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T.1. A Compact Description of Strategies

Definition T.1.1. Action-Stage Strategies: Let k be an element of I, and j be an element of I not equal to

1.
Let (a(1),...,a(]A])) be the enumeration of the elements of A of Definition A.2 and consider the index-

ation of the elements of X in Definition A.7, according to whether x(x) has k < % or not.

Recall that at the beginning of period 0 all players (i € I,0) receive message m{ = (. For all players
(i € I,0) then define

0 0 0y _ a/i(go) lf IO = ./L'(éo, .. )
9; (mi,.’IJ ) - { ai(EOO) if 20 = x(£007 ) (Tll)
Now consider any player (i,t) with t > 1. It is convenient to distinguish between the two cases ¥ = x(k)
with k <K and with kK > R.
For any i € I and t > 1 whenever z' = z(k) with kK <% define™!
al(g) it ml=m* and 2! = z(-,0,- ")
J : t_ s t_ ;
t ty_ ) ai(e) i mp=my and a* =x(-- -, Jg, 1) T 19
9( ) a;(lp) if mb=m" and xt =x(- - b, ) (T-1.2)
a;i(ke) if mie M(k,t) and zt=xz(-- ke ---)
For any i € I, t > 1 and m!, whenever z' = z(x) with k > define
gimt,at) = a(e") if 2t = 2(, ) (T.1.3)

Definition T.1.2. Message-Stage Strategies: Let k be any element of I, and j be any element of I not equal
to 1.

We begin with period t = 0. Recall that mQ = () for all i € I. Let also ¢°(m°,z%) = (¢%(m9,2°),...,
g%(mY, 20)), and define g°, (m°, %) in the obvious way.

We let
ml if a® = g°(m",z") and 3" = y(j)
iWr 0 0(,,,0 .0 0 .
0 o ) m” if a® =g°(m° 2" and y" = y(3)
% ah ) =N et e a0, S0 (m0)2%)  and ) # gd(m®, ) (T-14)
m* otherwise

For the periods t > 1 it is convenient to distinguish between several cases. Assume first that * = xt(k)
with k > K. Let

mt if 2t =x(,0*) and a' = a(l*)
phiiml b al,yt) = mbT i 2t =a(,0%), ot =a_p(¢*) and af # ax(€*) (T.1.5)
m* otherwise

T-1Notice that the third case in (T.1.2) can only possibly apply when ¢t > T + 1.
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Now consider the case zt = xt(fi) with k < k. We divide this case into several subcases, according to
which message player (i,t) has received. We begin with mt = m*. Let™-2

m/ it ' = (-, 4, ), a' = a(d) and y' =y(j)
b e b b 4 v(M(i,t+1)) ifzt =xz(0,--), at = a(f) and y' = y(i)
g = R R R T.1.6
palm*s @', y) mhT ifat =x(-, 0, ), a' , =a_x(¢) and a} # ar(l) ( )
m* otherwise

Our next subcase of k < & is that of m! = m/. With the understanding that j' is any element of I not equal
to i, we let

7

m it =a(onge ), at =) andy'=y(7")
W v(M(i,t+1 ifaet =x(---, 4o, ), a* = a’ (je and y' = y(1
/"Lg(m‘])xta atvyt): Wfk’T( )) if mt _ xE. oA ; t _ v(_] . d t ( ) (T.1.7)
m = sJes )y aly =a’  (je) and aj # a;,(je)
m* otherwise

Still assuming k < K we now deal with the subcase m! € M(i,t). For any m>™ € M(i,t), we let

m’ if ot :x("'7j€a"')7 a’ :dz(zl) and yt :y(.])
v(M(i,t+1)) if 2t =x(-- - je,- ), at = a'(iy) and y' = y(i)
; kT if 2t =x(-- - je, ), at, = a' (ig) and al # ai(ig)
t mz,'r7xt’at’ ty_) m 1 ) .87 ) k —k ’e k L\ T.1.8
pi(m v) mhT if 2t = (-, 4o, ), at, = a’ ;. (ip) and al # al (i) ( )
mb7 1 if ' = (-, je, - +) and a’ = a(i,
m* otherwise

where we set m*? = m'. Notice that player (i,t) may need to distinguish between the third and fourth cases
of (T.1.8) since clearly they may be generated by different values of the index k € I. To verify that this
distinction is always feasible, recall that, by construction (see Definition A.3), G_;(i;) differs from a_;(i¢) in
every component, and that of course n > 4.

The next subcase of k < K we consider is that of m} € M(j,t). For any m?™ € M(j,t), we let

mj,q——l if ot = l‘( . .’jb .. ) and at = a(jz)
,ug(mjﬂ"xt’at’yt) — mk,T if xt — .’L'( . .7j£7 .. .)’ at_k = a/fk(jé) and a}; 7& ak(j[) (Tlg)
m* otherwise

where we set m?0 = /.

Finally, still assuming that . < &, we consider the case in which m! = m* for some k' € 1. We let

, m" it =a( b, ) and a' = a(ly)
ph@* at ety = mhT ifat =a(- - 0), aby = a_k (b)) and ab # agp () (T.1.10)
m* otherwise

T.2. Notation

Point of Notation T.2.1: Abusing the notation we established for the standard repeated game, we adopt
the following notation for continuation payoffs in the dynastic repeated game. Let an assessment (g, u, ®) be
given.

T'2Throughout the paper we adopt the following notational convention. Given any finite set, we denote by by v(-) the uniform
probability distribution over the set. So, if B is a finite set, v(B) assigns probability 1/ |B| to every element of B.
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Recall that we denote by vi(g,u|lm,at, ®tP) the continuation payoff to player (i,t) given the profile
(g,p), after he has received message m!, has observed the realization z', and given that his beliefs over the
n — 1-tuple m! ; are ®P. In view of our discussion at the beginning of Section 3, it is clear that the only
component of the system of beliefs ® that is relevant to define this continuation payoff is in fact ®2. Our
discussion there also implies that the argument m! is redundant once ®P has been specified. We keep it in
our notation since it helps streamline some of the arguments below.

We let vt(g, plmt, xt, at,yt, ®LF) denote the continuation payoff (viewed from the beginning of period
t + 1) to player (i,t) given the profile (g,u), after he has received message m!, has observed the triple
(z*,at,y?), and given that his beliefs over the n — 1-tuple m'*! are given by ®'F. In view of our discussion
at the beginning of Section 3, it is clear that once ®!¥ has been specified, the arguments (m!, zt at,y') are
redundant in determining the end-of-period continuation payoff to player (i,t). Whenever this does not cause
any ambiguity (about ®F) we will write vi(g, u|®LF) instead of vi(g, ulmi, zt, at,yt, ®LF).

—1

As we noted in the text all continuation payoffs clearly depend on § as well. To keep notation down this
dependence will be omitted whenever possible.

Point of Notation T.2.2: We will abuse our notation for ®¢8(-), ®t¥(.) and ®tf(-) slightly in the following
way. We will allow events of interest and conditioning events to appear as arguments of 8 ®!F and O,
to indicate their probabilities under these distributions.

So, for instance when we write ®1%(m! , = (z,..., 2)|m!) = ¢ we mean that according to the beginning-of-

period beliefs of player (i, t), after observing m}, the probability that m' ; is equal to the n—1-tuple (z, ..., 2)
is equal to c.

Point of Notation T.2.3: Whenever the profile (g, 1) is a profile of completely mixed strategies, the beliefs
OB (), ®LE(.) and ®LE(.) are of course entirely determined by what player (i,t) observes and by (g, i) using
Bayes’ rule. In this case, we will allow the pair (g, u) to appear as a “conditioning event.”

So, for instance, ®8(m? ,|m!, g, ) is the probability of the n — 1-tuple m' ;, after m! has been received,
obtained from the completely mixed profile (g, u) via Bayes’ rule. Events may appear as arguments in this
case as well, consistently with our Point of Notation T.2.2 above.

Moreover, since the completely mixed pair (g, ) determines the probabilities of all events, concerning
for instance histories, messages of previous cohorts and the like, we will use the notation Pr to indicate such
probabilities, using the pair (g, 1) as a conditioning event.

So, given any two events L and J, the notation Pr(L|J, g, ) will indicate the probability of event L,
conditional on event J, as determined by the completely mixed pair (g, 1) via Bayes’ rule.

T.3. A Preliminary Result

As we mentioned before, we work with message spaces that are smaller than the set H*. We now proceed to
show that this is without loss of generality.

Definition T.3.1: Consider the dynastic repeated game described in full in Section 2. Now consider the
dynastic repeated game obtained from this when we restrict the message space of player (i,t) to be MZH -
H*™' with all other details unchanged.

We call this the restricted dynastic repeated game with message spaces {M}}icr1>1. For any given
§ € (0,1), & and g, we denote by GP(8,%, 4, {M}}icr+>1) the set of SE strategy profiles, while we write
EP(8,%, 9, {M!}icr +>1) for the set of SE payoff profiles of this dynastic repeated game with restricted message
spaces.

Lemma T.3.1: Let any § € (0,1), & and § be given. Consider now any restricted dynastic repeated game
with message spaces {M}}icyi>1. Then EP (8,2, 7, {M}}icri>1) C EP (5,2, 7).
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Proof: Let a profile (¢*,u*) € GP(8,%, 9, {M}}icr+>1) with associated beliefs ®* be given. To prove the
statement, we proceed to construct a new profile (¢**, u**) € GP(4,%,7) and associated beliefs ®** that are
consistent with (¢**, u**), and which gives every player the same payoff as (g*, u*).

Denote a generic element of M by zf. Since M} C H', we can partition H" into |M/| non—empty mutually
exclusive exhaustive subsets, and make each of these subsets correspond to an element z! of M!. In other
words, we can find a map p! : M! — 25" such that pf(z!) # 0 for all z¢ € M?, pt(z") N pt(z!") = O whenever
2 21, and Uy p(e]) = H.

We can now describe how the profile (¢**, u**) is obtained from the given (¢*, u*). We deal first with the
action stage. For any player (i,t), and any 2! € M}, set

g:"" (mi, @) = g;” (i, ) Vmg € pi(2) (T.3.1)

At the message stage, for any player (i,t), any (2!, 2!, at,yt), any mt € pk(2}), and any 2/ € Supp(ul* (2,

pt (mitmt, 2t ot yt) = m

?

it et et yt) Yt e pi () (T.3.2)

7

Next, we describe ®**, starting with the beginning-of-period beliefs. For any player (i,t), any z! € M}
and any 2!, € M!,, set

(I)tB*( |Z )

@5 (m!i|mf) =
]751 Hp] ||

Vmi € pi(z7), Ymb,; € Ijzip; () (T.3.3)

Similarly, concerning the end-of-period beliefs, for any player (i, t), any (2f,z?,a’,y") and any th Mf[l,
set

(I)fE**( t+1|m xt,at,yt):

(DtE*( t+1|z x .a 7y) (T.3.4)

t+1 t+1 ||

A Vg € pi(af), Ymh € Wyzipi™ (257)
g %

Since the profile (¢g*, u*) is sequentially rational given ®*, it is immediate from (T.3.1), (T.3.2), (T.3.3)
and (T.3.4) that the profile (¢**, u**) is sequentially rational given ®**, and we omit further details of the
proof of this claim.

ok

Of course, it remains to show that (¢g**, p**, ®**) is a consistent assessment.

Let (g7, p¥) be parameterized completely mixed strategies which converge to (¢*, u*) and give rise, in the
limit as e — 0, to beliefs ®* via Bayes’ rule.

Given any € > 0, let (g*, u2*) be a profile of completely mixed strategies obtained from (g, u*) exactly
as in (T.3.1) and (T.3.2).

We start by verifying the consistency of the beginning-of-period beliefs. Observe that for any given 2! =
(2f,2%;), from (T.3.2) we know that whenever m’ = (m},m" ;) € ;erp}(2})

Wer [

Pr(mi,mt |, u*) = (T.3.5)

Similarly, using (T.3.2) again we know that whenever m! € pf(z!)

Pr(z{|g:, u¥)
Pr(mf|gs*, ut*) = — == (T.3.6)
Ii (D)l
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Taking the ratio of (T.3.5) and (T.3.6) and taking the limit as &€ — 0 now yields that for any any 2! € M}
and any 2!, € M!,

(I)tB*( ‘z )
Vmj € pi(z), Ym',; € Hj;éip;(z;) (T.3.7)
i [0 ()]

lig @ ("l g7, ) = =

Hence we have shown that the beginning-of-period beliefs as in (T.3.3) are consistent with (g**, u**).

The proof that the end-of-period beliefs as in (T.3.4) are consistent with (¢**, p**) runs along exactly the
same lines, and we omit the details. H

T.4. Proof of Theorem A.1: Beliefs

Definition T.4.1. Beginning-of-Period Beliefs: Let k be any element of I, and j be any element of I not
equal to 1.

The beginning-of-period beliefs of all players (i € I,0) are trivial. Of course, all players believe that all
other players have received the null message m9 = .

The beginning-of-period beliefs ®1P (m!) of any other player (i,t), depending on the message he receives
from player (i,t — 1) are as follows™?

if mt =m* then m', = (m*, ..., m*) with probability 1

,2 = m] ..,m7)  with pr. 1

if mt =mJ then mh € M(j,t) with pr. 1
{ Pr(m! — mJT) >0 VYmiT e M(jt) (T.4.1)

b = m?7 then = (m?7,...,m?7) with probability 1

t
mt
K3
if m! = m"™ then mt .= (', ..., m") with probability 1
t=mF then m', = (mF,... ,m’“) with probability 1

Definition T.4.2. End-of-Period Beliefs: Let k be any element of I, and j be any element of I not equal
to 1.

We begin with period t = 0. Recall that m{ = () for all i € I. As before, let also g°(m°,2°) =
(@2(mY,2Y),..., %m0, x°)), and define g° , (m°,z°) in the obvious way.

Let ®YE(m?,2° a®, y°) be as follows

if a® = g%(mP,2°) and y° = y(j) then m', ;= (m?,...,m7),mj =m?" withpr. 1

if a® = g%(m%,2°) and y° = y(4) then mb, = (¢, ..., m%) with probability 1 (T.4.2)
if a%, = ¢°, (m° 2% anda? # g2(mQ, 2°) then m', = (m*7,...,m»T) with prob. 1 o
otherwise mlﬂ. = (m*,...,m*) with probability 1

Our next case is t > 1 and x* = x(x) with K > ®. Let z(foo, £*) denote the realization of zt. For any

T-3Notice that the second line of (T.4.1) does not fully specify the probability distribution over the component mz of the beliefs
of player (i,t). For the rest of the argument, what matters is only that all elements of M (j,t) have positive probability, and that
no message outside this set has positive probability. The distribution can be computed using Bayes’ rule from the equilibrium
strategies described in Definitions T.1.1 and T.1.2 above. We omit the details for the sake of brevity.
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player (i,t), let ®F(mt, x (oo, £*),al,y") be as follows™*

mt_tl_ (m?,...,m7) withpr. 1
if a® = a(¢*) and mt = m/ then §+1 € M(j, ) with pr. 1
Pr(m!T'=m?™) >0 Vm/7 € M(j,t)
if a® = a(¢*) and mt = m?" then m't! = (m?7, ... ,mj*") with probability 1 (T.4.3)
if a* = a(¢*) and m! = m®7 then mHl = (m%,...,m") with probability 1 o
t

if a® = a(¢*) and mt =m then m'’

if a' , = a_p(¢*) and a, # ai(¢*) then mH'1
1 _

—1

(
(
H = (mF*,...,m") with probability 1
(mPT,...,m*T) with probability 1
(m*,...,m*) with probability 1

otherwise m

We divide the case of t > 1 and ! = x(k) with k < K into several subcases, according to which message
player (i, t) has received. We begin with m} = m*. Let z(-,¢,---) denote the realization of z*. For any player
(i,t), with the understanding that m?" is a generic element of M(j,t + 1), let ®F(m* z(-,¢,- - -),a’,y') be
as follows

X o=, 1
if at = a(ﬁ) and yt = y(]) then { Zt__ﬁl J 751727,7 17 ) Wlth pr. m
A~ J L . =\
if a' = a(f) and y' = y( ) then m'™! = (m?,...,m") with probability 1 (T.4.4)
ifa’ , = a_j () and al, # ax (¢ /) then m"” H = (mFT, ..., mPT) with probability 1
otherwise mtjl (m*,...,m*) with probability 1

The next subcase is that of m! = 7. Let x(- -+, jo, - - -) denote the realization of z'. With the understanding
that j' is an element of I not equal to i and that m?"™ is a generic element of M(j',t + 1), let ®F (17 a(- -
ey ), at,yt) be as follows

if a = a’(j,) and y* = y(j) then Zjl’j: ( V,,j/’ sl with pr. 1
mi = m/T |M(57,t + 1)
if a" = @’ (j¢) and y* = y() ~ then m"' = (m’,... /") with probability 1 (T.4.5)
if at , = a’, (jo) and al, # @ (j¢) then m*Ft = (m*7T, ... m»T) with probability 1
otherwise m!'t = (m*,...,m*) with probability 1

The next subcase is that of m! = m*™ € M(i,t). Let z(- - -,ig,- - -) denote the realization of z*. With the
understanding that m?™ is a generic element of M (j,t + 1), let ®F(m»™ x(- - -, iy, - - -),a’,y*) be as follows

, 1 = (... 1

if at = le(’l,[) and yt = ’y(]) then leti(_‘f‘j_ TEIZ,’LT’ » 11 ) with pr. m
i o= .
ifat =a (w) and y! = y( ) then m't! = (m?,...,m") with probability 1
if a* , =a", (i¢) and ak # ak (i) then m'™t! = (mPT, ..., m*T) with probability 1 (T.4.6)
if a_k = a_k(ig) and ak # ay(ig) then mtfil = (m’_“’T7 o ,mk’:_’j) with probability 1
if a® = a(ig) then m'"! = (m»™~1,...,m»"~1) with probability 1
otherwise m!*tt = (m*,...,m*) with probability 1
where we set m*9 = m’.

The next subcase of t > 1 and z' = x(k) with k < E that we consider is that of m! = m/™ € M(j,t).

T'4Similarly to (T.4.1), the first line of (T.4.3) does not fully specify the probability distribution over the component m§+1 of
the beliefs of player (i,t). For the rest of the argument, what matters is only that all elements of M (j,t) have positive probability,
and that no message outside this set has positive probability. The distribution can be computed using Bayes’ rule from the
equilibrium strategies described in Definitions T.1.1 and T.1.2 above. We omit the details for the sake of brevity.
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Let (- -+, jo, - - -) denote the realization of z*. Let ®F(m»™ (- -, jo,- - -),a’,y") be as follows

if a® = a(jy) then m't! = (m?7=1 ... ;m’7~1) with probability 1
if a* , = a_x(j¢) and af, # ax(j¢) then m'tt = (m*7T ... m®T) with probability 1 (T.4.7)
otherwise m!*tt = (m*,...,m*) with probability 1

where we set m?? = w7,

The final subcase to consider is that of m} = m" for some k' € I. Let z(-+-, 0, - --) denote the realization

of z'. Let ®E(m*  2(- - L, ---),al,y') be as follows
if a® = a(ly) then m'*! = (m* ... m"*) with probability 1
if a' |, = a_x(f) and af, # a(l) then M = (mP7, ..., m*7T) with probability 1 (T.4.8)
otherwise mt_tl = (m*,...,m*) with probability 1

T.5. Proof of Theorem A.1: Sequential Rationality

Definition T.5.1: Let I!¥ denote the end-of-period-t collection of information sets that belong to player
(i,t), with typical element TF.
It is convenient to partition I!¥ into mutually disjoint exhaustive subsets on the basis of the associated

beliefs of player (i,t). The fact that they exhaust T'F can be checked directly from Definition T.4.2 above.

Let T!F(x) C I!F be the collection of information sets in which player (i, t) believes that m""" is equal
to (m*,...,m*) with probability one. These beliefs will be denoted by ®!¥ (x).

t+1

Let T¥ (i) C I!¥ be the collection of information sets in which player (i, t) believes that m"",

to (mi,...,m') with probability one. These beliefs will be denoted by ®LF(-i).

For every j € I not equal to i, let TP (- j,t) C It¥ be the collection of information sets in which
player (i,t) believes that mtjij is equal to (1h7,...,m7) with probability one, that Plr(méJrl =m/7) >0V
m?™ € M(j,t), and that Pr(m’*" € M(j,t)) = 1.7-> These beliefs will be denoted by ®1¥(-j,t).

For every j € I not equal to i, let T!¥(-j,t + 1) C ItF be the collection of information sets in which
player (i,t) believes that mtjij is equal to (t7,...,m7) with probability one, that Pr(mé"‘1 = mi7) =
M@, t+1)]"" ¥V mi™ € M(j,t+1). These beliefs will be denoted by ®LF(-j ¢ + 1).

For every k € I, let T!F (k) C I!F be the collection of information sets in which player (i, t) believes that
m'*! is equal to (mF, ..., ") with probability one. These beliefs will be denoted by ®tF (k).

For every k € I, and every 7 = max{T —t,1},...,T let T:*(k,7) C I!F be the collection of information
sets in which player (i,t) believes that m'%! is equal to (m*7,...,m"7) with probability one. These beliefs
will be denoted by ®tF (k,T).

is equal

Definition T.5.2: Let the strategy profile (g, 1) described in Definitions T.1.1 and T.1.2 be given. Fix a
period t and an n-tuple of messages m‘*t = (m!*! ... mitY), with mit € M[T! for every k € I.

Clearly, the profile (g, ) together with m!*! uniquely determine a probability distribution over action
profiles over all future periods, beginning with t + 1.

)

Therefore, we can define the expected discounted (from the beginning of period t + 1) payoff to player
(i,t), given (g, ) and m'™t in the obvious way. This will be denoted by f(m'™t). Moreover, since they play
a special role in some of the computations that follow, we reserve two pieces of notation for two particular
instances of m!™!. The expression #!(x) stands for #(m'™') when m'*! = (m*,...,m*). Moreover, for any

k € I, the expression it (k,T) stands for #¢(m'*1) when m'%! = (1%, ... 1*) and m{"! = m*7 € M(k,t+1).

)

T-58ee footnote T.4 above.
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Lemma T.5.1: For anyi € I, any k € I, any t, and any 7 = max{T —t,1},...,T, we have that

(=) [adi + (1 =q)z] + squ;
bi(x) = 1—0(1 — q)

(T.5.1)

and

) ka — Zi dqur
ity = L= {jé(l(l _q)q)J + 9qv; (T.5.2)

where ! (%) and ©!(k,7) are as in Definition T.5.2, 0; is as in (A.7), z; is as in Remark A.4, v} is as in the
statement of the Theorem, and ¥ is as in (A.4).

Proof: Assume first that ¢ > 7T". Using Definitions T.1.1 and T.1.2 we can write o} () and 9! (k, 7) recursively

- A st n - i (K 7)
i (%) = ¢ {(1—5)vi+6 (1 —mn)d; (*Hn%;T]}JF (T.5.3)
(1) [(1 = 8)zi + 65 (x)]
and
" i 1y B )
vi(k,7) =4q {(1 —8)uy +6 | (1 —n)o;" () + n g: ; 7T + (T.5.4)

Since the strategy profile (g,p) described in Definitions T.1.1 and T.1.2 is stationary for ¢ > T, we
immediately have that () = 6f"' (%) and, for any k € I and any 7 = 1,..., T, it(k,7) = 97 (k, 7). Hence
we can solve (T.5.3) and (T.5.4) simultaneously for the NT + 1 variables {(x) and of(k,7) (k € [ and 7 =
1,...,T). Using (A.8) this immediately gives (T.5.1) and (T.5.2), as required.

Proceeding by induction backwards from ¢ = T, it is also immediate to verify that the statement holds
for any ¢ < T'. The details are omitted for the sake of brevity. ll

Lemma T.5.2: Let the strategy profile (g, u) and system of beliefs ® described in Definitions T.1.1, T.1.2,
T.4.1 and T.4.2 be given. Then the end-of-period continuation payoffs for any player (i,t) (discounted as of
the beginning of period t + 1) at any information set I! € I!¥ (as categorized in Definition T.5.1) are as
follows.™6

(1-8)[gbi + (1-q) =] + dq0;
1-6(1-gq)

vi (g, 1| @3 () = (T.5.5)

(1-90)[qui + (1 —q)z] + dqu;
1-0(1-gq)

vi (g, @57 (1)) = (T.5.6)

(1-9) [qﬁf + (1—q)zi] + dquf

Yg, p|®LE (<4, 1)) = vl (g, p|®F (vj, t +1)) =
Uz(ga,u’| [ (]? )) ’Ul(g’u| 7 (‘7’ + )) 1—(5(1—q)

Vj#i  (T5.7)

T-63ee our Point of Notation T.2.1 above.
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(g, pl@F (k) = qvf + (1—q)z Vkel (T.5.8)

vl (g, | @ (k, 7)) = {1 (1—5%—(1))? [qwh + (1 - q)z] +

dq T B
<15(1q)) (o +(1—q)z] Vkel Vr=max{T—t1},...,T

(T.5.9)

where 0, is as in (A.7), z; is as in Remark A.4, v is as in the statement of the Theorem, @¥ is as in (A.4),
and w¥ is as in (A.3).

Proof: Equations (T.5.5), (T.5.6) and (T.5.7) are a direct consequence of Definition T.5.1 and Lemma T.5.1.

Equation (T.5.8) follows directly from Definition T.5.1 and the description of the profile (g, 1) in Defini-
tions T.1.1 and T.1.2.

Using the notation established in Definition T.5.2, consider the quantity o!(m*7,...,m"7). Given the
strategies described in Definitions T.1.1 and T.1.2 it is evident that this quantity does not depend on t.
Therefore, for any k € I and 7 = max{T —t,1},..., T, we can let &;(k,7) = #{(m*7,...,m*™), for all t.

Clearly, using Definition T.5.1, we have that for all k, 7 and ¢, v!(g, u|®Z(k, 7)) = ¥;(k, 7).

From the description of (g, p) in Definitions T.1.1 and T.1.2, for any k € I and for any 7 = 2,..., T, the
quantity ¥;(k, ) obeys a difference equation as follows.

Bi(k,7) = ¢ [(1 = 8)wf + 66;(k, 7 — 1)] + (1 = q) [(1 — 8)2; + 66i(k, 7)] (T.5.10)
Using again Definitions T.1.1 and T.1.2, the terminal condition for (T.5.10) is
Bi(k, 1) = q [(1 = O)wf +8[quf + (1 — @)z]] + (1 — q) [(1 — 8)2i + 66 (k, 1)] (T.5.11)

Solving (T.5.10) and imposing the terminal condition (T.5.11) now yields (T.5.9), as required. H

Purely for expositional convenience, before completing the proof of sequential rationality at the message
stage, we now proceed with the argument that establishes sequential rationality at the action stage.

Definition T.5.3: Recall that at the action stage, player (i,t) chooses an action after having received a

message m! and having observed a realization z' of the randomization device &'.

Let T!P denote period-t action-stage collection of information sets that belong to player (i, t), with typical
element T!B. Clearly, each element of I!P is identified by a pair (m!, z?).

It is convenient to partition I!P into mutually disjoint exhaustive subsets. The fact that they exhaust
TI!E can be checked directly from Definition T.4.1 above.

Let TP (x) C I!B be the collection of information sets in which player (i,t) believes that m! ; is equal
to (m*,...,m*) with probability one.T-" These beliefs will be denoted by ®F ().
Let TtP(-i) C I!P be the collection of information sets in which player (i,t) believes that m! ; is equal

to (mi,...,m) with probability one. These beliefs will be denoted by ®LB ().

For every j € I not equal toi, let Tt (-j) C It be the collection of information sets in which player (i, t)
believes that mtﬂ;j is equal to (177, ...,mm7) with probability one, that Pr(m§ =m/7) >0V m)" € M(j,t),

and that Pr(m/; € M(j,t)) = 1.7% These beliefs will be denoted by ®/7(+j).

T-71n the interest of brevity, we avoid an explicit distinction between the ¢ = 0 players and all others. What follows can be
interpreted as applying to all players re-defining m? to be equal to m* for players (i € I,0).
T-83ee footnote T.3.
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For every j € I not equal to i, and every 7 = max{T —t+1,1},...,T let IfB(l', T) C IfB be the collection
of information sets in which player (i,t) believes that m' ; is equal to (m’7,...,m?™) with probability one.
These beliefs will be denoted by ®t5(j, 7).

For every k € I, let TP (k) C I!P be the collection of information sets in which player (i, t) believes that
t . is equal to (mF,...,m"*) with probability one. These beliefs will be denoted by ®F (k).

m_;

Lemma T.5.3: There exists a § € (0,1) such that whenever 6 > § the action-stage strategies described
in Definition T.1.1 are sequentially rational given the beliefs described in Definition T.4.1 for every player

<7;7 t>.T'9

Proof: Consider any information set Z!Z € {Z!B(x) U Z!B (i) U IIB(v5)}.T-10

Using Definition T.1.1, Lemma T.5.2 and Definition T.5.3, it is immediate to check that, as § — 1,
the limit expected continuation payoff to player (i,t) from following the action-stage strategies described in
Definition T.1.1 at any of these information sets is

vf = qv +(1—q)z (T.5.12)

In the same way, it can be checked that, as § — 1, the limit expected continuation payoff to player (i,t) from
deviating at any of these information sets is

qui + (1 —q)z (T.5.13)

Since by assumption ©; > ¥¢ this is of course sufficient to prove our claim for any information set Z!P €
{T7P (%) U LI (vi) U ZEP ()}

Now consider any information set Z!# either in Z!?(j,7) or in Z!P(j) (with j # 7).

Using Definition T.1.1, Lemma T.5.2 and Definition T.5.3, it is immediate to check that, as 6 — 1,
the limit expected continuation payoff to player (i,t) from following the action-stage strategies described in
Definition T.1.1 at any of these information sets is

In the same way, it can be checked that, as § — 1, the limit expected continuation payoff to player (i,t) from
deviating at any of these information sets is exactly as in (T.5.13).

Since by assumption for any j # ¢ we have that @{ > ¢ this is of course sufficient to prove our claim for
any of these information sets.

To conclude the proof of the lemma, we now consider any information set Z}? € Z!B (7). Using Definition
T.1.1, Lemma T.5.2 and Definition T.5.3, it can be checked that the expected continuation payoff to player
(1,t) from following the action-stage strategies described in Definition T.1.1 at any of these information sets
is bounded below by

(1= 6)u; + 6 [gv; + (1 — q)=] (T.5.15)

T91¢ should be understood that we are, for now, taking it as given that each player (i,t) follows the prescriptions of the
message-stage strategies described in Definition T.1.2. Of course, we have not demonstrated yet that this is in fact sequentially
rational given the beliefs described in Definition T.4.2. We will come back to this immediately after the current lemma is proved.

T-10gee Definition T.5.3.
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In the same way it can be readily seen that the expected continuation payoff to player (i,t) from deviating
at any of these information sets is bounded above by

T
(15)ui+5{ 1- (1_55&_(1)) ‘| [qgg+(17(nzi]+

T (T.5.16)
_ %a [q7i + (1 — q) 2]
—o(i—q) T :
The difference given by (T.5.15) minus (T.5.16) can be written as
dq ! —i i
dq [1 - (1—5(1—q)> 1 (vl — wi) B
(1-4) = (@ - u) (T.5.17)
Consider now the term inside the curly brackets in (T.5.17). We have that
oq T . )
1—(— T — Wi
. 6q[ (1—5(1_(])) ](vl £Z> _ —3 i —
%LH} 1-0) = (Ui — ;) =T — wj) — (W — ) (T.5.18)

Using (A.11), we know that the quantity on the right-hand side of (T.5.18) is strictly positive. Hence we can
conclude our claim is valid at any information set Z!” € !5 (7). B

Lemma T.5.4: Consider the notation we established in Definition T.5.2. For any given t and 7 = max{T —
t,1},...,T let 6t (m,m"™) denote ©!(m'*1) when the vector m'™! has the i-th component equal to a generic
m € MI™ and m't' = (m»7,...,m""). As in the proof of Lemma T.5.2, let #;(i,7) = #{(m"7,...,m"7).
Then there exists a § € (0,1) such that whenever § > § for every player (i, t), for every m € M!**, and
for every 7 = max{T —t,1},...,T
(i, 7) > Of(m,m"7) (T.5.19)

Proof: We prove the claim for the case t > T. The treatment of ¢ < T has some completely non-essential
complications due to the fact that the players’ message spaces increase in size for the first T periods. The
details are are omitted for the sake of brevity.

We now introduce a new random random variable w, independent of & and § (see Definitions A.7 and
A.8), and uniformly distributed over the finite set {1,...,7}. This will be used in the rest of the proof of
the lemma to keep track of the “private” randomization across messages that members of dynasty ¢ may
be required to perform (see Definition T.1.2). Just as we did for the action-stage and the message-stage
randomization devices, we consider countably many independent “copies” of w, one for each time period,
denoted by w!, with typical realization w?.

To keep track of all “future randomness” looking ahead for ¢ = 1,2,... periods from ¢, it will also be
convenient to define the random vectors 6

gt = [ gttt L @ gttt (T.5.20)

A typical realization of 55! will be denoted by s™' = [(@!+1 y! 1 witl) . (2t yt+t wit)]. The set of
all possible realizations of %' (which obviously does not depend on t) is denoted by S*.
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Recall that the profile (g, ut) described in Definitions T.1.1 and T.1.2 is taken as given throughout. Now
suppose that in period ¢, player (i,¢) sends a generic message m € M/t and that m"%' = (m®7,...,m"7).

Then, given any realization st we can compute the actual action profile played by all players (k € I,t+1t').

t4-t

This will be denoted by at? (m, m*7, s"*"). Similarly, we can compute the profile of messages m'** received

by all players (j # i,t 4+ t'). This n — 1-tuple will be denoted by m‘*t (m,m®7, stt").

Recall that the messages received by all time-t + t' players are the result of choices and random draws

that take place on or before period t + ' — 1. Therefore it is clear that if we are given two realizations gtt’
/ at it atdt! atdt! atyt! / sttt ottt s 4t .
= [sbt L (@ gttt @ttt ) and 8T = [sbt L (2,9 ,w )], then it must be that

m ™+ (m,mt 7,55 ) = m Y (m,mt 7, ) (T.5.21)

©>>

Notice next that from the description of the profile (g, i) in Definitions T.1.1 and T.1.2 it is also immediate
to check that for any ¢/, any m € M!*! and any realization s"* the message profile m*** (m, m*", s**') can
only take one out of two possible forms. Either we have m‘* (m, m*™, s**') = (m’,...,m") or it must be
that m'*t* (m,m>™, st%) = (m>",...,m"") for some 7/ = 1,...,T.

Lastly, notice that, given an arbitrary message m € MZ‘H'1 we can write

(oo}
itm,m ) =(1—=0) > 6"t Y Pr(E = st wifal T (m,mT, 5] (T.5.22)

t’'=1 St,t’est’

Since the strategies described in Definitions T.1.1 and T.1.2 are stationary for ¢ > T, and the distribution
of §b is independent of ¢, it is evident from (T.5.22) that @!(m,m"*™) does not depend on ¢. From now on
we drop the superscript and write @;(m, m"7).

We now proceed with the proof of inequality (T.5.19) of the statement of the lemma. In order to do so,
from now on we fix a particular t = £, m = 7 and 7 = 7, and we prove (T.5.19) for these fixed values of t, m
and 7. Since the lower bound on ¢ that we will find will clearly not depend on ¢, and since there are finitely
many values that m and 7 can take, this will be sufficient to prove the claim.

Inequality (T.5.19) in the statement of the lemma is trivially satisfied (as an equality) if m = m»”. From
now on assume that 7 and 7 are such that m # m®7.

Given any t' = 1,2, ..., we now partition the set of realizations S* into five disjoint exhaustive subsets;
St SE S St and St This will allow us to decompose the right-hand side of (T.5.22) in a way that will
make possible the comparison with (a similar decomposition of) the left-hand side of (T.5.19) as required to
prove the lemma.

Let
st = {si’t' | m't (m"", m>", s = (mP7, ..., mP") for some 7/ = 1,..., 7} (T.5.23)
and notice that if t < 7 then S{l = st
Assume now that t' > 7 and let

t [t i+t (n i, Gt — (7 —i
St o= {s" | m't (m, m>7, sb) (m,...,m)anAd/ A ‘ o (T.5.24)

and

S = LB | mit (i, mbT, ) = (mf, ..., m') and

, o (T.5.25)
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Notice that if the first condition in (T.5.24) holds, then m** (m®" m®" i) = (m¢,... m'). Therefore,
St and S% and S% are disjoint.

Next, let any s € S&” with ¢ < ¢’ be given and define

S‘i/(s“”) - {SMI | sht' = (Sf’t”» St”’t/) for some st t" and

T.5.26
Hte " +1,....,¢' = 1) | a' = x(k) with s <R} <T —1} ( )

Now let

st =1Jsi ™) (T.5.27)
t'<t’

;o1 17
shtest

From the strategies described in Definitions T.1.1 and T.1.2 it can be checked that if sht' e SZ then m’**’ (rn,
mbT, st = (mt, ..., mT) for some 7 and mitt (mbT m7 b)) = (mf, ..., m'). Therefore, it is clear
that S% is disjoint from S¢', S% and S% .

The last set in the partition of S*' is defined as the residual of the previous four.

St =5 /{sY usy ust usty (T.5.28)

Using (T.5.22), we can now proceed to compare the two sides of inequality (T.5.19) of the statement of
the lemma for the five distinct (conditional) cases s € S’ through s**" € St'. Notice first of all that when
st € S%' we know immediately from (T.5.24) that there is nothing to prove.

We begin with st € S, Notice first of all that if we fix any 5/ € S! then it follows from (T.5.21)

and (T.5.23) that any s™t of the form [sh* =1, s’ =11 (where 7'~ are the first ¢ — 1 triples of 55') is in
fact in ST.

Using, (T.5.23) and Definitions A.1, T.1.1 and T.1.2 we get

Z Pr(gt’—l,t’ :St’—l,t’) ui(a£+t/ (mi,i—’miﬁ-’ [gf,t/—l, St’—l,t’])) = quﬁ +(1—-q)z >

st/ =1t/ c g1 (T 5 29)
Z Pr(gt’fl,t' :St’fl,t’) ui(atﬂl (m,mi’%, [gt,t'fl’ St'fl,t’D) v
St’—l‘t’esl
t,

Therefore, since the § t that we fixed is an arbitrary element of S{/7 we can now conclude that

Z Pr(gf,t/ _ Sf,t/) ui(af,t' (mi,+’mi,+7857t’)) ZZ Pr(gf,t’ _ Sf,t’)ui(af,t’ (m’mi,i—’sf,t’)) (T.5.30)

£ gl ’ - ’
stt'eSt stt'est

Now fix any 5 € S%. Using, (T.5.25), (T.5.26) and (T.5.27), and Definitions T.1.1 and T.1.2 we get
that the difference given by

Pr(gf,t’ _ §E’t,)ui(a£+t/ (mi,%,mz‘,'f7§£,t/))+

Z s =t z Pr(§£’t” _ gf,t")ui(af+t" (mi,%vmi,i—’gf,t”)) (T.5.31)

=t/ +1 Sf’t”ESi“ (§fytl)
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minus
Pr(gf,t’ :gf,t’)u ( i+t (m mz'r gtt ))+

Z s =) Z Pr(§£"t” :gf,t")uz( t+t"(m7mi,€-7§ﬂt”)) (T.5.32)

' =t'+1 st g5t (sit)

(et ]

(1-9)

is greater or equal to

pr(sht =sht") — (u; — ) (T.5.33)

Notice now that we know that the quantity in (T.5.33) is in fact positive for ¢ sufficiently close to 1. This is

simply because the term in curly brackets in (T.5.33) is the same as the right-hand side of (T 5. 18) Therefore,
we have dealt with any 5 € S% and with all its relevant “successors” of the form S%’ (s 591). Since t' is

arbitrary, by (T.5.27), this exhausts 53 and S4 for all possible values of t'.

Finally, we deal with s € Sf'. Notice first of all that if we fix any 501" € S, then it follows from
(T.5.21) and (T.5. 28) that any sbt of the form [55¢ 1, s’ =1t (where 57~ are the first ¢ — 1 triples of
59%") is in fact in S

Using, (T.5.28) and Definitions T.1.1 and T.1.2 we get

ST oPr(E T =M g @ Y (T T [F T 8 ) = o+ (1 g)z >
s“*lvtlesl ' , , , , ~ L. ~ ’ , (T534)
Wit (-gzmz Y P =l (w7 5 s )
St’—l,r,’esq

Therefore, since the 50t that we fixed is an arbitrary element of S§/7 we can now conclude that
Z Pr(s ght' = b )ul(att (m>" >Z Pr(s"" = s" )ui(af’t/(m,mi’f,sf’t/)) (T.5.35)
stt'est! stt'est

Hence, the proof of the lemma is now complete. l

Remark T.5.1: Let the strategy profile (g, i) described in Definitions T.1.1 and T.1.2 be given. Consider
a player (i,t), and a realization of future uncertainty st as defined in the proof of Lemma T.5.4.

Let any message m € M! ™ be given, and fix any information set Z!” and associated beliefs ®1F ().

It is then clear from Definitions T.1.1 and T.1.2 and T.5.1, that for any t' the action that player (i,t)
expects player (i,t +t') to take is uniquely determined by m, s*! and It .

For the rest of the argument we will denote this by al™" (m, st T1F).

Lemma T.5.5: There exists a § € (0,1) such that whenever § > § the message-stage strategies described in
Definition T.1.2 are sequentially rational given the beliefs described in Definition T.4.2 for every player (i,t).
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Proof: Consider any information set Z!% € T!¥ (i, 1), where Z!¥(i,7) is as in Definition T.5.1. It is then
evident from Lemma T.5.4 and from the beliefs ®! (i, 7) described in Definition T.5.1 that for § sufficiently
close to 1, the message strategies described in Definition T.1.2 are sequentially rational at any such information
set.

From now on, consider any information set Z!¥ ¢ T!¥ (i, 7). Let m € Mf“ be the message that player
(i, t) should send according to the strategy !, and let 7 be any other message in Mf'H. Consider a particular
realization 3%, and for any #” € {1,...,# — 1}, let 3* denote the first ¢’ triples of 3" .

Next, assume that a§+t' (m,sb! | TIE) + a§+t' (i, 55", ZtF), and that either ' = 1, or alternatively that
af+t//(m, st THEY) = af"'t”(m,?’t”,ffE) for every t” € {1,...,t —1}.

Clearly, in periods {t +1,...,# — 1}, conditional on 50t the payoff to player (i,t) is unaffected by the
deviation to 7. Now consider the payoff to player (i,t), conditional on 5%, from the beginning of period ¢’
on, for simplicity discounted from the beginning of period ¢'. If player (i,t) sends message m as prescribed
by u!, and § is close enough to 1, the payoff in question is bounded below by

(1= 0)u; +0(q0; + (1 — q)z:) (T.5.36)

Now consider the payoff to player (i,t) if he sends message 1, conditional on Et’t/, from the beginning of
period ' on, for simplicity discounted from the beginning of period #'. In period t' the action played cannot
yield him more than @;. From Lemma T.5.4, we know that, for § close enough to 1, from the beginning of
period t' 4+ 1 the payoff is bounded above by #;(i, T'). Hence, for § close enough to 1, using (T.5.9) the payoff
in question is bounded above by

0t; + (1 —9) {[1 - (1_(;2(;_(1)>T

Notice now that the quantity in (T.5.36) is the same as the quantity in (T.5.15), and the quantity in (T.5.37)
is in fact the same as the quantity in (T.5.16). Hence, exactly as in the proof of Lemma T.5.3, we know that,
for § sufficiently close to 1, the quantity in (T.5.36) is greater than the quantity in (T.5.37). This is clearly
enough to conclude the proof. B

. 5q r
lqwi + (1 — @)z + (1_5(1_q)> [qui + (1 — q)zi}} (T.5.37)

T.6. Proof of Theorem A.1: Consistency of Beliefs

Remark T.6.1: Let (g, ne) be the completely mixed strategy profile of Definitions A.17 and A.18. It is
then straightforward to check that as e — 0 the profile (g., j.) converges pointwise (in fact uniformly) to the
equilibrium strategy profile described in Definitions T.1.1 and T.1.2, as required.

Lemma T.6.1: The strategy profile (g, ) described in Definitions T.1.1 and T.1.2 and the beginning-of-
period beliefs described in Definition T.4.1 are consistent.

Proof: When ¢t = 0, there is nothing to prove. Assume ¢t > 1. We consider two cases. First assume that
player (i,t) receives message m € {m*} U M_; U M(i,t). Clearly, this is on the equilibrium path generated
by the profile of strategies (g, ) described in Definitions T.1.1 and T.1.2. Therefore, consistency in this case
simply requires checking that the beginning-of-period beliefs described in Definition T.4.1 are obtained via
Bayes’ rule from the profile (g, pt). This is a routine exercise, and we omit the details.

Now assume that player (i,t) receives message m & {m*} U M_; U M(i,t). From Definition T.4.1 it is
immediate to check that in this case player (i,t) assigns probability one to the event that m! ; = (m,...,m).
Given (g, i), this event may of course have been generated by several possible histories. Notice however, that
the profile (g, 1) is such that a single deviation by one player at the action stage is sufficient to generate the
message profile m* = (m, ..., m). Therefore, upon observing m ¢ {m*} U M_;U M (i,t) the probability that
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m!, = (m,...,m) is an infinitesimal in € of order no higher than 2. This needs to be compared with the

probability that m’ ; # (m,...,m) and m! = m. The latter event is impossible given the profile (g, 1) unless
a deviation at the message stage has occurred at some point. Therefore its probability is an infinitesimal in
¢ of order no lower than 2n + 1. This is obviously enough to prove the claim. ll

Lemma T.6.2: The strategy profile (g, ) described in Definitions T.1.1 and T.1.2 and the end-of-period
beliefs described in Definition T.4.2 are consistent.

Proof: The case t = 0 is trivial. Assume ¢t > 1, and consider any player (i,¢) after having observed
(ml,at at,yt).

We deal first with the case in which z! = z(x) with k > K. Let x(fyo,£*) denote the realization .
In this case, the action-stage strategies described in Definition T.1.1 prescribe that every player (k € I,t)
should play al (¢*). Therefore, if the observed action profile a® is equal to a(¢*), player (i,t) does not revise
his beginning-of-period beliefs during period ¢. Hence consistency in this case follows immediately from the
profile p and from the consistency of beginning-of-period beliefs, which of course was proved in Lemma T.6.1.
Notice now that if a® # a(¢*), then the message strategies described in Definition T.1.2 prescribe that each
player (k € I,t) should send a message that does not depend on the message m! he received. Hence, in this
case consistency is immediate from Definition T.4.2 and the profile p.

We now turn to the case in which z* = x(x) with < K. Here, it is necessary to consider several subcases,
depending on the message m received by player (i,t). Assume first that m & M_; U M (i,t). Then for any
possible triple (zf, a’,y") we have that

gii%Pr(mt_i =(m,...,m)|ml=m,z" a", g.,p.) =1 (T.6.1)
To see this consider two sets of possibilities. First, m = m*, 2* = z(-,/,---), and a* = (a1(f), ..., an(?)).
Then play is as prescribed by the equilibrium path generated by the profile (g, i), and from Definitions T.1.1
and T.1.2 there is nothing more to prove. For all other possibilities, notice that the event m! = (m,...,m) is
consistent with any a! together with n deviations at the action stage of the second type described in Definition
A.17. Therefore, for any a’, the probability of m! = (m,...,m) and a® is an infinitesimal in ¢ of order no
higher than 2n. On the other hand, from Definition A.18 it is immediate that the probability that m® ; #
(m,...,m) (since it requires at least one deviation at the message stage) is an infinitesimal in € of order no
lower than 2n + 1. Hence (T.6.1) follows. From (T.6.1) it is a matter of routine to check the consistency of
end-of-period beliefs from using the profile (g, 1). We omit the details.

Still assuming that 2! = z(x) with x < &, now consider the case m = rm; € M_;. In this case we can
show that

iiﬂ% Pr(mt_i_j = (1, ...,Mm;) and mé € M(j,t) | mi =mj, 2" a’, ge, pe) = 1 (T.6.2)

using an argument completely analogous to the one we used for (T.6.1). The details are omitted. As in the

previous case, from (T.6.2) it is a matter of routine to check the consistency of end-of-period beliefs from
using the profile (g, p).

The last case remaining is 2! = x(k) with x <& and m = m®7. In this case we have that

lim Pr(mt—z = (Thla s aml) | mf = mi"raxt?atvgsvﬂs)%»
=0 - , (T.6.3)

gg%Pr(mt—z = (mZ’Tv s amiﬂ-) ‘ m; = mi’TvxtaatagEa/u'E) =1

Again, the argument is completely analogous to the one used for (T.6.1) and (T.6.2), and the details are
omitted. Now take (T.6.3) as given and let ' = z(- - -, ip, - - -).
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Suppose next that a', = a*,(i;). Then player (i,t) does not revise his beginning-of-period beliefs,
and hence, using the profile 4 and Lemma T.6.1 it is immediate to check that his end-of-period beliefs are
consistent in this case.

Now suppose that for some j # ¢ we have that aé #+ d;(ie) and at_i_j = di_i_j(ig). Consistency of beliefs
in this case requires showing that the first element in the sum in (T.6.3) is equal to 1. Of course given (T.6.3)
it suffices to compare the probabilities of the two events m' , = (1;,...,m;) and m', = (m*7,... ,m"7).
The first is compatible with a single deviation at the action stage on the part of player (j,t). Therefore its
probability is an infinitesimal in € of order no higher than 2. The latter requires an action-stage deviation
in some period ¢ < ¢ (order 2 in €), and n — 2 action-stage deviations in period ¢ (order 1 each). Hence,
player (i,t) has consistent beliefs if he assigns probability 1 to m';, = (1, ...,m;). The consistency of his
end-of-period beliefs can then be checked from the profile u.

Now suppose that for some j # i we have that a # a’(i¢) and a’ ;_; = a’;_;(is). Consistency of beliefs in
this case requires showing that the second element in the sum in (T.6.3) is equal to 1. Of course given (T.6.3)
it suffices to compare the probabilities of the two events m' ;, = (1;,...,m;) and m', = (m*7,... ,m"7).
The first requires (n — 2) deviations at the action-stage of period ¢, each of order 2 in . Since n > 4, this is
therefore an infinitesimal in € of order no lower than 4. The second is consistent with a deviation of order 2
in € at the action-stage of some period t' < ¢, together with a deviation of order 1 in ¢ at the action stage of
period t. Therefore its probability is an infinitesimal in € of order no higher than 3. Hence, player (i, t) has
consistent beliefs if he assigns probability 1 to m! ; = (m»7,...,m"%"). The consistency of his end-of-period
beliefs can then be checked from the profile y. The same argument applies to show the consistency of his
end-of-period beliefs when a' ; = a® ,(i;). We omit the details.

In all other possible cases for a’, the messages sent by all players (j # i,t) do not in fact depend on af,
provided that m§. is either 7m; or m"»7. Given (T.6.3), the consistency of the end-of-period beliefs of player
(i,t) can then be checked directly from the profile p. l

T.7. Proof of Theorem A.1
Given any v* € int(V) and any ¢ € (0,1), using (A.10), (A.8) and the strategies and randomization devices
described in Definitions A.7, A.8, T.1.1 and T.1.2 clearly implement the payoff vector v*.

From Lemmas T.5.3 and T.5.5 we know that there exists a § € (0,1) such that whenever § > J each
strategy in the profile described in Definitions T.1.1 and T.1.2 is sequentially rational given the beliefs
described in Definitions T.4.1 and T.4.2.

From Lemmas T.6.1 and T.6.2 we know that the strategy profile described in Definitions T.1.1 and T.1.2
and the beliefs described in Definitions T.4.1 and T.4.2 are consistent.

Hence, using Lemma T.3.1, the proof of Theorem A.1 is now complete. ll



