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Abstract

The general equilibrium model with incomplete �nancial markets
(GEI) is extended by adding �at money, �scal and monetary policy
and a cash-in-advance constraint. The central bank either pegs the
interest rate or money supply while the �scal authority sets a Ricardian
or a non-Ricardian �scal plan. We prove the existence of equilibria in
all four scenarios. In Ricardian economies, the conditions required
for existence are not more restrictive than in standard GEI. In non-
Ricardian economies, the su�cient conditions for existence are more
demanding. In the Ricardian economy, neither the price level nor the
equivalent martingale measure is determinate.
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1 Introduction

In this paper we extend the standard general equilibrium model with in-
complete �nancial markets by introducing �at money and adding a public
authority. The latter consists of a �scal and a monetary authority. The
�scal authority sets a �scal plan consisting of taxes, nominal transfers and
a debt policy. The monetary authority, or the central bank, creates �at
money at zero costs and earns seignorage from its monetary policy. The ac-
tions of both authorities are linked by a common public budget constraint.
The transactions technology is supposed to be a simple cash-in-advance con-
straint. If the nominal interest rates are positive, non-interest bearing �at
money is dominated as a store of value by an interest-bearing nominal bond.
The demand for money comes from its role to facilitate trade by means of
the cash-in-advance constraint within the states of the economy.
As argued in the Fiscal Theory of the Price Level (See, e.g., Woodford

1995), the introduction of a �scal authority might add additional restrictions
on the set of equilibria. It is well understood that this possibility depends
on whether the �scal policy is of the Ricardian or the non-Ricardian type.
Following Woodford (2001), a �scal policy is called Ricardian if the govern-
ment budget is satis�ed for every price vector. If the budget is valid only for
some prices, it is called non-Ricardian. In the latter case, the �scal policy
adds additional restrictions on the equilibrium set.1

We study four important combinations of �scal and monetary policies
by combining nominal interest rate peg and money supply policy of the
central bank with a Ricardian and a non-Ricardian �scal policy. For all these
cases, we prove existence of an equilibrium and characterize its determinacy
properties.
If the �scal authority follows a Ricardian policy, there exist monetary

competitive equilibria under assumptions which are close to the standard
assumptions in GEI with �nancial assets. As in the standard GEI model
without a central bank and a �scal authority, the equilibrium in this Ricar-
dian framework is not determinate. More precisely, there exists a monetary
equilibrium under a Ricardian �scal rule for every �xed positive price level
and for every �xed equivalent martingale measure. This result is true for
both interest rate peg and money supply policy. Under interest rate peg,
we argue that the indeterminacy of the price level is purely nominal but the
indeterminacy of the martingale measure can be expected to be real when

1In the general equilibrium literature, the idea that a non-Ricardian policy might lead
to a determinate equilibrium �rst appeared in Dubey and Geanakoplos (1992). They
formally prove the generic local uniqueness under a particular non-Ricardian �scal policy.
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markets are incomplete. Under money supply control, we conjecture that
the indeterminacy of the price level might also be real.
If the �scal authority follows a non-Ricardian policy, existence of equi-

librium requires more restrictive assumptions as compared to the Ricardian
case. Loosely speaking, the existence of equilibrium requires either high
enough gains to trade or positive tax returns. The intuition is that if the
�scal authority �xes nominal transfers at some predetermined and positive
level, it must earn seignorage or tax returns to be able to balance its bud-
get. If taxes are zero, then the gains to trade in the economy must be large
enough to induce some positive seigniorage income for the government. To
make this argument precise, we use the measure for the gains to trade in-
troduced by Dubey and Geanakoplos (1992, 2003a).
Importantly, every obvious degree of indeterminacy we found in the Ri-

cardian economy is lost if we assume that the government trades riskless
bonds only. Dubey and Geanakoplos (2006) provide a formal proof for
generic local uniqueness of equilibria under such a �scal policy. This result
illustrates the role of �scal policy for the determinacy of the equilibrium.
The main contributions of this paper to the recent literature are the

following. First, we show existence and characterize indeterminacy in a
cash-in-advance economy with incomplete �nancial market systems and a
Ricardian �scal policy.2 Our results extend the previous �ndings on exis-
tence and indeterminacy in Dr�eze and Polemarchakis (2000), Bloise et al.
(2005), Bloise (2006) and Nakajima and Polemarchakis (2005) under com-
plete markets to incomplete markets. Under a particular non-Ricardian
policy, Dubey and Geanakoplos (2003(b)) prove existence of general com-
petitive equilibria under both interest rate peg and money supply control
with incomplete markets. They use a strategic market game approach to
derive their results. The second contribution of our paper is to provide an
alternative proof of existence in a non-Ricardian model. Our method to
prove existence adopts more traditional techniques of general equilibrium
analysis, and does not rely on a market game analysis.
The paper is organized as follows. In Section 2, we describe the monetary

economy including the government and de�ne the general equilibrium. In
Section 3, we present our main results for a Ricardian economy, including
both interest rate peg and money supply policy. In Section 4, we provide a
parallel result for a non-Ricardian economy. In Section 5 we conclude the

2After completing the �rst draft of this paper, we learned that Gourdel and Triki
(2005) independently studied a similar economy under interest rate peg. They obtain
results similar to our Theorems 1 and 3. We will comment on this in Sections 3.3 and 4.3.
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paper and give the proofs of all results in the Appendix.

2 The model

2.1 The economy

We study an exchange economy which extends over two dates, the present
time t = 0 and the future t = 1. The present is known with certainty,
but at date 1 there are S possible states of nature which we index with
s 2 S = f1; : : : ; Sg. Including the present, there are S + 1 states of nature
lying in the set S� := f0; 1; :::; Sg. At every s 2 S� there are L consumption
goods which are indexed with l = 1; : : : ; L and traded at spot prices psl. We
denote a consumption plan at state s 2 S� with xs = (xs1; : : : ; xsL) 2 RL+,
an overall consumption plan with x = (x0; : : : ; xs; : : : ; xS) 2 R(S+1)L+ , a
price vector at state s 2 S� with ps = (ps1; : : : ; psL) 2 RL+ and an overall
price vector with p = (p0; : : : ; ps; : : : ; pS) 2 R(S+1)L+ . All commodities are
perishable.
In t = 0, there are asset markets for J � S �nancial contracts indexed

with j = 1; : : : ; J . Each asset is a promise to deliver V js 2 R+ units of
money in every state s 2 S and is traded at price qj in period zero. The
�rst asset is assumed to be a nominal riskless government bond. There is
no default and each risky �nancial asset is in zero net supply. Denote the
S � J-matrix of returns with V , the S � (J � 1)-matrix of the returns of
the risky assets with A, the 1 � J-vector of asset prices with qV and the
1 � (J � 1) -vector of asset prices excluding the price of the bond with q.
The price of the one period nominal bond between t = 0 and t = 1 is 1

1+r0
,

where r0 is the nominal interest rate between t = 0 and t = 1.
We will assume that, within every node s 2 S�, the asset markets open

before the commodity markets and on the commodity markets, a household
receives the revenues from selling endowments at the end of the respective
node. Therefore, in every state s 2 S in t = 1, a nominal riskless bond can
again be traded to allow agents to borrow against their income which they
receive at the end of this period. However, there is no uncertainty involved
at this stage, i.e., each state s 2 S has only one successor state and this
state serves for accounting purposes only. The date of these successor states
is called accounting period. The price of a bond traded in state s 2 S is
1

1+rs
, where rs is the nominal interest rate between state s 2 S and the

accounting period.
In addition, there is �at money which can also be held as a store of value
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between t = 0 and t = 1 and between t = 1 and the accounting period. We
impose the following general assumption on the structure of the �nancial
assets:

Assumption 1 rank (V ) = J � S. There exists a riskless asset at each
s 2 S�.

2.2 The households

The economy is populated by a �nite set I := f1; :::; Ig of households. At
t = 0, the asset markets open �rst. On these markets, the household trades
money ni0 2 R+, riskless government bonds bi0 2 R and a portfolio of risky
assets �i 2 RJ�1. In addition, household i receives a (lump-sum) transfer
�iH0 from the government, where H0 2 R+ is the aggregate transfer from
which every household i gets a share �i 2 R++. Therefore, household i faces
the constraint

bi0
1 + r0

+ q � �i + ni0 = �iH0; (1)

where 1
1+r0

is the price of the nominal bond. In the goods markets, which
open next, household i is subject to the following cash-in-advance con-
straint:3

p0 � (xi0 � ei0)+ � ni0: (2)

The money at the end of t = 0, mi
0, is

mi
0 =

�
ni0 � p0 � (xi0 � ei0)+

�
+ p0 � (xi0 � ei0)� (3)

= ni0 � p0 � xi0 + p0 � ei0:

Combining (1) and (3), we get

p0 � xi0 +
bi0

1 + r0
+ q � �i +mi

0 = �
iH0 + p0 � ei0: (4)

Equation (4) is the familiar 
ow budget constraint, which says that the total
expenditure within one period cannot exceed the total wealth.
From (2) and (3), we get an equivalent formulation of the cash-in-advance

constraint as
mi
0 � p0 � (xi0 � ei0)�: (5)

3We use the usual de�nition of the negative and the positive part of a vector: x+ :=
(: : : ;maxfxi; 0g; : : : ) and x� := (: : : ;maxf�xi; 0g; : : : ) so that x = x+ � x�.
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We will use this formulation for the transactions technology because it turns
out to be more convenient.
Household i 2 I pays a tax � is in state s 2 S�.4 The tax is speci�ed as

the market value of a vector of commodities, � is 2 RL+, i.e., its budgetary
impact is ps � � is. The payment of these taxes occurs at the end of state
s 2 S� in question.
Denoting household i0s quantity of a bond traded at the beginning of

state s 2 S in t = 1 with bis and the transfer to household i in state s 2 S
with �iHs. The 
ow budget constraint then reads

ps �xis+
bis

1 + rs
+mi

s = b
i
0+As ��i+mi

0+ �
iHs+ps �eis�p0 � � i0; 8s 2 S: (6)

The cash-in-advance constraint is

mi
s � ps � (xis � eis)�; 8s 2 S: (7)

In the accounting period following t = 1, the only economic activity is the
payment of the debt and of the income tax in state s 2 S, ps � � is. Therefore,
the terminal condition is

0 � bis +mi
s � ps � � is; 8s 2 S: (8)

In the optimal choice, this condition will hold as an equality.
For each i 2 I, de�ne ei := (eis)s2S� , � i := (� is)s2S� , mi := (mi

s)s2S� and
bi := (bis)s2S� . The budget set of every household i is the set

5

Bi(p; q; r;H) :=
n�
xi;mi; bi; �i

�
2 R(S+1)L+ �RS+1+ �RS+1�RJ�1

�� (4)�(8) holdo:
Every household i 2 I gets utility from consuming in every node s 2

S� according to a function ui : R(S+1)L+ ! R. We make the following
assumptions on the household sector:

Assumption 2 For each consumer i, the utility function ui is continuous,
quasi-concave and strictly increasing.

4We emphasize that taxes are only included to make the model more general. Not a
single argument, neither related to the existence of a monetary equilibrium nor related to
the (in)determinacy, depends on strictly positive taxes.

5To save the notation, we suppress the parameters in the notation. The budget set
should always be understood as Bi (p; q; r;H) := Bi

�
p; q; r;H; ei; � i; �i

�
.

6



Assumption 3 Every household has some endowments after tax in every
state, i.e., 8i 2 I,

�
eis � � is

�
> 0 for every s 2 S�. Household one has strictly

positive endowments after tax at every node, i.e.,
�
e1 � �1

�
� 0. Aggregate

endowments are bounded, i.e.,
P
i

�
ei � � i

�
� +1.6

2.3 The government

At each state s 2 S�, the government taxes the household and distributes
transfers. We denote the total commodity tax by � := (� s)s2S� 2 R

(S+1)L
+ ,

where � s :=
PI
i=1 �

i
s. The total lump-sum transfer is the vector H :=

(Hs)s2S� 2 R
S+1
+ . For simplicity, we assume throughout the paper that the

transfer is distributed according to the shares (�i)i2I ,
P
i �
i = 1.

The government trades riskless bonds B = (Bs)s2S� and supplies bal-
ances M = (Ms)s2S� . If Bs > 0 then the government sells bonds and hence
the term represents new indebtedness against the private sector. If Bs < 0,
it means the loan to the private sector.

Assumption 4 The government only trades riskless bonds.

This assumption can be justi�ed by an appeal to realism. It has con-
sequences for the determinacy of equilibria. We will comment on this in
Section 4.3.
It follows that the government budget constraint is

B0
1 + r0

+M0 = H0 (9)

in period zero and

Bs
1 + rs

+Ms + p0 � �0 = B0 +M0 +Hs; 8s 2 S (10)

in period one. Both (9) and (10) need to hold for every vector of commodity
price and interest rates.
In the accounting period following each state s 2 S, in equilibrium it

must be true that

Bs +Ms � ps � � s = 0; 8s 2 S: (11)

6A vector x 2 Rn satis�es x > 0 if and only if xi � 0, 8i = 1; : : : ; n, and if there is a j
such that xj > 0. Accordingly, x� 0 if and only if xi > 0, 8i = 1; : : : ; n and x � 0 if and
only if xi � 0, 8i = 1; : : : ; n.
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In fact, because preferences are monotone, households choose their plans
so that there is no slack in (8). In the optimal choice of households, one
therefore has

P
i2I
�
bis +m

i
s � ps � � is

�
= 0 for all s 2 S. Since market

clearing requires
P
i2I b

i
s = Bs and

P
i2I m

i
s =Ms, one gets (11). We should

emphasize that this is only one way to derive (11). An alternative approach
would postulate (11) directly as the government's budget constraint for the
accounting period. This would be appropriate if money was a kind of debt of
the government so that, in fact, the government is under the legal obligation
to withdraw the money that is issued from the system. For \outside" money,
which involves no obligation, this reasoning does not apply.
Whether (11) holds for o�-equilibrium situations depends on the nature of

the �scal policy. Indeed, a Ricardian �scal authority adjusts its actions such
that (11) holds for whatever vector of prices and money supply prevailing in
the economy. Hence it is an identity rather than an equilibrium restriction.
A non-Ricardian �scal authority determines (at least a part of) its policy
instruments such that (11) is not true for some price vectors and money
supply. To make these points precise, we denote a �scal policy rule as
(H;B) (p;M; r), i.e., a plan for transfers and bond market actions contingent
on the commodity prices, money supply and interest rates,7 and give the
following de�nition.

De�nition 1 A �scal policy rule (H;B) (p;M; r) is called Ricardian if equa-

tion (9)-(11) holds for every (p;M; r) 2 R(S+1)L+ � RS+1+ � RS+1+ . If there

exists (p�;M�; r�) 2 R(S+1)L+ � RS+1+ � RS+1+ such that (H;B) (p�;M�; r�)
does not satisfy (9)-(11), then it is called non-Ricardian.

As we shall see later, whether a �scal policy is of Ricardian or non-
Ricardian type has important implication for the determinacy of equilib-
rium. Consequently, we will study both a Ricardian �scal policy character-
ized by endogenous transfers and a non-Ricardian �scal policy characterized
by exogenous transfers. This leads to four di�erent combinations of �scal
and monetary policy of the government: the central bank might peg the
interest rate or �x the money supply, while the �scal authority might deter-
mine transfers endogenously or �x them exogenously.
In the case of endogenous transfers, the �scal authority redistributes the

seigniorage income and the tax returns at each state of the economy. The

7In general, the �scal policy consists of a plan for taxes, transfers and bond market
actions. However, in this paper we keep the taxes �xed and restrict attention to di�erent
transfer policies in combination with bond market actions.
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government bonds adjust accordingly to satisfy the constraints of the gov-
ernment. Bloise and Polemarchakis (2006) call such a policy a balanced
transfer rule. We adopt their terminology and say that the �scal policy
follows a balanced transfer rule if it satis�es the following de�nition:

De�nition 2 The balanced transfer �scal policy determines the vector (H;B)
by the functions H (p;M; r) and B (p;M; r), where

Hs (p;M; r) :=
rs

1 + rs
Ms +

ps � � s
1 + rs

; 8s 2 S�;

Bs (p;M; r) := ps� s �Ms; 8s 2 S�:

Under the balanced transfer policy, one can check that equation (9)-
(11) always holds. Therefore, this �scal policy is Ricardian. The balanced
transfer rule says that the government distributes its revenue in every state of
the world. Hence the government needs to know the value of its seigniorage
and the market value of its tax returns at the time when the transfers are
distributed, i.e., in the �rst subperiod within a state since the transfers occur
in the asset markets.8

A �scal policy which �xes transfers in every state of the world exogenously
will be called �xed transfer �scal policy. Formally,

De�nition 3 The �xed transfer �scal policy determines the vector (H;B)
by the functions H (p;M; r) and B (p;M; r), where

Hs (p;M; r) := Hs;8s 2 S�; where H0 > 0; Hs � 0;8s 2 S;
B0 (p;M; r) := (1 + r0)

�
H0 �M0

�
;

Bs (p;M; r) := (1 + rs)(B0 +M0 +Hs �Ms � p0 � �0); 8s 2 S:

Importantly, notice that under this policy the equation (11) does not hold
for some price and interest rate vector. Therefore, the �xed transfer �scal
policy is non-Ricardian.

8Since commodity prices are determined on commodity markets which, however, meet
when the asset markets are already closed, the speci�cation of such a policy involves
an informational problem. Perhaps the most consistent interpretation is, �rst, that the
asset and the commodity markets in fact meet at the same time but at di�erent places
and, second, that the possible money 
ow is restricted to the direction from the asset
to the commodity markets. The �rst point implies that the government can observe the
commodity prices for determining its policy, hence resolving the informational problem.
The second point implies that the households can use their asset market funds in the
commodity markets, as required.
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2.4 Competitive equilibria

The market clearing condition is speci�ed in the usual way as

IX
i=1

eis =
IX
i=1

xis; 8s 2 S�; (12)

Ms =
IX
i=1

mi
s; 8s 2 S�; (13)

Bs =

IX
i=1

bis; 8s 2 S�; (14)

0 =
IX
i=1

�is; 8s 2 S; (15)

where the equation (12), (13), (14), and (15) are commodity, money and
asset market clearing conditions, respectively. We write the bond and the
risky assets separately since we want to emphasize the di�erence of the
market supply in these two cases.
The primitives of the economy can be summarized by the vector

E :=
�
(ui; ei; � i; �i)i2I ; V

	
:

De�nition 4 An equilibrium for the economy E is a tuplen
(p; q; r) ; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
such that

(1) (xi;mi; b
i
; �
i
) maximizes ui(xi) subject to (xi;mi; bi; �i) 2 Bi

�
p; q; r;H

�
.

(2) The actions of the monetary-�scal authority
�
M;B;H

�
satisfy (9), (10)

and (11).

(3) In every state, markets clear, i.e., (12)-(15) hold.

An equilibrium is said to be monetary if psl < +1, 8 s 2 S�; l 2 L.

In the proofs of the theorems given in the following sections, we use
another equilibrium concept which is more tractable for our purposes. It is
well known that agent i's maximization problem has a solution only if there
is no arbitrage possibility on the �nancial markets. Using the results from
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Harrison and Kreps (1979), this implies the existence of a strictly positive
probability measure � = f�sgs2S such that qV = �

1+r0
V . � is called the

equivalent martingale measure.
Denote an S-dimensional vector (v1; : : : ; vS) by v1. In addition,

r1
1+r1

:=�
rs
1+rs

�
s2S

and 1
1+r1

:=
�

1
1+rs

�
s2S
. Combine (8) and (6) to get, 8s 2 S,

ps �xis+
ps � � is
1 + rs

+
rs

1 + rs
mi
s = b

i
0+As � �i+mi

0+ �
iHs+ps � eis�p0 � � i0: (16)

Substitute the no-arbitrage condition qV =
�

1
1+r0

; q2; : : : ; qJ

�
= �

1+r0
V =

�
1+r0

( 1; A1; : : : ; AJ�1)
09 into (4) and plug in (16) for each s 2 S to get

p0 � xi0 +
r0

1 + r0
mi
0 +

�

1 + r0
�
�
p1�xi1 +

r1
1 + r1

�mi
1

�
= �iH0

+p0 �
�
ei0�

� i0
1 + r0

�
+

�

1 + r0
�
�
�iH1+p1�

�
ei1�

1

1 + r1
�� i1

��
; (17)

where m�n := (ms � ns)s2S . The left hand side is the expenditure in terms
of its date�0 value, while the right hand side is the discounted nominal
wealth. For household 1, de�ne the complete markets budget set

�B1 (p; �; r;H) =
n
(x1;m1) 2 R(S+1)L+ � RS+1+

�� (5); (7); (17) hold. o :
From the no-arbitrage conditions, the budget sets of agents i � 2 can also be
expressed as depending on � instead of q. Following Cass (1984) and Du�e
and Shafer (1985), in De�nition 5 we de�ne a concept of e�ective monetary
equilibrium.

De�nition 5 An e�ective equilibrium for the economy E is a tuplen
(p; �; r) ; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
such that

(1) For i � 2, (xi;mi; b
i
; �
i
) maximizes ui(xi) subject to (xi;mi; bi; �i) 2

Bi
�
p; �; r;H

�
. For i = 1, (x1;m1) maximizes u1(x1) such that (x1;m1) 2

�B1
�
p; �; r;H

�
, and

�
b
1
; �
1
�
=
�
B �

PI
i=2 b

i
;�
PI
i=2 �

i
�
.

9We use the notation 1 := (: : : ; 1; : : : ).
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(2) The actions of the monetary-�scal authority
�
M;B;H

�
satisfy (9), (10)

and (11).

(3) In every state, commodity and money markets clear, i.e., (12)-(13) hold.

An e�ective equilibrium is said to be monetary if psl < +1, 8 s 2 S�; l 2
L.

From De�nitions 4 and 5, we can immediately see two di�erences. First,
in the e�ective equilibrium, household 1 is only restricted by the intertempo-
ral budget constraint and the cash-in-advance constraint. Second, household

1 does not choose
�
b
1
; �
1
�
directly. Instead he chooses a bond demand to

clear the bond markets and a demand for the risky assets to clear these asset
markets.
It is immediate that every e�ective equilibrium corresponds to an equi-

librium as de�ned in De�nition 4. Indeed, it is easy to see that the no-
arbitrage conditions determine q given � and r. To show that a tuplen�
p; �; r

�
; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
as de�ned in the e�ective mon-

etary equilibrium corresponds to a monetary equilibrium, we �rst need to
check that the household 1 satis�es the budget equations (4) - (8) and sec-
ond that his choice is still optimal in the sequential constraint. The �rst
property follows directly from Walras law.10 To see that household one still
maximizes his utility, just notice that the sequential constraint is a subset of
the intertemporal one. Hence, the old consumption vector must be optimal
since it is still feasible under the sequential constraint and it was already op-
timal in the larger intertemporal constraint. These arguments are standard
and not made explicit here.

3 Monetary equilibria with balanced transfers

3.1 Interest rate peg

If the central bank pegs the nominal interest rate, then the vector r :=
frsgs2S� is �xed at a target value r. To sustain r in the market, the central
bank accommodates money demand. We impose the following assumption
on monetary policy:

Assumption 5 Interest rates are nonnegative and bounded above, 0 � rs <
+1, 8s 2 S�, and the government accommodates money demand, i.e.,Ms =P
im

i
s for each s 2 S�.

10We leave it an exercise to the reader to check these equations.
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A monetary equilibrium with interest rate peg and balanced transfers
can now be de�ned as follows:

De�nition 6 A monetary equilibrium with interest rate peg and balanced
transfers is a monetary equilibrium according to De�nition 4 with exoge-
nously �xed r satisfying Assumption 5 and a �scal policy rule according to
De�nition 2.

In the following theorem, we show that for every �xed price level and for
every �xed martingale measure, there exists a monetary equilibrium which
implements the interest rate target of the central bank.

Theorem 1 Suppose Assumptions 1 - 5 hold. Fix 0 < c < +1 and �� 0,
then for every 0 � r � +1 there exists a monetary equilibrium with interest

rate peg and balanced transfers
n
(p; q; r) ; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
such

that c =
P
l p0l +

P
l2L;s2S �spsl and q =

�
1+r0

A.

3.2 Money supply control

Under money supply control, the central bank �xes the money supply pro-
cess M := (Ms)s2S� at a target value M . If this is the case, we impose

Assumption 6 Under money supply policy, 0 < M s < +1, 8s 2 S�.

Combining the balanced transfer policy with money supply control sug-
gests the following de�nition:

De�nition 7 A monetary equilibrium with money supply control and bal-
anced transfers is a monetary equilibrium according to De�nition 4 with
exogenously �xed M satisfying Assumption 6 and a �scal policy rule ac-
cording to De�nition 2.

In the next theorem we show that for every �xed price level and for
every �xed martingale measure, there exists a monetary equilibrium which
implements a money supply target M of the central bank. So the result
parallels the result from the previous theorem under interest rate peg policy.

Theorem 2 Suppose Assumptions 1 - 4 and 6 hold. Fix 0 < c < +1 and
� � 0, then for every 0 � M � +1 there exists a monetary equilibrium

with money supply control and balanced transfers
n
(p; q; r) ; (xi;mi; b

i
; �
i
)i2I ;�

M;B;H
�o

such that c =
P
l p0l +

P
l2L;s2S �spsl and q =

�
1+r0

A.
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3.3 Interpretation and literature

We provide some intuition for the existence and the indeterminacy results
in Theorems 1 and 2. To prove existence of an equilibrium we use similar
assumptions as in the GEI-model with nominal assets. The balanced trans-
fer rule implies that (11) is true both in and out of equilibrium. Hence this
condition is an identity which does not add additional restrictions as com-
pared to the standard GEI. This explains why we do not need additional
assumptions even in a more complex model with a government and the bal-
anced transfer �scal policy. Note that our equilibrium could be a no-trade
equilibrium in which there is no seigniorage income for the central bank. In
this case, the government just redistributes potential tax returns among the
households according to their shares (�i)i2I .
The intuition concerning indeterminacy can be given by counting equa-

tions and variables. The macro variables to be determined in the e�ec-
tive equilibrium are the L(S + 1) commodity spot prices, the S � 1 dimen-
sional equivalent martingale measure and the S+1 interest rates. There are
L(S + 1) equilibrium restrictions coming from commodity market clearing
and S + 1 money market clearing equations. Under interest rate peg, the
latter S + 1 equations are identities and the S + 1 interest rates are �xed
exogenously, hence both the equations and the variables cannot be counted.
Finally, there is a single Walras law at work. To see this, note that in every
e�ective equilibrium, (9), (10) and (11) hold. From this, it is not hard to
see that, in every e�ective equilibrium,

r0
1 + r0

M0 +
p0 � �0
1 + r0

+
�

1 + r0
�
�

r1
1 + r1

�M1 +
1

1 + r1
�(p1��1)

�
(18)

= H0 +
�

1 + r0
�H1:

From this equation and the fact that household one only faces the intertem-
poral budget constraint, we easily infer that one Walras Law is at work.
In total, there are S more variables than independent equations, so S is
the degree of total indeterminacy under both interest rate peg and money
supply control.11

11The same intuition can be given for the monetary equilibrium according to De�nition
4. Under interest rate peg, the macro variables to be determined are the commodity
prices and the prices for the risky assets, which is an L(S + 1) + (J � 1)-dimensional
vector. We have L(S +1)+ (J � 1) market clearing equations for the commodity and the
risky asset markets and (S+1) market clearing equations for the bond markets. Including
the government budget constraint at every node s 2 S�, it follows that there are S + 1
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Notice that our results do not rely on the number of assets in the economy.
Hence, the same intuition as given above applies for the case of complete
markets.12 It is also important to point out that neither a Ricardian �scal
policy nor the market clearing for the risky assets plays a role for counting
equations and variables in the previous paragraph. This has important
implications for the situation when a Ricardian government has access to all
the risky assets as well as riskless bonds. As long as the government does
not control the price of a risky asset, it seems to be reasonable to conjecture
that we will still get the same number of indeterminacy in terms of nominal
variables.13

Given the S-dimensional indeterminacy in terms of nominal variables, it
is natural to investigate its implication for the real indeterminacy. In the
following two paragraphes, we provide some discussions and conjectures on
this issue. We emphasize that our conjectures need to be con�rmed formally
in a separate paper.
Under interest rate peg, among the S dimensions of indeterminacy there

is (at least) one degree of homogeneity involved. Indeed, if agents react to
a doubling of the commodity prices by doubling their portfolios and money
demand, the transfers and money supply will also double by the balanced
transfer rule and money supply adjustment. Hence the allocation is unaf-
fected. This degree of homogeneity on the price level is independent of the
number of assets in the economy, as in the standard GEI economy. Whether
the remaining S � 1 degrees of indeterminacy captured by the measure are
real depends on the market structure. If �nancial markets are complete,
these S�1 degrees of indeterminacy are purely nominal, as argued in Bloise
et al. (2005). However, when �nancial markets are incomplete, it seems
reasonable to conjecture that the remaining S � 1 degrees of indeterminacy
captured by the measure are real. An argument which supports this con-
jecture is given in Nakajima and Polemarchakis (2001). To conclude, we
conjecture that the real indeterminacy under interest rate peg and balanced

Walras laws. The balanced transfer rule implies that (11) is always true. From this, we
infer another S degrees of redundancies. Hence, in total there are S more variables than
equations, which suggests an overall indeterminacy of degree S. Under money supply
control, there are S + 1 more variables and equations which clearly leaves the conclusion
una�ected.
12This is why we get basically the same number of indeterminacy as in the previous

literature with complete markets (see Bloise, Dr�eze and Polemarchakis, 2005; Dr�eze and
Polemarchakis, 2000).
13Obviously, if the Ricardian government controls the price of the risky assets directly,

it adds additional restrictions to the equivalent martingale measure through no-arbitrage
requirement.
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transfer rule takes the same form as in the standard GEI with nominal
assets.14

Under money supply control, the real indeterminacy could take a dif-
ferent form. First, the degree of homogeneity on the price level is lost in
the case of money supply control. Scaling the overall price level cannot be
compensated by scaling money demand accordingly since equilibrium money
supply is �xed. Hence the indeterminacy captured by the price level might
be real. Similarly, a changing price level might change the endogenous trans-
fers which could also imply real e�ects. Second, a change in the equivalent
martingale measure could also lead to real e�ects under money supply con-
trol. With incomplete markets, a similar argument as under interest rate
peg could still apply. More importantly, even with complete markets, real
e�ects due to a changing martingale measure are still possible. In fact,
because the transfer may not respond to the change in the equivalent mar-
tingale measure due to �xed money supply, a di�erent measure could change
the discounted value of the transfer (see equation (17)), which may lead to
real e�ects. We conclude this short discussion by conjecturing that the real
indeterminacy of Ricardian equilibria with nominal assets, cash-in-advance
constraints and money supply control might be di�erent from the standard
GEI with nominal assets.
The recent literature on Ricardian economies can be summarized as fol-

lows. Dr�eze and Polemarchakis (2000) and Bloise et al. (2005) prove exis-
tence and indeterminacy under interest rate peg with complete asset markets
under a �nite and an in�nite horizon, respectively. Bloise (2006) shows sim-
ilar results under an in�nite horizon with money supply policy. We extend
this recent literature on Ricardian economies by proving existence and in-
determinacy under both interest rate peg and money supply policy with
incomplete markets and a �nite time horizon.
Under interest rate peg policy, Gourdel and Triki (2005) independently

studied a closely related economy. They obtained a result similar to our
Theorem 1. Within the interest rate peg policy, there are two major dif-
ferences between Gourdel and Triki (2005) and our model. First, in our
model the asset markets open before the commodity markets, as in Wood-
ford (1994) and Bloise et al. (2005). In Gourdel and Triki (2005), the bond
market opens before the commodity market, but the latter opens before the
markets for the risky assets. Second, we use di�erent techniques to prove our
results. In our proof we use a trick introduced by Cass (1984), while they

14The degree of real indeterminacy in the GEI economy with nominal assets was studied
by Balasko and Cass (1989) and Geanakoplos and Mas-Colell (1989).
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use the method similar to Werner (1985). Our method leads us to charac-
terize the indeterminacy in terms of the total price level and the equivalent
martingale measure, while they use the price level within each state as the
indeterminate variables.

4 Monetary equilibria with �xed transfers

In every equilibrium with �xed transfers, (11) must be true. Plug (11) as a
function of Bs and (9) as a function of B0 into equation (10) to get

rs
1 + rs

Ms + r0M0 +
ps � � s
1 + rs

+ p0 � �0 = (1 + r0)H0 +Hs; 8s 2 S: (19)

This equation is a necessary condition for an equilibrium under �xed trans-
fers. Notice that it can only be satis�ed if either taxes or seigniorage are
strictly positive. Under zero taxes, the gains to trade in the economy must
hence be large enough to induce some positive seigniorage income for the
government.
In the proof of the next two Theorems we will impose a gains to trade

hypothesis which goes back to Dubey and Geanakoplos (1992, 2003(a),
2003(b)). De�ne the function ��s : RL � R+ ! RL by

��sl(�s; 
) :=

(
�sl if �sl < 0
�sl
1+
 otherwise

; 8l 2 L:

A feasible allocation (x�s; es) := (x0; x1; : : : ; xS)jxs=es is said to be 
-Pareto

optimal in state s 2 S at es if there does not exist a trade vector �s 2 RIL in
state s such that

P
i �
i
s = 0 and, 8i 2 I, eis + �is � 0 and ui(xi0; xi1; : : : ; eis +

��s(�
i
s; 
); : : : ; x

i
S) � ui(xi0; x

i
1; : : : ; e

i
s; : : : ; x

i
S) with at least one i 2 I where

the strict inequality holds. If (x�s; es) is 
-Pareto optimal in state s 2 S at
es, then we equivalently say that there are no gains to 
-diminished trade in
s 2 S at (x�s; es). Accordingly, the gains to trade at (x�s; es) are de�ned
by


s(x�s; es) := minf
 j there are no gains to 
-diminished trade in s 2 Sg:

4.1 Interest rate peg

In the �xed transfer case, we assume that the interest rates are strictly
positive.
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Assumption 7 Interest rates are strictly positive and bounded above, 0 <
rs < +1, 8s 2 S�. The government accommodates money demand, i.e.,
Ms =

P
im

i
s for each s 2 S�.

Combining an interest rate peg policy of the central bank with the �xed
transfer �scal policy suggests the following de�nition:

De�nition 8 A monetary equilibrium with interest rate peg and �xed trans-
fers is a monetary equilibrium according to De�nition 4 with exogenously
�xed interest rates according to Assumption 7 and a �scal policy rule ac-
cording to De�nition 3.

To rule out an exploding commodity price path, we need to impose either
a strictly positive taxation or a gains to trade hypothesis. The following
assumption says that if the tax in some state s 2 S is zero, then the gains to
trade in this state exceed the interest rate. Intuitively, the friction caused
by the transactions technology still allows for Pareto-improvements at the
initial endowment allocation in the state s 2 S.

Assumption 8 For every s 2 S, either � s > 0, or 
s(x�s; es) > rs for all
feasible (x�s; es).

The following theorem states that every interest rate target of the central
bank can be embedded in an equilibrium with �xed transfers. Note that we
do not claim any indeterminacy result here.

Theorem 3 Suppose that Assumptions 1 - 4, 7 and 8 hold. For every
0� r � +1 there exists a monetary equilibrium with interest rate peg and

�xed transfers
n
(p; q; r) ; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
.

4.2 Money supply control

The de�nition of equilibrium is straightforward:

De�nition 9 A monetary Equilibrium with money supply control and �xed
transfers is a monetary equilibrium according to De�nition 4 with exoge-
nously �xed money supply satisfying Assumption 6 and a �scal policy rule
according to De�nition 3.

For the same reason as in the interest rate peg, we also need to impose a
Gains-to-Trade hypothesis for money supply policy.
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Assumption 9 For every s 2 S, either � s > 0, or, for every feasible

(x�s; es), 
s(x�s; es) >
H0+Hs

Ms�H0�Hs
together with M0 � H0 and M s >

H0 +Hs.

The last theorem states the parallel result of Theorem 3 for the case of
money supply control of the central bank.

Theorem 4 Suppose Assumptions 1 - 4, 6 and 9 hold. For every 0 �
M � +1, there exists a monetary equilibrium with money supply control

and �xed transfers
n
(p; q; r) ; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
.

4.3 Interpretation and literature

An intuition for the absence of an indeterminacy statement in Theorem 3 and
Theorem 4 can again be given by counting equations and unknowns. As in
Section 3.3 for the Ricardian economy, we still have one Walras law in every
e�ective equilibrium. However, unlike the balanced transfer policy, (9)-(11)
represent another S equilibrium restrictions in the �xed transfer case, as will
be argued in the next paragraph. In total, commodity prices plus the interest
rates plus the martingale measure constitute L(S + 1) + (S + 1) + (S � 1)
variables which have to be determined. The commodity and money market
clearing conditions plus the S restrictions from (9)-(11) minus the single
Walras law add up to L(S + 1) + (S + 1) + S � 1 equilibrium restrictions.
Under interest rate peg, both the money market clearing equations and the
interest rates can not be counted. Hence, under interest rate peg and under
money supply control, the number of unknowns and restrictions coincides.
This is the intuition for why we do not �nd some degree of indeterminacy
here.15

The claim of S equilibrium restrictions from (9)-(11) follows both from
the fact that the transfers are �xed and from the assumption that the gov-
ernment only trades riskless bonds. The �xed transfer policy always imposes
one equilibrium restriction through the government intertemporal equation
(18), which is independent of the portfolio set of government. Whether
the �xed transfers can add other restrictions depends on the portfolio re-
strictions the government faces. Our assumption that the government only

15The same logic as in Footnote 11 can be applied for the monetary equilibrium accord-
ing to De�nition 4. The di�erence to the argument given in Footnote 11 is that the �xed
transfer policy does not imply another S degrees of redundancies in the terminal nodes.
Hence, the number of equations now coincides with the number of unknowns.
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trades riskless bonds implies that it enters period one with a �xed composi-
tion of debt across states. To allow for budget balance, taxes and seigniorage
across states must also follow the same composition. This imposes another
S � 1 restrictions to the equilibrium. Hence, there are S total restrictions
from the �xed transfer policy and Assumption 4.
To understand the role of Assumption 4 from a broader perspective, sup-

pose that the government has access to bJ � J assets in the economy with
J assets. If the government controls the portfolio composition of bJ assets
exogenously, the same logic as in the previous paragraph still applies. Conse-
quently, even if the government controls a �xed portfolio composition other
than that of riskless bonds, it seems natural to conjecture that the �xed
transfer policy will still add S restrictions to the equilibrium (see Nakajima
and Polemarchakis, 2001). But if the government does not actively con-
trol its portfolio composition of bJ assets, the previous logic will not apply.
To start with a corner example, suppose that there is a full set of Arrow
securities and that the government trades every such security without any
restrictions. Then there is only one additional restriction from (18) because
of the exogenous transfers, which leads to S � 1 dimensional indeterminacy
even with �xed transfer �scal policy (see Bloise et al., 2005). More gener-
ally, an educated conjecture for the case with bJ assets would be that (9)-(11)
will add S � bJ +1 restrictions to the equilibrium set, leaving the number of
indeterminacy as bJ � 1. Among these S � bJ + 1 restrictions, S � bJ come
from the restrictions of the asset span on the government policy variables,
and one comes from the intertemporal restriction (18). Again we emphasize
that this is only a conjecture and needs to be veri�ed in a formal study.
The main contributions to the theoretical literature16 in economies with

non-Ricardian �scal policies and an active monetary policy are Dubey and
Geanakoplos (1992, 2003a, 2003b, 2006). Dubey and Geanakoplos (1992,
2003a) consider a one period model with a cash-in-advance constraint, inside
and outside money. Dubey and Geanakoplos (2003b) extend this model
to a stochastic economy with incomplete asset markets and a mixed asset
structure. In all papers, they show, among several other results, existence
of the equilibrium. They do so by using a strategic market game approach.
Dubey and Geanakoplos (2006) formally prove generic local uniqueness in
the stochastic economy with incomplete asset markets and nominal assets.
We study a similar economy as Dubey and Geanakoplos (2003b, 2006),

but to prove existence we basically follow the ideas in Bloise et al. (2005)

16As opposed to the quite huge macroeconomic literature on the Fiscal Theory of the
Price Level.
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by introducing a price determination mechanism in the �xed point mapping
for every price object. This allows us to establish a uni�ed framework to
prove existence of equilibrium in all four cases we consider. In addition, by
embedding each equilibrium object into the �xed point mapping, we provide
a clear intuition for the mechanism which determines the equilibrium.
Gourdel and Triki (2005) provide a result similar to our Theorem 3 under

interest rate peg policy. In addition to the di�erences mentioned in Section
3.3, there is one more major distinction in this case. While Gourdel and Triki
(2005) need strictly positive taxes to establish the existence of a monetary
equilibrium, our result also allows for the possibility of zero taxes provided
that the economy has su�ciently high gains to trade.

5 Concluding remarks

To conclude the paper, we discuss some directions of future research. First,
a di�erent timing of transactions can be considered. One possibility is to use
the cash-in-advance constraint as introduced by Svensson (1985), where the
commodity markets open before the asset markets. This could be a suitable
framework to study both the transaction and precautionary demand for
money. However, di�erent from our two-period model, the new timing needs
an in�nite horizon to support money's value. Second, it would be interesting
to introduce a Baumol-Tobin structure in which households voluntarily hold
money as a store of value even though other interest bearing bonds coexist.
Both existence and determinacy in the Baumol-Tobin economy are open and
di�cult questions. Doing so probably requires more than two periods to
enrich the potential transaction patterns. In particular, an in�nite horizon
model would be of interest. Finally, the model presented here delivers a
uni�ed framework for monetary and �scal policy within a GEI-economy.
Therefore, it would be of interest to study the general equilibrium e�ects of
changing monetary policy parameters. Under incomplete �nancial market
the e�ect can be expected to be real, an important feature for policy analysis.
Such an analysis would contribute to the old but fundamental debate about
the neutrality of money.

6 Appendix

In this appendix we give the proof for the theorems in the main text. The
proofs are organized as follows. First, we de�ne an abstract economy. Sec-
ond, we show the properties of the household and aggregate demand. Then
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we prove the results under di�erent monetary-�scal policy combinations.

6.1 An abstract economy

De�ne the inverse price level as c := 1P
l p0l+

P
s2S;l �spsl

and the new prices

by �sl := c�spsl for all s 2 S and �0l := cp0l. By construction � lies in the
unit simplex

� :=

8<:� 2 R(S+1)L+

��� X
s;l

�sl = 1

9=; :
Multiply (4) with c and use the no-arbitrage equation q = 1

1+r0
(� �A) to

get

�0 � xi0 +
1

1 + r0

�ebi0 + � �A � e�i�+ emi
0 = �

i eH0 + �0 � ei0; (20)

where ebi0 := c bi0, e�i := c �i, emi
0 := cm

i
0 and

eH0 := cH0. The cash-in-advance
constraint in t = 0 is emi

0 � �0 �
�
xi0 � ei0

��
: (21)

Multiply (6) by c� to get

�s �xis+
ebis

1 + rs
+ emi

s = �s

�ebi0 +As � e�i + emi
0 � �0 � � i0

�
+�s �eis+�i eHs; (22)

where ebis := c�sb
i
s, emi

s := c�sm
i
s and eHs := c �sHs. The cash-in-advance

constraint at state s 2 S becomes

emi
s � �s �

�
xis � eis

��
; (23)

and the terminal condition isebis + emi
s � �s � � is = 0: (24)

We can now rede�ne household i's budget set by

Bi
�
�; �; r; eH�=n�xi; emi;ebi;e�i� 2 R(S+1)L+ �RS+1+ �RS+1�RJ�1

�� (20)�(24)o:
By rede�ning variables, the intertemporal constraint (17) becomes

�0 � xi0 +
�1 � xi1
1 + r0

+
r0

1 + r0
emi
0 +

1

1 + r0

r1
1 + r1

� emi
1 = �

i

 eH0 + eH1 � 1
1 + r0

!

+�0 �
�
ei0 �

� i0
1 + r0

�
+

1

1 + r0
�1 �

�
ei1 �

1

1 + r1
�� i1

�
: (25)
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The household 1's budget constraint is

B1
�
�; r; eH� = n(x1; em1) 2 R(S+1)L+ � RS+1+

�� (21) , (23) and (25) holdo :
It is easy to understand that (9), (10) and (11) are equivalent to (19). With
the obvious de�nitions, equation (19) becomes in the abstract economy

rs
1 + rs

fMs+�sr0fM0+
�s � � s
1 + rs

+�s�0 ��0 = (1+r0)�s eH0+ eHs; 8s 2 S: (26)
The arguments we used to derive (25) can also be used to derive an in-
tertemporal reformulation of (9), (10) and (11),

r0
1 + r0

fM0 +
1

1 + r0

r1
1 + r1

� fM1 +
�0 ��0
1 + r0

+
1

1 + r0
�1 �
�

1

1 + r1
��1

�
= eH0 + eH1 � 1

1 + r0
: (27)

A monetary equilibrium in this abstract economy is a vector
n
(�; �; r; c) ;

(xi; emi
;ebi;e�i)i2I ;�fM; eB; eH�o such that markets clear, households optimize,

(26) is true, c > 0 and �� 0. Such an equilibrium corresponds to a mone-

tary e�ective equilibrium
n
(p; �; r) ; (xi;mi; b

i
; �
i
)i2I ;

�
M;B;H

�o
according

to De�nition 5. As argued earlier, the latter vector corresponds to a mone-
tary equilibrium according to De�nition 4. In the following proofs, we will
therefore concentrate on equilibria in the abstract economy.

6.2 The household and market demand

� is an element of the S-dimensional unit simplex, which we denote with
�S�1. The extended positive real line is as usual R+ := R+ [ f+1g. We
start by deriving the properties of the budget sets in the following lemma:

Lemma 1 Under Assumptions 1 and 3, the budget sets satisfy the following
properties:

(1.1) For i � 2, Bi
�
�; �; r; eH� is a non-empty and upper hemi-continuous

correspondence for
�
�; �; r; eH� 2 ���S�1 � RS+1+ � RS+1+ .

(1.2) For i � 2, Bi
�
�; �; r; eH� is compact for ��; �; r; eH� 2 interior(�)�

interior(�S�1)� RS+1++ � RS+1+ .
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(1.3) For i � 2, Bi
�
�; �; r; eH� is lower hemi-continuous for ��; �; r; eH�

2 interior(�)��S�1 � RS+1+ � RS+1+ .

(1.4) For i � 2, if eH0 > 0 then Bi ��; �; r; eH� is lower hemi-continuous for�
�; �; r; eH� 2 �� interior(�S�1)� RS+1+ � RS+1+ .

(1.5) For i � 2, as long as r0 < +1, Bi
�
�; �; r; eH� is lower hemi-continuous

if
�
�; �; r; eH� 2 interior(�)� interior(�S�1)� RS+1+ � RS+1+ .

(1.6) B1
�
�; r; eH� is non-empty and upper hemi-continuous for ��; r; eH�

2 �� RS+1+ � RS+1+ .

(1.7) B1
�
�; r; eH� is compact for ��; r; eH� 2 interior(�)� RS+1++ � RS+1+ .

(1.8) B1
�
�; r; eH� is lower hemi-continuous for ��; r; eH� 2 ��RS+1+ �RS+1+ .

(1.9) If eH0 > 0 then B1
�
�; r; eH� is lower hemi-continuous for ��; r; eH�

2 �� RS+1+ � RS+1+ .

(1.10) As long as r0 < +1 and eH1 > 0, B1 ��; r; eH� is lower hemi-continuous
if
�
�; r; eH� 2 �� RS+1+ � RS+1+ .

Proof:

(1.1) To check non-emptiness, it is su�cient to notice that
�
xi; emi;ebi;e�i� =

(0; �� ei; 0; 0) satis�es the equations (20)�(24). Upper hemi-continuity
is straightforward.

(1.2) Closedness is obvious. To show the boundedness of Bi
�
�; �; r; eH�

under (�; �; r)� 0, note that an action (xi; emi;ebi;e�i) inBi ��; �; r; eH�
must satisfy (25), which implies 0 � (xi; emi) � +1. From (24) we
know that ebis > �1 for every s 2 S. From the standard no-arbitrage

argument, we have �1 �
�ebi0;e�i� � +1. From (22) this further

implies that ebis < +1.
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(1.3) To see that there is an interior point, take e�i = 0 and for every s 2 S�
take xis = 0, ebis = �2 �is and emi

s = �s � eis +
�is
1+rs

with �is > 0. Using
Assumption 3, � � 0 and r � +1, it is easy to see that (20) - (24)
hold with a strict inequality for all �is small enough. Note that this
is true even if �s = 0 for some s 2 S. This sequence shows that the
interior of the budget set is nonempty. It is now easy to see that the
interior is lower hemi-continuous. Since the closure of a lower hemi-
continuous set is again lower hemi-continuous, the result follows.

(1.4) We only need to check that there is an interior point. Change the

sequence de�ned in (1.3) by ebis = 0 for every s 2 S�, emi
0 = �0 �ei0+ �i eH0

2

and emi
s = �s � eis + �s �

i eH0
4 for every s 2 S to see that this is true.

(1.5) Again, use xi = 0 and e�i = 0. In period zero, take ebi0 = �2 �i0,emi
0 = �0 � ei0 +

�i0
1+r0

with �i0 > 0 and in period one take ebis = 0 andemi
s = �s � eis + �s

emi
0��0�� i0
2 to see that the interior is nonempty for �i0

small enough.

(1.6) It holds that
�
x1; em1

�
= (0; �� e1) is an element of B1

�
�; r; eH�.

Hence, B1
�
�; r; eH� is non-empty. The second part is straightforward.

(1.7) This property follows immediately.

(1.8) To see that the interior of B1
�
�; r; eH� is nonempty, take ~m1

s = �s �
e1s + �s for every s 2 S�, x1 = 0 and choose all �s > 0 small enough.
Note that this argument relies on Assumption 3 and r � +1.

(1.9) Under the assumption eH0 > 0, the same sequence as in (1.8) is an
interior point for �is small enough for every s 2 S�.

(1.10) Since eH1 > 0 and r0 < +1, the same argument as in (1.8) applies. �
The demand correspondence for every consumer type i � 2 is de�ned to

be

(xi; emi;ebi;e�i)(�; �; r; eH) :=n�xi; emi;ebi;e�i�2Bi(�; �; r; eH) ��
(xi; emi;ebi;e�i)2argmaxui(xi)o

Let 'i(�; �; r; eH) denote the projection of this demand set onto (xi; emi),
'ix(�; �; r;

eH) the projection of the latter onto xi and 'iem(�; �; r; eH) the
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projection onto emi. Household i = 1 maximizes his utility by choosing

(x1; em1) being an element of B1
�
�; r; eH�. The demand correspondence is

'1
�
�; r; eH� and the projections are de�ned as above. We summarize the

properties of individual demand in the following lemma:

Lemma 2 Under Assumptions 1 - 3, household demand satis�es the fol-
lowing properties:

(2.1) For i � 2, 'i
�
�; �; r; eH� is non-empty, compact and convex valued

for
�
�; �; r; eH� 2 interior(�)� interior(�S�1)� RS+1++ � RS+1+ .

(2.2) For i � 2, 'i
�
�; �; r; eH� is upper hemi-continuous under the condi-

tions given in Lemma (1.3), (1.4) or (1.5).

(2.3) '1
�
�; r; eH� is non-empty, compact and convex valued for ��; r; eH�

2 interior(�)� RS+1++ � RS+1+ .

(2.4) '1
�
�; r; eH� is upper hemi-continuous under the conditions given in

Lemma (1.8), (1.9) or (1.10).

(2.5) Under the assumption of Lemma (1.8), (1.9) or (1.10),

inf
n
kxk

��x 2 '1x ��; r; eH�o! +1

if �sl ! 0 for some s 2 S� and l 2 L.

(2.6) 8s 2 S�, if rs > 0, then emi
s � �s�eis for all (: : : ; emi

s; : : : ) 2 'iem
�
�; �; r; eH�

if i � 2 and for all (: : : ; em1
s; : : : ) 2 '1em

�
�; r; eH�.

(2.7) For every i � 2, under the conditions of Lemma (1.4) it holds that if
r0 ! +1, then emi

0 ! 0 for all (emi
0; emi

1 : : : ; emi
S) 2 'iem

�
�; �; r; eH�.

Under the conditions of Lemma (1.9), the same property is true for

i = 1 for every (em1
0; em1

1 : : : ; em1
S) 2 '1em

�
�; r; eH�.

(2.8) For every i � 2, under the conditions of Lemma (1.5) it holds that if
there is a s0 2 S with rs0 ! +1, then emi

s0 ! 0 for all (emi
0; : : : ; emi

s0 ; : : : ; emi
S) 2

'iem
�
�; �; r; eH�. Under the conditions of Lemma (1.10), the same

property is true for i = 1 for every (em1
0; em1

1 : : : ; em1
S) 2 '1em

�
�; r; eH�.
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Proof: Parts (2.1) - (2.5) follow from standard arguments using the
results from Lemma 1. Since money is dominated as a store of value for a
strictly positive interest rate, emi

s = �s � (xis � eis)�;8s 2 S�, 8i 2 I. This
implies (2.6). Concerning (2.7), we �rst argue for i � 2. For r0 ! +1 we

argue that the sequence of best responses converges to a (xi; emi;ebi;e�i) such
that emi

0 = 0. From Lemma (2.2), the demand set is upper hemi-continuous
along this sequence. We will argue that if emi

0 > 0 in the limit, then the
household can increase his utility. Since the cash-in-advance constraint binds
in the case of positive interest rates, emi

0 > 0 implies that he sells something
of his endowment. If he deviates by selling nothing and consuming what he
sold before, his utility increases. The revenue which he loses in period one
from not selling the endowment in period zero can be taken from buying
costless bonds. This deviation implies that emi

0 > 0 cannot be the best
response in the limit. For household i = 1, the same property is true. In
fact, by optimality, rs

1+rs
emi
s =

rs
1+rs

�s � (xis� eis)�. Using this in (25) implies

�0 �
�
x10 � e10

�+
+
�1 �

�
x11 � e11

�+
1 + r0

= �1

 eH0 + eH1 � 1
1 + r0

!

+
�0 �
��
x10 � e10

����10�
1 + r0

+
1

1 + r0
�1 �
���

x11 � e11
����11�� 1

1 + r1

�
:

This equation reveals that household one earns zero from selling his endow-
ments in t = 0. Maximization thus implies selling no endowments. From
the cash-in-advance it follows that money demand is zero. Part (2.8) follows
from the same logic as part (2.7). �
De�ne the market demand correspondence of the commodity and money

as
Z
�
�; �; r; eH� := '1 ��; r; eH�+X

i�2
'i
�
�; �; r; eH� ;

and the projections of this set onto commodity and money spaces by Zx

�
�; �; r; eH�

and Zem ��; �; r; eH�, respectively.
Lemma 3 Under Assumptions 1 - 3, Z

�
�; �; r; eH� satis�es the following

properties:

(3.1) Z
�
�; �; r; eH� is non-empty, compact and convex-valued for ��; �; r; eH�

2 interior(�)� interior(�S�1)� RS+1++ � RS+1+ .
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(3.2) Z
�
�; �; r; eH� is upper hemi-continuous for ��; �; r; eH� 2 interior(�)�

�S�1 � RS+1+ � RS+1+ .

(3.3) If (zx; zem) 2 Z ��; �; r; eH� and if (27) holds, then
(1 + r0)�0 �

 
zx0 �

X
i

ei0

!
+ �1 �

 
zx1 �

X
i

ei1

!
+ r0

�
zem0

� fM0

�
+

r1
1 + r1

�
�
zem1

� fM1

�
= 0:

(3.4) If zem 2 Zem(�; �; r; eH) then zems
� max

s;l

P
i e
i
sl for r � 0 and all s 2 S�.

Proof: Lemma (3.1), (3.2) and (3.4) follow directly from individual de-
mand (Lemma 2). Lemma (3.3) follows from adding up (25) over i 2 I and
using (27). �

6.3 Proof of Theorem 1

We �x the martingale measure � � 0 and the inverse price level c > 0
at the outset. The transfers are determined endogenously according to the
balanced transfer rule.

6.3.1 Preliminary de�nitions

From Assumption 2, we can de�ne a government transfer function eH ��; r;fM� :=� eH0; eH1; : : : ; eHS���; r;fM�, where
eHs ��; r;fM�:= rs

1 + rs
fMs +

�s � � s
1 + rs

;8s 2 S�:

We slightly abuse the notation by denoting both the function and the image

with eH. By construction, eHs � 0, 8s 2 S�. Obviously, eH ��; r;fM� is a
bounded and continuous function for

�
�; r;fM� 2 �� RS+1+ � RS+1+ .

6.3.2 Construction of a �xed point mapping

To make the proof compatible with a zero interest rate, we start by de�ning
the modi�ed interest rate process rn := (rns )s2S� by

rns =

�
rs if rs > 0
1
n if rs = 0:
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For n > (S + 1)L de�ne

�n :=

�
� 2 �

����sl � 1

n

�
:

It is easy to see that
1
[

n>(S+1)L
�n = interior (�). Let Kem be a compact

and convex space such that Kem � Znem
�
�; eH� for all � 2 � and eH 2

RS+1+ , where Znem
�
�; eH� := Zem ��; �; rn; eH�. Since rn � 0 for all �nite n,

such a compact set exists by Lemma (3.4).17 De�ne a compact and convex

set K eH such that K eH � eHn
�
�;fM� for all � 2 � and fM 2 Kem, whereeHn

�
�;fM� := eH ��; rn;fM�. Since eH is a bounded function and fM 2 Kem,

such a set K eH exists. Further de�ne Znx

�
�; eH� := Zx

�
�; �; rn; eH� and a

compact and convex set Kn
x such that K

n
x � Znx

�
�; eH� for all � 2 �n andeH 2 K eH . Denote the product set with Kn := Kn
x � Kem. Note that only

Kn
x depends on n. Finally, de�ne the mapping

fn : �n �Kem �K eH �Kn � �n �Kem �K eH �Kn

by �
�;fM; eH; z� fn7!

�
fn� ; f

nfM ; fneH ; fnz
�
;

where

fn� (�;
fM; eH; z) := argmax

f�2�ng

(
(1 + r0)�0 �

 
zx0 �

X
i

ei0

!
+ �1 �

 
zx1 �

X
i

ei1

!)
;

fnfM (�;fM; eH; z) := zem;
fneH(�;fM; eH; z) := eHn

�
�;fM� ;

fnz (�;
fM; eH; z) := Zn ��; eH� :

The �rst mapping is the price player's objective function, the second map-
ping says that the government accommodates money demand, the third
mapping is the government transfer function and the last mapping is the
market demand.
From Lemma 3 we infer that fn(�;fM; eH; z) is a non-empty, compact,

convex-valued and upper hemi-continuous correspondence. Kakutani Fixed

Point Theorem establishes the existence of a �xed point
�
��n;fM�n; eH�n; z�n

�
.

17Even though r depends on n, the set K em does not depend on n by Lemma (3.4).
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6.3.3 The limit of the �xed points is an equilibrium

Since
�
��n;fM�n; eH�n; z�n

�
is bounded for each n, we can choose a subse-

quence having a limit
�
��;fM�; eH�; z�

�
. �� is trivially bounded. By Lemma

(3.4), z�em is also �nite since znem is bounded above by the aggregate endow-

ment for all n. By construction, fM� = z�em. Since eH ��;fM� is continuous,eH� = eH ���;fM�
�
. This implies that eH� is �nite. It only remains to show

that z�x =
P
i e
i and z�x 2 Zx

�
��; eH�

�
.

It follows from fM� = z�em and Lemma (3.3) that for all n
(1 + r0)�

�n
0 �

 
z�nx0 �

X
i

ei0

!
+ ��n1 �

 
z�nx1 �

X
i

ei1

!
= 0;

which implies

(1 + r0)�
�
0 �
 
z�x0 �

X
i

ei0

!
+ ��1 �

 
z�x1 �

X
i

ei1

!
= 0

in the limit. Consequently, we have z�x �
P
i e
i, and z�x =

P
i e
i if �� � 0.

However, from Lemma (2.5) we know that household one's demand goes to
in�nity if some ��sl ! 0. Since aggregate excess demand is bounded below,
we get that kz�xk ! +1 if some ��sl ! 0. Therefore, z�x �

P
i e
i implies

that �� � 0 and z�x =
P
i e
i. Since Zx

�
�; eH� is upper hemi-continuous for

� � 0, we know that z�x 2 Zx
�
��; eH�

�
.

It is straightforward to see that the vector
�
��;fM�; eH�; z�

�
corresponds

to a monetary equilibrium in the abstract economy under interest rate peg
with balanced transfers.

6.4 Proof of Theorem 2

Similar to the proof of Theorem 1, we �x an arbitrary inverse price level
c > 0 and an arbitrary martingale measure �� 0.

6.4.1 Preliminary de�nitions

In the abstract economy, the money supply vector is fM = c�
�
M0;

�
�sM s

�
s2S

�
� 0. De�ne the transfers eH ��; r;fM� to individuals as in Section 6.3. Since
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fM is �xed here, we write eH (�; r).
6.4.2 Construction of a �xed point mapping

As before, we de�ne �n :=
�
� 2 �j�sl � 1

n

	
for n > (S + 1)L. De�ne the

set 
n :=
�
1
n ; n

�S+1
carrying the interest rates r. Let Kem be a compact

and convex space such that Kem � Zem ��; r; eH� for all � 2 �n, r 2 
n andeH 2 RS+1+ . De�ne a set K eH such that K eH � eH (�; r) for all � 2 �n and
r 2 
n. De�ne the compact and convex setKn

x such thatK
n
x � Znx

�
�; r; eH�

for all � 2 �n, r 2 
n and eH 2 RS+1+ . The product set is Kn := Kn
x �Kem.

As before, de�ne the mapping

fn : �n � 
n �K eH �Kn � �n � 
n �K eH �Kn

by �
�; r; eH; z� fn7!

�
fn� ; f

n
r ; f

neH ; fnz
�
;

where

fn�

�
�; r; eH; z� := argmax

f�2�ng

(
(1 + r0)�0 �

 
zx0 �

X
i

ei0

!
+ �1 �

 
zx1 �

X
i

ei1

!)
;

fnr

�
�; r; eH; z� := argmax

r2
n

�
r0

�
zem0

� fM0

�
+

r1
1 + r1

�
�
zem1

� fM1

��
;

fneH
�
�; r; eH; z� := eH (�; r) ;

fnz

�
�; r; eH; z� := Z ��; r; eH� :

Again, all these mappings satisfy the assumptions required to apply

Kakutani's Theorem, implying the existence of a �xed point
�
��n; r�n; eH�n; z�n

�
.

6.4.3 The limit of the �xed points is an equilibrium

Since
�
��n; r�n; eH�n; z�n

�
is bounded for each n, we can choose a subse-

quence having a limit
�
��; r�; eH�; z�

�
. For every such subsequence,

�
��; eH�; z�em

�
�

+1. Since eH (�; r) is continuous, we know that eH� = eH (��; r�). Hence it
remains to show that markets clear and (r�; z�x)� +1.
Claim 1: In period zero, the money market clears and r�0 < +1. To see

this, we argue in three steps.
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Step 1 : We prove that z�em0
� fM0. Suppose not, i.e., z

�em0
> fM0. From

the construction of fnr , we must have r
�
0 = +1. Then it follows from the

de�nition of eH(��; r�) that eH�
0 is strictly positive. Lemma (2.7) implies that

z�em0
= 0, a contradiction to z�em0

> fM�
0 > 0. Hence z

�em0
� fM0.

Step 2 : We prove that z�em0
= fM0 if r

�
0 > 0. Since the construction of

fnr implies r
�
0

�
z�em0

� fM0

�
� 0 and z�em0

� fM0 implies r
�
0

�
z�em0

� fM0

�
� 0,

we must have r�0

�
z�em0

� fM0

�
= 0. Therefore, r�0 > 0 implies z

�em0
� fM0 = 0,

which means the money market clearing in period zero (with free disposal)
in the limit.
Step 3 : We prove r�0 < +1. Suppose that r�0 = +1. From the �rst step,

we know that z�em0
= 0; from the second step, we know z�em0

= fM0. These

two facts imply fM0 = 0, a contradiction. �
Claim 2: For every s 2 S, the money market in state s clears and

r�s < +1. To see this, we argue in several steps.
Step 1 : We show that z�x0 �

P
i e
i
0 and z

�
x1 �

P
i e
i
1. Indeed, using the

de�nition of eH(�; r) and Lemma (3.3), it follows (1+r�0)��0 ��z�x0 �Pi e
i
0

�
+

��1 �
�
z�x1 �

P
i e
i
1

�
+ r�0

�
z�em0

� fM0

�
+

r�1
1+r�1

�
�
z�em1

� fM1

�
= 0. In Claim 1 we

established r�0

�
z�em0

� fM0

�
= 0. In addition, the de�nition of fnr implies that

r�1
1+r�1

�
�
z�em1

� fM1

�
� 0. From this it follows that (1+r�0)��0 �

�
z�x0 �

P
i e
i
0

�
+

��1 �
�
z�x1 �

P
i e
i
1

�
� 0. From the de�nition of fn� we get z

�
x0 �

P
i e
i
0 and

z�x1 �
P
i e
i
1.

Step 2 : The conditions of Lemma (2.5) apply. To see this, we argue that
either the conditions of Lemma (1.8) or the conditions of Lemma (1.10) are
satis�ed. In fact, If r�1 � +1, then the conditions of Lemma (1.8) apply
trivially. Alternatively, if there is some s 2 S with r�s = +1, then it follows
from the de�nition of eH(�; r) that eH�

1 > 0. Then the conditions of Lemma
(1.10) hold.
Step 3 : We show that �� � 0. In fact, we saw in the previous step that

Lemma (2.5) can be applied. So if there is an s 2 S� and an l 2 L such that
��sl = 0, then Lemma (2.5) implies a contradiction to Step 1.
Step 4 : Since r�0 < +1 and �� � 0, Lemma (2.8) applies. With this in

mind, it is easy to see that the Steps 1-3 of Claim 1 apply. Hence Claim 2
follows. �
From money market clearing it follows now by the same arguments as

in the proof of Theorem 1 that z�x =
P
i e
i. From �� � 0 and the upper

hemi-continuity of the demand, z� 2 Z(��; r�; eH�).
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Finally,
�
��; r�; eH�; z�

�
corresponds to a monetary equilibrium in the

abstract economy with money supply control and balanced transfers.

6.5 Proof of Theorem 3

With �xed nominal transfers we just introduce a transfer mapping which
transforms the original transfers into discounted real transfers. In addition,
we now determine c and � endogenously in the �xed point.

6.5.1 Preliminary de�nitions

De�ne an augmented taxation �n 2 R(S+1)L+ as

�ns =

�
� s if � s > 0�

1
n ; 0; ::; 0

�
2 RL+ if � s = 0

;

where n 2 N and n > min
s

�
1
e1s1

�
. Without loss of generality, if � s = 0 we can

assign the taxation to household 1, i.e., �1ns =
�
1
n ; 0; ::; 0

�
and hence � ins = 0

for all i 6= 1. It is easy to see that household 1 will have a non-empty budget
set for all n > min

s

�
1
e1s1

�
.

De�ne a government transfer function eH(c; �) := � eH0; eH1; : : : ; eHS� (c; �)
by eH0(c; �) := cH0 and eHs(c; �) := c �sHs; 8s 2 S:
This function is obviously a bounded and continuous function for �nite c.
Next, de�ne an inverse price level function cn by

cn (�; zem; �; r) :=
r0
1+r0

zem0
+ 1

1+r0
r1
1+r1

� zem1
+

�0��n0
1+r0

+ 1
1+r0

�1 �
�

1
1+r1

��n1
�

H0 +
P
s2S

�s
1+r0

Hs

;

and use the shortcut cn (�; zem; �) := cn (�; zem; �; r). This is a bounded and
continuous function of (�; zem; �) for each n as long asH0 > 0 and zem � +1.
Under the latter condition, de�ne the bounded and continuous martingale-
measure function �n (�; zem; c; �) := (�n1 ; : : : ; �nS) (�; c; �; zem; r) by

�ns (�; c; �; zem; r) :=
rs
1+rs

zems
+ 1

1+rs
�s � �ns + �sc

�
max
s02S

Hs0 �Hs

�
r1
1+r1

�zem1
+�1 �

�
1

1+r1
��1

�
+c
P
�2S ��

�
max
s02S

Hs0�H�

� :
For �xed r, we just write �ns (�; c; �; zem). By the construction of �n, as long
as � � 0 we have cn > 0, �ns > 0 and

PS
s=1 �

n
s = 1 for all �nite n.
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6.5.2 Construction of a �xed point mapping

Denote aggregate demand with Zn
�
�; �; eH� := Z ��; r; �; eH; �n�. Lemma

(3.4) allows us to de�ne the compact and convex set Kem such that Kem �
Znem
�
�; �; eH� for all � 2 �, � 2 �S�1 and eH 2 RS+1+ . Notice that Kem

does not depend on n. As argued above, for positive H0 we can de�ne a
compact and convex set Kn

c such that K
n
c � cn (�; zem; �) for all � 2 �,

zem 2 Kem and � 2 �S�1. �n (�; c; �; zem) lies in a compact and convex set
Kn
� � interior(�S�1) for � 2 �n; zem 2 Kem and c 2 Kn

c . Introduce the set

KneH such that KneH � eH(c; �) for all c 2 Kn
c and � 2 Kn

� . This set can be
chosen to be compact and convex for every n since c 2 Kn

c . Further de�ne

Kn
x such that K

n
x � Znx

�
�; �; eH� for all � 2 �n, � 2 Kn

� and
eH 2 KneH .

Finally, Kn := Kn
x �Kem. De�ne the mapping

fn : �n �Kn
c �Kn

� �KneH �Kn � �n �Kn
c �Kn

� �KneH �Kn

by �
�; c; �; eH; z� fn7!

�
fn� ; f

n
c ; f

n
� ; f

neH ; fnz
�
;

where

fn�

�
�; c; �; eH; z� := argmax

f�2�ng

(
(1 + r0)�0 �

 
zx0 �

X
i

ei0

!
+ �1 �

 
zx1 �

X
i

ei1

!)
;

fnc

�
�; c; �; eH; z� := cn (�; zem; �) ;

fn�

�
�; c; �; eH; z� := �n (�; c; �; zem) ;

fneH
�
�; c; �; eH; z� := eH(c; �);

fnz

�
�; c; �; eH; z� := Zn ��; �; eH� :

fn
�
�; c; �; eH; z� is a non-empty, compact, convex-valued and upper hemi-

continuous correspondence. Kakutani �xed point theorem establishes the

existence of a �xed point
�
��n; c�n; ��n; eH�n; z�n

�
.

Note that the money market is always cleared since the central bank
accommodates money demand. From the construction of cn (�; zem; �), in
the �xed point the equation (27) holds, i.e.,

r0fM�n
0 +

r1
1 + r1

�fM�n
1 +��n0 ��n0 +��n1 �

�
1

1 + r1
��n1

�
= eH�n

0 (1+r0)+
eH�n
1 �1:

(28)
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From the construction of �n (�; zem; c; �) it follows
r1

1 + r1
� fM�n

1 + ��n1 �
�

1

1 + r1
��n1

�
+ c�n

X
�2S

��n�

�
max
s02S

Hs0 �H�

�

=

rs
1+rs

fM�n
s + 1

1+rs
��ns � �ns + c�n��ns

�
max
s02S

Hs0 �Hs

�
��ns

:

Use this equation and (28) to get

rs
1 + rs

fM�n
s +

1

1 + rs
��ns ��ns � eH�n

s +�
�n
s r0

fM�n
0 +��ns �

�n
0 ��n0 = ��ns eH�n

0 (1+r0);

which proves that (26) holds.

6.5.3 The limit of the �xed points for n! +1

Since
�
��n; c�n; ��n; eH�n; z�n

�
is bounded for each n, we can let n ! +1

and choose a subsequence having a limit
�
��; c�; ��; eH�; z�

�
. We obviously

have
�
��; ��; z�em� � +1, but z�x could be in�nite. Clearly, �n ! � . By

continuity, eH� = H(c�; ��), c� = c
�
��; z�em; ��� and �� = �

�
��; c�; ��; z�em�.

From z�em � +1 we know that c� < +1. From this we infer eH� � +1. It
remains to argue that markets clear, (26) holds, 0� (��; c�; ��), z�x � +1
and z� 2 Z

�
��; ��; eH�

�
.

Given the construction of cn(�;fM; eH), Lemma (3.3) applies for every
n. Together with money market clearing (the central bank accommodates
money demand) it hence follows (1+r0)�

�n
0 �
�
z�nx0 �

P
i e
i
0

�
+��n1 �

�
z�nx1 �

P
i e
i
1

�
= 0 for every n. Hence

(1 + r0)�
�
0 �
 
z�x0 �

X
i

ei0

!
+ ��1 �

 
z�x1 �

X
i

ei1

!
= 0:

Since the interest rates are always �nite, Lemma (1.8) allows for the ap-
plication of the Lemmas (2.4) and (2.5). Hence, z�x =

P
i e
i � +1 and

�� � 0.
From what we argued above, it follows easily that (26) is also true in the

limit. z� 2 Z
�
��; ��; eH�

�
follows from �nite interest rates and �� � 0 since

Lemma (1.3) and Lemma (2.2) apply. Therefore, we need only to show that
c� > 0 and �� � 0.
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We �rst prove that �� � 0. Suppose ��s = 0 for s 2 S. From the
de�nition of �(�; em; c; �) we get zems

= 0 and � s = 0. For every n along the
sequence of �xed points, the consumer's budget in s 2 S is

��ns � xi�ns +
ebi�ns
1 + rs

+ emi�n
s � ��ns � eis + (ebi�n0 +Ase�i�n + emi�n

0 )��ns + �i eH�
s ;emi�n

s � ��ns � (xi�ns � eis)�;ebi�ns + emi�n
s = 0:

Since households optimize, we must have rs
1+rs

emi�n
s = rs

1+rs
��ns � (xi�ns � eis)�.

We can use this to derive the equivalent formulation

��ns � (xi�ns � eis)+ =
��ns � (xi�ns � eis)�

1 + rs
+ (ebi�n0 +Ase�i�n + emi�n

0 )��ns + �i eH�n
s :

By the cash-in-advance constraint, (xi�s � eis)� = 0 for every i 2 I. Since
markets clear and nobody sells goods it follows that xi�s = e

i
s for all i 2 I.

From eH(c; �), we know that eH�
s = 0. Hence we get (

ebi�0 +Ase�i�+ emi�
0 )�

�
s = 0

from the budget constraint. For n ! 1, we get from the continuity of the
budget set and from what we said previously that

��s � (xi�s � eis)+ =
��s � (xi�s � eis)�

1 + rs
:

De�ne, for every i 2 I, the utility function vi : RL+ ! R by vi(�is) :=
ui(xi�0 ; x

i�
1 ; : : : ; e

i
s + �

i
s; : : : ; x

i�
S ). From what we said before, it follows 0 =

argmax
�
vi(�is)

��� ��s � �i+s � ��s ��i�s
1+rs

	
, 8i 2 I. De�ne the function ��s(�is; rs) :

RL � R+ ! RL by

��sl(�
i
s; rs) :=

(
�isl if �isl < 0
�isl
1+rs

otherwise
; 8l 2 L;

and a utility function �virs(�
i
s) := vi(��s(�

i
s; rs)). As argued in Dubey and

Geanakoplos (1992, pp. 418-419) we then get the equivalence that 0 =

argmax
�
vi(�is)

��� ��s � �i+s � ��s ��i�s
1+rs

	
if and only if 0 = argmax

�
�virs(�

i
s)
�����s �

�i+s � ��s � �i�s
	
. If we consider an economy with I agents having concave

utilities �virs(�
i
s) and endowments e

i
s, then no-trade is a Walrasian equilib-

rium for this economy at prices ��. By Lemma 2 in Dubey and Geanakoplos
(2003(a)), at the initial endowment allocation (in state s 2 S) there are no
gains to rs-diminished trade. Hence, rs � 
s(x��s; es) from the de�nition of
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s(x
�
�s; es) - a contradiction to the Gains-to-Trade Hypothesis in Assump-

tion 8. Therefore, we must have ��s > 0 for every s 2 S.
The de�nition of c(�; zem; eH) and �(�; zem; c; eH) now immediately imply

c� > 0.
It follows as before that the limit of the �xed point vectors correspond to

a monetary equilibrium in the abstract economy with interest rate peg and
�xed transfers.

6.6 Proof of Theorem 4

This proof is a combination of the proofs of Theorems 2 and 3.

6.6.1 Preliminary De�nitions

The augmented taxation �n 2 R(S+1)L+ , the government transfer functioneH(c; �) := � eH0; eH1; : : : ; eHS� (c; �), the inverse price level function cn (�; r; �; zem)
and the martingale-measure function �n (�; r; c; �; zem) := (�n1 ; : : : ; �nS) (�; r; c; �; zem)
are de�ned as in Theorem 3. cn (�; r; �; zem) is a bounded and continuous
function of (�; r; �; zem) for each n as long as H0 > 0 and zem � +1. Un-
der the latter condition, �n (�; r; c; �; zem) is also bounded and continuous.
By the construction of �n, as long as � � 0 we have cn > 0, �ns > 0 andPS
s=1 �

n
s = 1 for all �nite n.

6.6.2 Construction of a �xed point mapping

De�ne �n and 
n as in Theorem 2 and denote aggregate demand with

Zn
�
�; �; r; eH� := Z

�
�; �; r; eH; �n�. Lemma (3.4) allows us to de�ne the

compact and convex set Kem such that Kem � Znem
�
�; �; r; eH� for all � 2 �,

� 2 �S�1; r 2 
n and eH 2 RS+1+ . As argued above, for positive H0 we
can de�ne a compact and convex set Kn

c such that K
n
c � cn (�; r; �; zem)

for all � 2 �n, r 2 
n, � 2 �S�1 and zem 2 Kem. �n (�; r; c; �; zem) lies in
a compact and convex set Kn

� � interior(�S�1) for � 2 �n; zem 2 Kem;
� 2 �S�1, c 2 Kn

c ; and zem 2 Kem. Introduce the compact and convex set
KneH such that KneH � eH(c; �) for all c 2 Kn

c and � 2 �. Further de�ne
the compact and convex set Kn

x such that K
n
x � Znx

�
�; �; r; eH� for all

� 2 �n; � 2 Kn
� ; r 2 
n, and eH 2 KneH . Again, denote the product set by

Kn := Kn
x �Kem. De�ne the mapping

fn : �n � 
n �Kn
c �Kn

� �KneH �Kn � �n � 
n �Kn
c �Kn

� �KneH �Kn
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by �
�; r; c; �; eH; z� fn7!

�
fn� ; f

n
r ; f

n
c ; f

n
� ; f

neH ; fnz
�
;

where

fn�

�
�; r; c; �; eH; z� := argmax

f�2�ng

(
(1 + r0)�0 �

 
zx0 �

X
i

ei0

!
+ �1 �

 
zx1 �

X
i

ei1

!)
;

fnr

�
�; r; c; �; eH; z� := argmax

r2
n

�
r0

�zem0

c
�M0

�
+

r1
1 + r1

�
�
zem1

� 1

c�
�M1

��
;

fnc

�
�; r; c; �; eH; z� := cn (�; r; �; zem) ;

fn�

�
�; r; c; �; eH; z� := �n (�; r; c; �; zem) ;

fneH
�
�; r; c; �; eH; z� := eH(c; �);

fnz

�
�; r; c; �; eH; z� := Zn ��; r; �; eH� ;

where 1
c� :=

�
1
c�s

�
s2S

in the second line. As before, there exists a �xed

point
�
��n; r�n; c�n; ��n; eH�n; z�n

�
for every n.

6.6.3 The limit of the �xed points is an equilibrium

For n ! 1, we get
�
��n; r�n; c�n; ��n; eH�n; z�n

�
!
�
��; r�; c�; ��; eH�; z�

�
and �n ! � . We want to show that

�
��; r�; c�; ��; eH�; z�

�
is an equilibrium

for the abstract economy with taxation � .
By the de�nitions of cn (�; r; �; zem) and �n (�; r; c; �; zem), we get for each

n

1

c�n��ns

r�ns
1 + r�ns

z�nems
+

1

c�n��ns

1

1 + r�ns
��ns � �ns +

1

c�n
�
r�n0 z

�nem0
+ ��n0 ��n0

�
= H0(1 + r

�n
0 ) +Hs;

or alternatively

1

c�n��ns

r�ns
1 + r�ns

z�nems
+

1

c�n��ns

1

1 + r�ns
��ns � �ns +

1

c�n
�
r�n0 z

�nem0
+ ��n0 ��n0

�
�r�n0 H0 = H0 +Hs:
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From this,

r�ns
1 + r�ns

� 1

c�n��ns
z�nems

� M s

�
+ r�n0

�
1

c�n
z�nem0

�M0

�
+r�n0

�
M0 �H0

�
< H0 +Hs �

r�ns
1 + r�ns

M s;

from which we infer

lim
n!1

r�ns
1 + r�ns

�
1

c�n��ns
z�nems

�M s

�
+ lim
n!1

r�n0

�
1

c�n
z�nem0

�M0

�
+ lim
n!1

r�n0
�
M0 �H0

�
� H0 +Hs �

r�s
1 + r�s

M s:

By the construction of fnr and the fact that M0 > H0, we get in the limit

lim
n!1

r�n0

�
1

c�n
z�nem0

�M0

�
� 0;

lim
n!1

1

c�n��ns

r�ns
1 + r�ns

z�nems
� r�s

1 + r�s
M s;

lim
n!1

r�n0
�
M0 �H0

�
� 0:

Therefore, we have
r�0 < +1;

since otherwise limn!1 r�n0
�
M0 �H0

�
= +1, contradicting the inequality.

In addition, since r�s
1+r�s

M s � H0 +Hs, we know that

r�s <
H0 +Hs

M s �H0 �Hs

< +1: (29)

From r � +1 and the construction of fnr we can infer that

lim
n!1

1

c�n
z�nem0

� M0; (30)

lim
n!1

1

c�n��ns
z�nems

� M s; (31)

which further implies

lim
n!1

r�n0

�
1

c�n
z�nem0

�M0

�
= 0; (32)

lim
n!1

r�ns
1 + r�ns

�
1

c�n��ns
z�nems

�M s

�
= 0: (33)
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From the de�nition of cn (�; r; �; zem) and eH(c; �) we get
r0z

�nem0
+

r1
1 + r1

� z�nem1
+��n0 ��n0 +��n1 �

�
1

1 + r1
��n1

�
= eH�n

0 (1+ r0)+
eH�n
1 �1:

Adding up the intertemporal individual budget sets over all households and
plugging in this equation gives for every n

(1 + r�n0 )�
�n
0 �

 
z�nx0 �

X
i

ei0

!
+ ��n1 �

 
z�nx1 �

X
i

ei1

!
= 0:

The left hand side of this equation is just the commodity price player's
objective function. In the limit we get

(1 + r�0)�
�
0 �
 
z�x0 �

X
i

ei0

!
+ ��1 �

 
z�x1 �

X
i

ei1

!
= 0:

Given this, it is easy to see that the commodity markets clear. From Lemma

(2.4) we get �� � 0. Hence we have z� 2 Z
�
��; r�; ��; eH�

�
.

From the construction of cn (�; r; �; zem), we know that c� < +1. Next,
we show that c� > 0 and �� � 0.
For �� � 0, the argument is quite similar to the one given in the Theorem

3. For every s 2 S, if � s > 0 , it is obvious that ��s > 0. Suppose � s = 0
for some s 2 S and ��s = 0. From the fact c� < +1, we know that
limn!1 c�n��ns = 0. From the inequality limn!1

1
c�n��ns

z�nems
�M s, we know

that z�ems
= 0 (otherwise limn!1

1
c�n��ns

z�nems
= +1 > M s). Therefore, the

argument in the proof of Theorem 3 applies, which means 
s(x
�
�s; es) � r�s .

Hence, by (29), 
s(x
�
�s; es) <

H0+Hs

Ms�H0�Hs
, a contradiction to the Gains-to-

Trade hypothesis in Assumption 9. Therefore, we must have ��s > 0 for all
s 2 S.
The result of c� > 0 can be proved in a similar way as in Theorem 3.
Given �� � 0 and c� > 0 we can now infer from equations (30) - (33)

that the money markets clear.
It follows that the limit of the �xed point vectors corresponds to a mon-

etary equilibrium in the abstract economy with money supply control and
�xed transfers.
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