s 5{+t—1)-

Let T3y C M1 x {0,1} denote the set of types (a type being a message received-signal observed pair)
of player £ + t who send message 7. Also, let XEH denote the set of corresponding beliefs, so that Xgrt =

E _ _ 1 5 A . . ~ . ~
U(mzﬂfl,sﬂ,ﬁ)eTHt xt—+t(mt+t_1, sg4¢). Define 77, , and X7/, in a similar way (replace m with m’).
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Since each player uses Bayes’ rule to compute his beglnnmg—of—perlod beliefs, y belongs to the convex
hull of Xf+t and ¢’ belongs to the convex hull of XE' Notice that z € X— ,and &' € XE’ and recall that
Z > 7'. This, together with ¢’ > ¢, imply that one of the following two cases, (a) and (b), must be true.

(a) We can find three types (m! m?2 s2 ) and (m3 ) such that

1 3
t+t7175t’+t)’( Trt—10 Sttt Mg 15 SEre

1 E 1 1 2 E 2 2 3 E 3 3
aM) = xf+t(mf+t71’sf+t) <2@ = xf+t(mf+tfl7sf+t) <a® = xﬂt(mﬂtﬂvsﬂt) (8.2)

and, the two extreme types (my,,_,s;,,) and (m,, ,,s? ) send the same message, equal to either m or
m/, while the intermediate type sends the other. Suppose that the extreme types send 7m and (m?2 mg . 1 f +t)
sends m/' (mutatis mutandis, the reverse case is identical). Since in equilibrium no type can have a profitable

deviation when selecting which message to send, it must be that for k = 1,3

B Uz (i, 1) + (1= ) Uy (m, 0) > aW Uz (0, 1) + (1 — 28 Uz (7, 0) (5.3)
and

2P U (M, 1) + (1= 2)Upyy (12, 0) < 2Tz (0, 1) + (1 = 22)Ugp (7, 0) (5.4)

Recall that by (S.2) we have (1) < 2 < 20). Thus inequalities (S.3) and (S.4) can only be satisfied
if Ug+t(m7w) = th_t(ﬁl’,w), V w € {0,1}. Therefore, after the sequence s**** player £ receives the same
expected continuation payoff regardless of w and regardless of whether he behaves according to m or behaves
according to m’. This concludes the argument in case (a).

2

(b) There are four types, (m%+t71, S%H)’ (mﬂt,l, S%th)a (m%ﬂqa S%th

) and (m? ) such that

t+t 1 t+t

E 1 1 E 2 2 ~ E 3 3 E 4 4 -
xt’+t(mt’+t717 Sf+t) = xf+t(mf+t717 sf+t) =z and xt’+t(mt’+t717 Si+t) = xf+t(mf+t717 Sﬂt) =i (8.5)

and the two types (m and (m3 send message m while the two types (m?2 and

(m%thfl’ T+t
Again, in equilibrium no type can have a profitable deviation when selecting which message to send.
Recalling that & > 7/, it is then immediate to see that this implies that U{+t(m, w) = Ug+t(m’,w), Ywe
{0,1}. Therefore, after the sequence sttt player f receives the same expected continuation payoff regardless
of w and regardless of whether he behaves according to m or behaves according to m’. This closes the

argument in case (b) and hence concludes the proof of Step 1.

t+t 1 t+t) t+t 1 t+t) t+t—1° t+t)

) send message m/'.

Step 2: Fix an M and o* as in Remark A.1. For any n > 0 there exists an € > 0 such that the following is
true for every t. Suppose that m;_; and mj_; are two messages in M;_1 with min{x;(m—1),z¢(m}_;)} > 1—¢
and xy(my_1) # x4(mj_y). Then

|Ut (mtfl, 1) - Ut (m;fl, 1)‘ < n

Fix 7 and choose ¢ > 0 such that e(1 — «)?/(1 — ) < . By hypothesis, we can find two messages m;_1
and m;_, in My_q with 2¢(ms—1) > 1 — e and z:(m}_;) > 1 — . To keep notation usage down, during the
proof of this step we let ms—1 = m, m;_; =m’, xs(ms—1) = x and x¢(m}_;) = «’. Without loss of generality,
assume x > z’.

Since player ¢ must have no incentives to deviate from his equilibrium strategy after observing s;, taking
averages, the following two inequalities must be satisfied

xU(m, 1) + (1 — 2)Uy(m,0) > 2 U(m’, 1) + (1 — 2)Us(m/’, 0)
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and

2'Ui(m, 1) + (1 — 2")U(m,0) < 2'Up(m’, 1) + (1 — 2")U(m’, 0)
Therefore, for some Z € [2/, z] it must be that

Ui (m, 1) + (1 = 2)Us(m,0) = 2 Us(m/, 1) + (1 — 2)U(m/, 0)
Hence, using the fact that £ > 1 — ¢, we conclude that

(1-17)

T

|Ui(m, 1) — Uy(m/,1)| = |Ui(m’,0) — U(m,0)] < £|Ut(m’,0) — Uy (m, 0)] (S.6)

Notice now that, using (3), it is trivial that no player will ever choose an action outside [—«,1 — .
From (A.3) it then follows directly that the continuation payoff Uy(-,0) is bounded above by 0 and below by
—(1—a)?. It is then obvious that |U;(m’,0) — U;(m,0)| < (1 —«a)?. Hence, because of the way e was chosen,
(S.6) is enough to prove the claim in Step 2.

Step 3: Fix an M and o* as in Remark A.1. For any n > 0 there exists an € > 0 such that the following
is true for every t. Suppose that m;_1 and mj;_; are two messages in M;_1 with min{x(m;—1),x:(m}_1)} >
1 —¢ and x(my—1) # x¢(my_,). Then

[Ut(mi—1,0) — Ur(mj_q,0)| <7

We proceed by contradiction. Then by hypothesis there must exist an 7 such that for every € we can find
messages m;_1 and m}_; (for some t) such that min{z;(mi—1),z:(m;_1)} > 1 —¢, z(mi—1) # x¢(m}_;) and

|U(mi—1,0) — Ug(m_1,0)| >n (S.7)

To keep notation usage down, during the proof of this step we let m;—1 =m, m;,_; =m/, xs(mi—1) = x
and z¢(mj_,) = a’. Without loss of generality, assume = > z’. From Step 1 we know that

Ut(m, 0) — Ut(m’, 0) =

(1-9) Z o7t Z Pr(s"" ! w = 0) (S.8)
=1 St,t+r—1ezt,t+r—1(m7m/)
[at+T(m/a St,t+7—71)2 _ at+-r(m7 st,t+771)2]

Just as in the proof of Step 2, the difference between continuation payoffs (appropriately normalized) condi-
tional on w = 0 is bounded above by (1 — «)2. Therefore, from (S.8) we conclude that for any 7' > 1 it must
be that

[Us(m, 0) = Ue(m', 0)] <

T
(1-9) Z 671 Z Pr(s"" ! w = 0) (S.9)

stit+T—lgZt,t+r=1(m m!)

|at+_r(m/’ St,t+7——1)2 _ at+-r(m7 st7t+7—1)2{ + 5T(1 _ a)Q
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Since T can always be chosen so that 67 (1 — a)? < /2, we conclude that there exists a T such that

Ut (m, 0) = Uy(m', 0)| <

T
(1-8)Y ot > Pr(s""* " Hw = 0) (S.10)

stttT—leZt.t+7—1(m m/)

’at+'r(mla ST g (m, St,t+7—71)2| + g
Inequalities (S.7) and (S.10) directly imply that
T
(1-9) Z o1 Z Pr(s"" " |w = 0)
=1 stttT—lgZt.t+7=1(m m/) (Sll)
|arir(m!, 4712 gy (m, T2 > n
However, inequality (S.11) implies that for some 7 = 1,...,T and for some sequence of signals s5!*7~1
€ ZHH 7= (m,m’) it must be the case that
—t 47— —t T — n

|arpr (), 5712 — gy (m, 52 > pTE) (5.12)

Since s01F7=1 € ZBHT=1(m m/), using (S.1) we know that asy-(m, 57 1) > ap - (m/, 517 71). Therefore,
from (S.12) we can conclude that

stt+7—1

ayr(m, s st >

) = gz (M, 5
n 1 -
2(1 = 67) lagr(m, $1771) + agqr (m/, 5571 (5.13)

n 1 n

2(1-6T)2(1 —a) 4(1-0T)(1—«)

According to (2), conditional on w = 1, the (undiscounted) difference in period ¢ + 7 payoffs for player ¢
arising from the two actions asi7(m,8*7=1) and asy-(m/, 5517771 is given by
[1 = Gupr (', 8712 = [1 = g (m, 5045712 (.14)

The quantity in (S.14) is positive since, as we just noted above, a;q-(m, 55" 7771) > a4z (m/,55F771). An
actual lower bound to (S.14) can be obtained by developing the square terms and using (S.13). This gives

2am

A=) (S.15)

[1 — e (M, gt’t-ﬁ_l)]Q - [1 = apr(m, gt’t-ﬁ_l)f > A(
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Consider now the difference Uz(m, 1) — Uz(m/, 1). Using Step 1 we can write

Ui(m,1) — Ug(m/,1) =

o0
(1=8)> " > Pr(s""*" Mw = 1) (S.16)
=1 stttT—1gZt t+m—1(m m’)

[(L= i, 55712 = (1= s i, 57
Since sttt ¢ ZHHHT=1(m m/), using (S.1), for every 7 > 1 it must be that
(1= g, 8557 D] = [1 gy, P4 > 0 (817)

Using (S.15) to deal with one term of (S.16) and (S.17) to deal with the others, we conclude that

an
(1-6M)(1-a)

Us(m, 1) = Up(m/,1) > (1 = 6)67 (1 — p)T2 (S.18)

Recall now that 7 is given in our contradiction hypothesis, and that T only depends on 7. Furthermore,
m and m’ are such that min{xz;(m),x¢(m’)} > 1 — ¢ with ¢ arbitrarily small and x¢(m) # z;(m’). Therefore
(S.18) contradicts Step 2 and the proof of the claim in Step 3 is now complete.

It is now evident that the claim in (A.5) is a direct consequence of Step 2 and Step 3. Hence the proof
of Lemma A.2 is now complete. H

Proof of Lemma A.5: We say that o is a Markov strategy profile if for every ¢ and ¢’ and every pair of
sequences of messages m! € ML and m! € ML, whenever Prg(w = 1jm!, 2) = Prg(w = 1|m" , z), then

’

at+1(mt, 5t+1) = at/+1(mt ,St+1) VSt_H € {O, 1} (819)

(Recall that (S.19) is true by construction when s;11 = 1; see (A.13).)

As is standard our definition of a Markov strategy profile embodies the requirement that the players’
strategies must depend only on their beliefs, and not on the histories of past messages sent. Notice also that
in our definition of Markov strategies we consider only sequences of messages m! € MY that have positive
probability under o. As will become clear, there is never any need for us to specify off-path behavior in the
argument below.

Because we only consider pure strategies, a Markov strategy profile can be represented in a particularly
simple way. In fact, using (S.19) it is sufficient to consider a function f in the set

F = {f:T(r,p) — {0,1}}

to be interpreted in the following way.

Consider a player whose beginning-of-period belief is z € I'(r, p). Then the player truthfully reveals his
signal if f(z) = 0, while babbling occurs if f(z) = 1. We adopt this convention throughout the rest of the
proof of Lemma A.5. Moreover, we let f7# denote the truthful strategy profile, so that f7#(z) = 0 for every
z € I'(r,p), and we let & denote the babbling strategy profile, so that fZ(z) = 1 for every z € I'(r, p).

Now consider the minimization problem

mai_n Volo, x) (5.20)



COMMUNICATION AND LEARNING: OMITTED PROOFS S.6

We will show that there exists an < 1 such that for every € [Z,1] N T'(r,p), the value of the minimized
objective function in (S.20) is Vo(a®, ), which is obviously enough to prove the claim.

Recall that, by definition, Vy(o,x) is defined for an arbitrary (not necessarily equilibrium) profile o,
although it presumes that each individual chooses his optimal action given his beliefs in the action stage.

Notice also that since (S.20) is a stationary, single agent problem, there is no loss generality in restricting
attention to Markov strategy profiles. In other words, abusing notation slightly and using f as an admissible
argument of Vj(+), the value of (S.20) is equivalent to the value of the problem

gr&l;l%(f, x) (5.21)

Clearly, the babbling strategy fZ = o is a Markov strategy. In the remainder of the proof, we show
that it solves (S.21) when z is sufficiently large.

The next part of the argument is divided into 3 separate steps.

Step 1: Suppose that player t has a beginning-of-period belief equal to z and that player 0 has a prior of 0.

Let f' denote a Markov strategy in which player t with beliefs z truthfully reveals his signal to player
t+ 1. Let f” denote a Markov strategy in which player t with beliefs z babbles. Let d(z) denote the period
t + 1-payoff difference to player 0 between f' and f”. Then d(z) is given by

2

21-p) P + (2 —a)? (5.22)

z(l—p>+<1—z>p‘“] —-7) [zp+<1—z><1—p>‘o‘

and, moreover, d(0) = d(1) = 0, and there exists £ € (0,1), such that d(z) < 0 for every z € [0, 2] and
d(z) > 0 for every z € [2,1].

d(z) = —p

To verify the claim, observe that if player ¢ reveals his signal truthfully, player ¢ + 1 will choose action
[2(1—=p)]/[2(1 —p)+ (1 —z)p] — « if player t observes signal 0, and action zp/[zp+ (1 — z)(1 — p)] — « if player ¢
observes signal 1 instead. If, on the other hand, if player ¢ babbles, then player ¢t + 1 will choose action z — a.

Since the value d(z) is just the payoff difference to player 0 between truthful reporting by player ¢ and
babbling by player ¢, and by assumption player 0 has prior 0, (S.22) follows immediately. The other properties
in the claim are easily verified by inspection of (S.22) itself.

Step 2: Consider a subset F* C F of the Markov profiles defined by
F* ={feF | (i f(z) =0for every z < 2; (ii) f is weakly increasing} (S.23)

where % Is as in Step 1. Then, mingcp+ Vo (£, z) = mingep Vo(f, z) for any prior x. Consequently, there is no
loss of generality in substituting F* for F' in problem (S.21).

To prove the claim, fix a prior z and an arbitrary Markov strategy profile f € F. It suffices to show that
there exists an f € F* such that 3
Vo(f, ) < Vo(f, x) (S.24)

Suppose that £ ¢ F*, otherwise there is nothing to prove. We break the argument into two cases. We
first establish (S.24) for the case where f satisfies property (i) in the definition of F*, but not property (ii).
We then establish (S.24) for the case where f violates property (i).

Consider the first case. Since f satisfies property (i) but violates (ii), there must exist some 2z’ € (2,1) N

I'(r,p) such that f(z') = 1. Since I'(r,p) is finite on any subinterval in (0, 1), there must be a smallest such
point z’ > 2. We therefore consider precisely this smallest z’. Thus f(z) = 0 for every z < 2’.
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We now show that for all z € (2/,1) NT'(r,p) it must be that

Vo(£2,2) < Vol(f, 2) (S.25)

Suppose by way of contradiction that Vo(f,2”) < Vo (fB,2”) for some 2z’ > 2’ > 2. Because there is
discounting, this inequality is still satisfied if we compute the discounted expected payoff of player zero in the
first T periods (for some T large). Hence, we know that there exists a finite T such that

VL (£,2") < Vi (£B,2") (S.26)

where VL (f,2”) and VI (£8, 2") are as defined in (A.19). Notice also that (S.26) implies that f(2") = 0.

To show that (S.26) is false, starting from f, we construct an array of strategy profiles o7 with 7 =
2,...,T—1, as follows. First, o] (mo, O) = 0 (i.e., player 1 reveals his signal). Then fix t =2,...,7—1 and a
message m'~t € ML} (the set ML! can be computed inductively starting from Mg = {0,1} using (S.27)

below). Then let

rrote1 O if f[Prgr(w=1|mi"1 2"
It (m ’O) o { 1 if f[PI‘g'T (w =1 ‘ mt_17z”)]

Of course the strategy o] also has to specify the behavior of player ¢ when he receives an off-path message
mt~l e M t’l\/\/lﬁ;rl. However, this off-path behavior does not affect the payoff to player zero arising from
the strategy profile o7. Hence, we can arbitrarily set o7 (m*~!,0) = 1 for m'~! € M*""\M4.'. Finally, for
every t > 7 and for every m'~1 € M*~1 we set o7 (m'~1,0) = 1.

0
! (S.27)

Intuitively, under the strategy profile o7, the first 7 — 1 players follow the original strategy profile f, while
the remaining players adopt the babbling strategy.

Recall that under the Markov strategy profile f babbling occurs at 2’ and that z” > 2z’ > 2. Thus, under
f, starting from a prior of z”, the beginning-of-period belief of every player ¢ must be weakly greater than z’.
Finally, recall from Step 1 that d(z) > 0 for every z > 2. Hence

‘/E)T(f7 z//) Z ‘/E)T(O'T_17Z”) Z ‘/OT(O'T_Q,ZH) Z o Z ‘/OT(0'27ZN> 2 ‘/E)T(fB,ZN) (828)

which contradicts inequality (S.26) and, therefore, establishes (S.25).

To complete the verification of (S.24) when f satisfies property (i) but violates (ii) of (S.23), it is now
enough to define the Markov strategy profile fe F'* as follows

~ 0 ifz<z
f(z){ RSN (S.29)

Clearly, inequality (S.25) implies inequality (S.24) for the case x > 2’. Also, for every z < 2/, it must be
that Vo(f', x) = Vo(f,z). This is because under the Markov profiles f and f, the beginning-of-period beliefs
starting from a prior of z are weakly smaller than 2’ for every player. Moreover, the two profiles differ only
if the beginning-of-period belief is strictly greater than 2z’ and the argument is complete.

It remains to show that (S.24) holds when f violates property (i). In the light of our argument in this
Step so far, it is sufficient to show that given an f that violates property (i), we can find an f’ that satisfies
property (i) and gives

Vo(f', z) < Vo(f, ) (S.30)
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To construct this £’ we first define the Markov strategy profile f € F* as

- 0 ifz<z
£(z) = { 1 ifz>2 (8-31)
The case x > # and f(z) = 1 is trivial since Vo (f,z) = Vo (f,2) = —(x — a)?, and hence we can just set

f’ = £. Thus, we now turn to the remaining cases, namely = < 2 and/or f(x) = 0.

Let Z C T (r,p) denote the set of elements z < Z such that f (z) = 1. Using an induction argument similar
to the one we used to establish (S.28), we can show that for every z € Z

Vo (F,2) < Vo (f.2) (832)

and the details are omitted for the sake of brevity.

Next, from f and f, construct the strategy profile & that intuitively prescribes the following behavior.
Begin with f and replace the continuation strategy profile (not just the current action) with f whenever,
starting from a prior of x, we run into a beginning-of-period belief z € Z.

Formally, proceed inductively forward as follows. First, let 1(m°,0) = 0 (i.e., player 1 reveals his signal).
For every t > 1, compute the set Mtafl inductively forward starting from ./\/lé, = {0,1} and using (S.33),

(S.34) and (S.35). Define ./\;ltofl C M;l as follows

Mt ={m'™t = (my,...ome) eMG BT <t-landzeZ

such that Prg(w = 1|(my,...,m;),z) = 2} (5.33)

For every m!~! ¢ ./\;lf;1 let

. _ 0 if f[Prg(w=1m!"12)] =0

t—1 _ - o )

Ot (m 70) = { 1 if f[Prd.(w _ 1|mt_1,33)} -1 (8.34)
and for every mt~! € Mtgl\/\;ltdfl let

1 [0 iffPrg(w=1m"tz)] =0

au(m™,0) = { 1 if f[Prg(w=1m!"1 z) =1 (8.35)

Of course, to conclude the description of the strategy profile & we need to describe off-path behavior. However,
as before, off-path behavior does not affect the payoff to player zero of the profile . We arbitrarily set off-path
behavior to be always babbling so that G;(m!~!,0) = 1 for every m!=! € Mt_l\./\/ltdfl.

Given our construction of & and the fact that inequality (S.32) holds for every z € Z, it follows that
Vo(,2) <Vy(f,z) (5.36)
Observe also that by construction, &;(m!~1,0) = 0 for every ¢, and every m!~! € M;l with

Prg(w=1m'"'z) <2 (5.37)

The strategy profile o is not necessarily Markov. In particular, if we let 2+ denote the smallest element
of I'(r, p) strictly greater than 2, then the following is possible. There exist m!~! € /\/lto:1 and m¥' —1 e Mgfl
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such that

1

Prg(w=1m' ' z2) = Prg(w= m! 1t z) =2+ (S.38)

and
Gi(mt1,0) # G, (m" 1, 0) (S.39)

On the other hand, it is easy to check that if m‘~1 € Mﬁ;l and m!' ! e /\/12__1 satisfy

Prg(w=1m' ' 2) = Prg(w= 1m!' ' 2) =2 (S.40)

for some z # 2T, then
Fe(m'=1,0) = G,(m" 1, 0) (S.41)

This suggests that to obtain the Markov profile f’ that we need, it is convenient to consider two cases.
Suppose first that there exists an m!~! € M;l (for some t) such that

Prg(w=1m'~ ' z) = 2" (5.42)

and
F(m!=10)=0 (S.43)

Let also Vy(a, z,m!~1) denote the discounted continuation payoff (evaluated in period t) of player zero when
the strategy profile & is adopted and the profile of messages m!~! is realized, and define the Markov strategy
profile f/ as

0 ifz<z2
)0 if 2 =27 and Vyp(&,2,m!71) < —(2F — a)?
Fz) = 1 if z = 2% and Vo(a,z,m"1) > —(2F — a)? (S.44)
f(z) ifz>z2t
If m'~! as in (S.42) and (S.43) cannot be found, then set f’ as in (S.44) with f(2*) = 1.
By construction we have that
Vo(f', x) < Vo(a,x) < Vo(f, z) (5.45)

Since f’ satisfies property (i) in (S.23), this concludes the proof of the claim in Step 2.
Step 3: There exists a z < 1 such that Vo(£8,2) < Vo(fT8, 2) for every z € (2,1).

To prove the claim, fix a z, and for any T', define VOT(fTR, z) to be the payoff to player 0 with a prior of
zero when players 1, ..., T have the prior z and use the truthful strategies, and then players T4+ 1,742, ...,
choose the action 1 — . Clearly, Vil (f75,2) = VI (f72,2) + 6TV5(fP,1) and can be written as

T-1

—(1=0)(z—a)*=(1-9) Z S5t Z Pr(s'lw = 0)[Bip1(s',0T8,2) —a]®> — 6T (1 — )?

t=1 ste{0,1}*
Notice that 1 — « is the worst possible action for player zero with a prior of zero. Therefore, VOT(fTR, z) <
Vo(f7H, 2).

Next, observe that

Vi (£77,1) = W(f%,1) = ~(1-a)®
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and that using simple algebra we can write

Vo(fB,2) — VI (TR 2)

— Pr(st|w = 0)2
o™, 0 ) _ _ _ E t E - 7
9 0z = ~2(1-a)+201 o Pr(stlw=1)

z=1
which is strictly positive for T' large enough. Hence, there must exist a 7 and a z < 1 such that
Vo(£B,2) < VI(£TE 1) < Vo(£TR, 2) (S.46)

for every z € (z,1). This is clearly enough to prove the claim in Step 3.

We are now ready to proceed with the final part of the proof of Lemma A.5. Fix any prior Z € I'(r, p),
with £ > z, where Z is defined in Step 3 and let

We know from Step 3 that there exists an n > 0 such that
Vo(E7H, %) — Vi (%) > Vo(£77,2) — Vo(£P,2) >

Because there is discounting and the players’ payoffs are bounded, we can find a Z € I'(r,p) sufficiently
large so that for every f € F* such that f(2) = 0 we have that

Vo(f, 2) = V5 (%) > n/2

This, in turn, implies that there are only finitely many functions f € F* yielding payoff Vy(f,Z) within
n/2 of Vi (&). Clearly this implies that the payoff V' (Z) is achieved by some strategy profile in F*. We let
> denote a profile (arbitrarily picked if necessary) that achieves this minimum.

Next, let Z be the smallest value above & for which the strategy profile f} prescribes babbling. Formally,
define Z as the lowest element of the (finite) set

{zez,1nT(rp) | f5(z) = 1}

Using the same argument as in the first case of the proof of the claim in Step 2 it is straightforward to
show that

B — . <
VO(f 71.) gg};} ‘/E)(fvm) = VI)(O',:U)

for every x € [Z,1] N T'(r, p) and every strategy profile o. Thus, the proof of Lemma A.5 is now complete. l



