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This evolving set of notes documents some models we have been using recently, and the way we
solve them using dynare. All of the models have NNS preferences, and Calvo wage and/or price
setting. Model 1 has multiple sectors, and no capital; it comes in three versions: “nominal”,
“real”, and “wage & price inflation”. As explained below, we moved from one version to
another as problems with dynare seemed to dictate. Model 2 has only one sector, but it adds
capital and habit, and shows how to add “rule of thumb” agents if desired. Model 3 is a two

country model of a monetary union.

Model 1: the Multi Sector Model.

The Basic Multi-sector Framework:
Sectors are characterized by their productivity shock and by the type (wage/price) and degree of
their nominal inertia. There is no labor mobility across sectors. Each household is allocated to a
sector, and works at all of the firms in that sector. In the flexible wage version of the model, all
households in a given sector the identical (despite the fact that firms may charge different
prices); so, we can easily aggregate utility in the end. In the sticky wage version of the model,
the households in a given sector are different (since they require different wages), and
aggregation is more difficult. Workers are allocated across sectors in such a way that sectoral
wages equalize in the steady state; there is no incentive for labor to move across sectors in the
steady state, and our “no labor mobility”” assumption does not create steady state welfare losses.
More specifically —

1. There are S sectors indexed by s € [1, ..., S]. Households are indexed by h € [0, 1]; they

are monopolistic suppliers of labor within their sector. H, — with measure n, — is the set

of households working in sector s; Y'5_n = 1.

'These notes compliment Canzoneri, Cumby and Diba (2003), and the accompanying
“Notes on: Monopolistic Competition and Nominal Inertia”, which discuss fundamental aspects
of this literature within the simpler framework of one period nominal wage/price “contracts”.



-

2. Firms are indexed by f € [0, 1]; they are monopolistic suppliers of consumption goods. F,
— with measure f, — is the set of firms in sector s; Y 3_,f, = 1.

3. Each firm’s production is linear in a composite labor input of all the households working
in the sector. Sectoral goods are a composite of the output of firms in the sector. And,
the final consumption good is a composite of the S sectoral goods.

4. Here, we use Chari, Kehoe and McGrattan’s (2000) artifice of a “bundler” to describe the
algebra of composite goods. For a more detailed discussion of composite goods, see

Canzoneri, Cumby, and Diba, “Notes on Monopolistic Competition and Nominal

Inertia”, which are available on Canzoneri’s webpage.

The composite labor input, and production, in sector s:

(1) Ngo(D) = [0, [ Ly o(h, D) D*dh]* @D >1 (think of a bundler for each firm f)

W, = [0, [1;; W, .(h)"*dh]""-® (household wage does not depend on firm)
Y,.(H) =Z, N, .(f) (firm’s production function)

L,.(h) = [gL,.(h,Hdf and N, = [N, (f)df (aggregate hours worked and labor input)
L{ (h,0) = (W, /W, (0)*(N, (f)/n,) (demand of bundler for firm f)

L¢ (h) = (W/W,(h)*(N, /n,) (integrating demands over f)

where, W (h) is the household’s wage, L, (h,f) is hours worked at firm f, L, _(h) is total
hours worked, L{ (h) = [ L (h,H)df is total demand for the hours of household h, similar
definitions hold for composite inputs (the N’s), and Z__ is a stochastic sectoral productivity.

The composite sectoral good, Y, ., is given by:

(2) Y. = [£[r Y (DAY, 0> 1
P = [f[rP(D"df]
Y{ () = (P, /P (D)(Y,/1)
The composite final good, Y, is given by:
(3) Y. = [X3,7.Y, .m0, o >

PT = [ZSZIstPs,rl_n]l/(l_n)a

S

Yg,r = (Pr /Ps,‘r)n(Yr/Ys-n) [Or equivalently Yg,r = (Pr /Ps,r)n(Yr/Ys-n) ]



Remarks:
1. For the Cobb-Douglass case, set n| very close to one. Dynare has no difficulty with this.
2. Our notation makes a distinction between hours worked by the household (L) and the
composite labor input (N). We have not found it necessary to made similar distinctions
for the composite consumption goods.

3. The algebra of “bundlers” — leading to the results asserted above — is discussed next.

The algebra of competitive bundlers:
The “bundler” for (say) the sector s composite good is a competitive (zero profit) agent
who buys the firm’s Y (f) at the price P, (f), bundles them into the composite good Y, =
(£ [ 1Y (D °df]”D, and sells it at the price P,,.

The bundler’s cost minimization problem for CES aggregators:
miny,p [r P (DY (DA st Y, = [£77[5Y, (D Vedf]7D
L= [e P (DY (DA + p{Y, - [ Y, (DA}
Note: Lagrangian multiplier p = MC = P, since bundler is competitive
First Order condition —
Ps,t(f) _ Ps,t[fs-l/o J’FSYSJ(f)(o-l)/cdf][c/(o-l)]-lfs -1/0Ys’t(f)[(o-l)/0]-l _ PS,tYS’tl/OfS-l/oYSJ(f)-1/0
= P [(Y /A)/Y, (D]
= Y (D) = (P, (H)/P,)°(Y, /1), the bundler’s demand for firm-f’s product
To find P,,, use FOC to eliminate Y, (f) in Y, = [£ " Y, (D" df]""
Yoo = [ e Yo (D df] O = {71 [ [(P (/P ) (Y /)1 P edE} )
= P (Y )P (B}
P77 (TP (a7
= P = VP (D00 = (£ P ()00 = {1 P, (D" d} 00
Collecting results:
Y, = [£77°] Y, (D odf] 7D CES aggregator for the sectoral good s
P, = [ [P, (D) df]" " Price of sectoral good Y,
Y (D) = (P /P, (D)°(Y, /L) Demand for product of firm f



Remarks:
1. Similar algebra applies to the labor aggregator and the final goods aggregator.
2. In equilibrium, all households in sector s will look alike in the flexible wage version of
the model, but since n, # 1, we can not make both sectoral wages and sectoral work
efforts equal to their household values. We define units of the composite labor input so

that W, = W (h) in equilibrium, but then N, = n,L, (h) in equilibrium.

The Household’s Intertemporal Maximization Problem:
Utility of household h working in sector s:
(4) Uh) = EX 7 1(1-p) ' Co(h) " - k(1+5) Ly o(h) ™ + v-v((M,(h)/P,)]

Budget constraint of household h working in sector, s:
(5) M,(h) + E/[S, ., B..,(h)] + P.C.(h) + P.T, = S,W, (WL (h) + S, M, ,(h) + B,(h) + D.(h)
where B_,,(h) is a state contingent claim, §_ ., is the stochastic discount factor; D (h) are
dividends, T, is a lump sum tax (used to balance it’s budget each period), S, is a wage
subsidy, and S, is a subsidy on money holdings.

Remarks:

1. Monopolistic wage setting implies an inefficiently low level of work effort; fiscal policy can
eliminate this inefficiency with a wage subsidy. See Canzoneri, Cumby & Diba (2002).

2. We will generally be considering interest rate rules; in that case, the way money enters U, and
the determination of real balances is not of much interest to us.

3. The parsimonious notation for contingent claims in comes from Woodford (1997). Cochrane
(2001,Ch. 3) introduces contingent claims in the following way: let p(B) = ) :pc(§)B(£)
be the price of a portfolio B of contingent claims; the &’s denote states of nature, pc(§) is
the price of a claim on one dollar received in t+1 contingent on the state § occurring, and
B(€) is the number of such claims in portfolio B. Letting 7(€) be the probability of state
&, p(B) = Xm(©)[pe(8)/n(€)IB(E) = E[3(£)B(E)], where 6(§) = pe(€)/m(&) is the “stochastic
discount factor”. B_,,(h,f) and 8. .., in (5) correspond to B(£) and &(§). All households
face the same asset prices and have the same subjective probabilities; so, all households

face the same discount factor, 8. .., in (5). This means that the A, defined below will



equalize across households.

4. The “risk free” rate of return: Consider a bond that costs 1 dollar in t and pays I dollars in all
states in t+1. From remark 2: 1 = E[§,,,,I] = L' =E[J ]

5. We may assume that each household owns a representative share in all of the firms. We have
suppressed the buying and selling of shares since, as explained below, state contingent

claims make the distribution of dividends irrelevant in this model.

Household's problem: choose B, (h), C(h), M,(h), and W (h) to maximize (4) subject to (3) and (5).
FOC include:

(6a) C,(h): AP,=Cy(h)*

(7a) By (h): Oy =BAu /A, = I'=E[8,,,]=BE[A./A]

(7b) M(h): vw( *)/P,= A, - BS,E(Ay,) = A[1 - BSE(Aui/A)] = vv(-) =Cyh)*(1-S, "

(8) W, (h): W (h) =x(M,(h)/P)(1,/S,)L, (h)*/A,; [=x(u,/S,)(N,/n)*A, in equilibrium],

where p,, = ¢/(d-1) > 1, and A, is the marginal utility of nominal wealth.

Remarks:
1. Derivation of the FOC for W (h):
L=EY T B .. - k(1) '[(W,(hyW ) "N /n]" " +...] + A [S, W, (W)W, (h)/W_ )N, /n,+...]}
=EY B - k(1) [(W,(h)/W ) PN, /n " + ] + A[S W, ()" (/W )*N, /n + ..]}
W, (h): -kL (h)“(-d)(W, (h)/W, ) (N, /n)W, ()" + A4S, (1-d)W, (h)*(1/W, ) *N, /n, = 0
KL, (h*$L, (W)W (h)" + A, S,(1-$)L,(h) =0 and dividing by L, (h)
KL, (W)W (h)' + A, S (1-d) =0 = W_(h) = k(p,/S,)L (h)Y/A,
2. All households face the same &, ,,, so A’s and C’s equalize across households.
3. In equilibrium, C, = [(C(h)dh = C (h).
4. Setting S, = ., eliminates the monopolistic distortion; see Canzoneri, Cumby & Diba (2002).



Note (from (3)) that: C, = (P, /P, )"(C/y.") = P,/P,,=(C,/C)"/y, = C*=AP=AP (C,/C)"y,
So, in equilibrium the Euler equation (6a) can be written as a sectoral Euler Equation:

(6b) )\‘tPs,t = 'Ys(:t(l/m-pcs,t_l/n

The Firm’s Calvo Pricing Behavior:

1. Firm-f'in F, gets to set a new price with probability 1-a..

2. The expected length of the “contract” is: (1-)-1 + (1-et) e 2 + ... + (1-0) 00" 'n + ... = (1-at,)".
For example, if 1-a, = %, then a quarter of the firms adjust each quarter, and the average
length of “contracts” is a year; this is the benchmark value in King and Wolman (1996).

3. The fraction of firms with “contracts” set j periods ago is: (1-o,)et, .

€6
S

In this section, we lighten the notation by dropping the sector subscripts “s” where possible.
Optimal price setting in period t —
Firm-f seeks to maximize it's market value:
MV, =EY ;B A4S, PN Y (f) - TC(Y ()], where TC is total cost and S, is a price subsidy.
With probability o, the new price P;(f) will be in effect in period j; so, firm-f sets P{(f) to
maximize:
MV, = EX5- (B A [S,Pi(DY,(H - TC(Y,(0)]. where Y,(f) = (P(/P)°(Y,/£)
= X7 (@B 48P0 (/P (Y/£) - TC(PIAY(1/P) (Y /)]
FOC:
0= EX7 (B A[S,(1-0)P} (DY (/) (Y /£) + SMC,()P; (D™ (1/P) (Y /)]
(dividing by P{(f)°/f,, which is a constant, and noting that MC = W/Z)
=EY 5 (aPy A[S,(1-0)PY; + o(W/Z)P°Y/P((f) ]
So,
PIDOEY T (aBY AP Y, = (1/S,)EY ;- (aBY A(W/Z)PY,; where p, = o/(0-1)> 1

J

Remark: Setting the subsidy S, = p, eliminates the monopolistic distortion, see CC&D (2002).

Reintroducing the sectoral subscripts, we have:



9) P, =(u/S)(PB,/PA,)
where

PB t = Etzo‘;zt(asp)T_t)\‘r(ws,r/zs,r)Ps,rcYs,r = asBEtPBs,Hl + )\‘I(WS,I/ZS,I)PS,IGYS,t

S,

PAs,t = EtZ::t((st)r-t)\‘ P OYS,‘E = oCsBEtP‘As,t-%—l + )\‘tPs,ths,t

T S,T

The aggregate sectoral price level —

P = [[rP (D df]"7 = [ (1-a)a /(P (D) 1"

Lagging P in the equation above, it is straightforward to show that:

(10) Ps,tl-(I = (I_OCS)PS,I*HI + as(Ps,t—l)l-o

Remarks: (9) and (10) give new and aggregate prices in “nominal” terms. This seems to give us
problems in dynare with some interest rate policies. So, we converted to “real” prices in
some programs.

Converting to the “real” model — Here we normalize nominal variables on P, (= 1).

Let 0U/0C, = P, A, = p,. A\,
where p,, = P, /P, and A, = P A, is the marginal utility of the final consumption good, C..

In equilibrium, the Euler equation (7) becomes:

(Drear It-] = BEt[)"t+l/)\‘t] = BEt[(At+1/At)(Pt/Pt+l)]

In equilibrium, the flexible wage setting equation (8) becomes:

(8)real Ws,t = K(“’w/sw)(Ls,t/ns)X/At Where Ws,t = Ws,t/Pt



The new price setting equation (9) becomes:

(9)real ps,t* = (1/Pt)(p‘p/sp)(PBs,t/PAs,t) = (“’p/sp)(pbs,t/pas,t)
where p,,” =P,,/P, and

pbs,t = PAs,t/Pto = Pt-cEtZ::t(ocsB)T-t)\‘r(Ws,r/Zs,r)Ps,rch,r = EtZ::t((xsB)r-tA‘r(Ws,r/Zs,r)(Ps,r/Pt)OYs,

= aBE[(P.,/P)°Pb, 1] + AW /Z, )P, Y,
pa, = (PYPA /P7= (P/POEY T (aB) AP, 7Y, = EY () A(P/P)(P,/P)Y, .
= aBE[(P,1/P)"'pay ] + Ap,, 7Y,
And finally, the aggregate sectoral price (10) becomes:
(10),q Py = (1-0)py, ™ + 0 pyy (P /P)

A computable expression for aggregate sectoral output (or employment) —

Recall:

(11a) L (h) = [ L, (h,Hdf

(11b) Y, (f) = Z N, (f) (11¢) Ny(f) = [, [ L, (h, DV 0dh] @D
(11d) Y, = [ [r Y (HVedf] D (11e) Yy () = (P(D), /P ) (Y, /)

So, the aggregate sectoral demand for the composite labor input is:

(128') Ns,t = .[Fst,t(f)df: (I/Zs,t)stYs,t(ﬂdf = (1/Zs,t)fFs(Ps,t(f)/Ps,t)_o(Ys,t/fs)df = (l/Zs,t)Ys,tDPs,t
Where DPs,t = (l/fs)st(Ps,t(f)/Ps,t)_cdf

Or equivalently, the aggregate sectoral output is:

(12b) Ys,t = Zs,th,t/DPs,t

Recall: [P, (f)df = Y7 o(1-0)at/P;
So, DP,, = (1/f) [ 5P, (/P ) °df = (1/£)P, °[ (P (£)°df = (UE)P, Y - o(1-a)od Py, "(h) ]
= Ps,to(l-as)ZT=Oassz,t-j*(D_c]
=P, (1-0)P, () + P, °(1-00)Y 5 P, " ()
=P, (1-0)P, (D) + (P /Py ) [Py, °(1-0) Y5t Py (6]
=P, 2(1-a )P () + (P /P, ) 0[Py °(1-00) Y TP iy ()]
=P, °(1-a.)P, (£)° + (P, /P, )°aDP,,,

“(h)* for any power X.

T



And finally,
(13)nominal DPs,t = (1_as)(Ps,t/Ps,t*(f))U + (Ps,t/Ps,t—l)casDPs,t—l

Converting to the “real” model — Here we normalize nominal variables on P,.

(1 3)real DPs,t = (1-O‘s)(ps,t/ps,t*(f))0 + (ps,t/ps,t-l)O(Pt/Pt-l)oasDPs,t-l
where p,, = P, /P..

Remarks:

1. Total hours worked by household h are divided across all firms in the sector (equation
(11a)); each firm f uses a composite labor input (equations (11b) and (11c)); the sectoral
good is a composite of the firms outputs (equation (11d)). Since firms charge different
prices, outputs and work efforts may differ across firms; this dispersion is determined by

the firms’ demand functions (equation (11¢), and summarized by DP, .

2. Inefficiency of firms’ price dispersion in the flexible wage version of the model:
Since N, (f) =n,L (h,1), Y (f) = Z, N, () = Z,n L, (h,f). So,sectoral output becomes
Y., =[5 Y (D7D = Z n[£,° [ L, (h,H)©°df]”*D. The linear resource
constraint (11a) says that an extra hour’s work at any firm f incurs the same utility cost.
To maximize Y|, for a given amount of L, (h), the social planner would demand equal
amounts of output and labor from each firm; but our sectoral output bundler will not do
that if the firms charge different prices. Output will not be maximized for a given labor
utility cost. This inefficiency is measured by the price dispersion term, DP_,, in (12b);

DP,, = 1 when there is no price dispersion.

3. We can use dynare to compute second order approximations to (12b) and (13). Earlier

work (following Woodford (????)) calculated first order approximations by brute force.



Model with Calvo price setting and flexible wages —

“Nominal” model:
(1) C [Zs IYs
(2) )“ Pst = ’Ys(jta/m-pcs,t_l/n

(3) P [Zs IstPs,tl-n]l/(l_n)

(n-l)/n]n/(n-l)

(4) Ps,t = (p’p/sp)(PBs,t/PAs,t)
(5) PBs,t = OCsﬁEtP]SS,tH + )\’t(Ws,t/Zs,t)Ps,tOCs,t
(6) PA,, = o BEPA, ., + AP °C,,

(7) P, "= (1-a)P " + P, '

8 C, =Y, =Z,N,/DP,,

(9) DP,, = (1-a))(P, /P, (h))° + (P, /P, )°DP,
(10) W, = x(phy/S,, )(N /0 )"/ A,

(1) L' = BE[Au /A ]

where Y5 vy, =1, W, = 0/(o-1), W, =o/(P-1).
“Real” model:

(1) C, = [X3y, C, oD

() AJ)St = YSC(l/n)-pc -1

(3) 1= [X5v"py MM

(4) Py, = (1/S,)(Pb, /pay,)

(5) pby = e BE[ (P, /P) b, 1] + AW,/ Z, ), Y
(6) pa,, = e PE[(P,,/P)”'pay, ] + Ap,, 7Y

(7) o™ = (L )py " + 0 poy (PL/PY

(8) Cy, =Y, = Z, N, /DP,,

(9) DPs,t = (l_as)(ps,t/ps,t*(f))c + (ps,t/ps,t—l)U(Pt/Pt—l)oocsDPs,t—l

(10) w,, =
(1) 11 =

K(R, /S, (N, /ng YA,
= BE[(Aw/A)(P/P,,)]
where Y3y, =1, u,=0/(o-1), W, =

Steady State Equations:
C=[ Ezle Cs(n—l)/n]n/(n-l)
)\.P =, Ccm-eC -

[Z s=1 stPsl_n] v
P! = (14,/S,)(PB/PA))

PBs = (1 'Bas)_lk(WS/ZS)PSOCs

PA, = (1-Bar,)"AP.°C,
P =P

C.=Y, =N,

DP,, =1

W, = k(,/S,)(N,/n,)*/A
I'=

Steady State Equations:
C = [X3y,Cmomrery
Ap =, C(l/n)-pcs-l/n
I=[Xayp
p. = (1,/S,)(pb/pa,)
pb,, = (1-Pey) ' Aw,p Y
pa,, = (1-Be) ' Ap,°Y,

l-n]l/(l-n)

ps=p.*

C,. =Y, =N,

DP,, =1

W, = K(y/S) (N /n)Y/A,
=

&/(Pp-1) and A, =PA..

-10-
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Steady State properties: Choose ng and vy, so that employment and wages equalize across sectors.
Consider the CES aggregator (Cobb-Douglass is exactly analogous) —

4),(5) & (6) = P,=P*=p W foralls

From (2b), AP, =y CY/"V*C " — vy /y. = (P/P,)(C/C,)"" = (W/W,)L/L,)""

From (10), W, = kp,(N/n)*A = (N/n)/(N,/n,) = (W/W_)"*

So, Y/v¥e = (W/W)(N/N)' = (n/ny) (W /W)

So, for any «, [y,"=an, and y,"=an,] = W =W,

What is the proportionality factor «? y,"=an, foralls = Y3 y"=aY3 n =l

And, W, = kp, (N/n)*A = k., (L(h))A = L(h)=L,(h)

So, finally, n,=v. VY5 vy foralls — wages & employment levels equalize across sectors.

Note: for 1 = 1, this reduces to y, = n (since Y.3_,y, = 1).

Social Utility (with Calvo pricing and flexible wages) —
In equilibrium, household utility (for a household working in sector s) is given by:
U(h) = EX 2 B7[(1-p)'C(h)."® - k(1+x)"'L(h),."* + v(M(h)./P))]
= EY 2 B (1-p)"C. " - (1) (N, /n) " + v(M(h)./P,)]

Remarks:

1. Recall: each household works at all of the firms in the sector to which it has been allocated.
Household work efforts may differ across sectors, but they equalize within a given sector
(since the households’ flexible wage rates equalize within a given sector). We aggregate
by summing over sectors (weighted by n,). This could be interpreted as ex-ante welfare
(before knowing which sector the household is placed in).

2. Following the literature, we generally ignore the v(*) term. Justification: it is thought to be
small in developed countries. Attractiveness: it allows us to ignore questions of
seigniorage, including the time consistency aspect. But note, the monopolistic markups
still imply a temptation to expand.

Social Welfare:

(11) U, = EY2 B[(1-p) . - k(1) Y3 n (N, /n) ]

where n, =y, forn =1, and n,=vy,/Y'3_y," for n > 1.
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Adding “Calvo” wage setting:

1. We continue to assume each household in sector s works at all of the firms in sector s. So,
firms continue to use the composite labor input. However, the flexible wages, described
by equation (9), are replaced by “Calvo” wage setting.

2. Each household in sector s gets to set a new wage with probability 1-w,. The basic structure is

analogous to the firms’ Calvo price setting. The fraction wages set j periods: (1-w,)w, .

Optimal wage setting in period t —

[IP=4]
S

In this section, we lighten the notation by dropping the sector subscripts “s” where possible.
With probability w'™, the new wage will be in effect in period j; so, household h (which gets to
reset it’s wage) sets W, (h) to maximize:
U(h), = EY ;B u(*) - k(1+x)'Li(h)"™* + v(-)], where Li(h)=(W,(h)/W,)*Ny/n
= B (@B TuC) - k(1) [Wi(h) *W, /] + v(-)]
subject to:
M;(h) + E[3,;.,B;,,(h)] + P,C(h) + P,T, = S,W;(h)L;(h) + M,,(h) + B;(h) + D,(h) = S, W;(h)"*WL/n +
FOC:
0= E,Y; (0B T-KL(h(-)W;(h) * W N/n) + A,S,(1-G)W;(h) W 'N/n]
(dividing by W, *(h) and replacing L;(h) = (W;(h)/W,)*( Nj/n)
=E.Y 7 (0BY {k[(W;(h)/W,) *(N/n)*d W (h) "W Ny/n - ;S (d-1)W*Ny/n}
=E Y (wB) [xW(hy ®"'W,(N/n) " *¢ - 1,S,($-1)W*Ny/n]

So, dividing by (¢-1)/S,n and rearranging,
Wi () VY5 (@B AW, PN = K[/($-1)/S,1(1/nYE Y- (@B N, #W#0

Reintroducing the sectoral subscripts, we have:

(12) W "% = (u,/S,)(k/n)(WB, /WA,,)
where p,, = ¢/(d-1)
WB,, = EY (0B N, "W = w BEWB, | + N, *W 0
WA, = EY 7 (0 BY'AN W, =wBEWA_,, + AN, W,
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The aggregate sectoral wage level —

Ws,t = [stWs,t(h)l_d)dh]l/(l-d)) = [ZTZO(1_ws)wsj(ws,t-j*(h))l_d)]l/(l_d))

Lagging W, in the equation above, it is straightforward to show that:

(13) Ws,tl_d) = (l_ws)ws,t*l_d) + ws(Ws,t—l)l_q)
Converting to the “real” model — Here we normalize nominal variables on P,.

As before, let 9U/0C,, = P, A, = p, A,
where p,, = P, /P, and A, = P\, is the marginal utility of the final consumption good, C,.

The new wage setting equation (12) becomes:
(12),00 Wy 0% = (1/P 40 (/S )(/nF)(WB /WA, ) = (14,/S,)(x/nF)(wb, /wa,,)
where w,; = W, /P, and
wb,, = WB, /P20 =[EY_(0BY N, W, 0]/p st
= [EtZ?:t(wsB)j_thJwas,jd)(HX)Pj(b(lJrX)] /Ptd>(1+x) = EtZth((*)sB)j_th,jwas,jd)(HX)(Pj /Pt)¢(1+x)
= WBE[(P,.,/P)* " Pwb,,, ] + N w, H0%
wa,, = P"*WA_ /PP =P "EYT (wB) AN, W,/
=P EY (0B AN w, PP =EN T (wBY AN, W, *(P/P)*"
= W BE[(P,,/P)*'wa,, ] + AN, w,*

Finally, the aggregate “real” wage is given by:

(13)real Ws,tl-d) = (1_("‘)S)Vvs,t*l-(I> + ("‘)s(vvs,t—l)l-d)(l)t—l/l)t)l-d>

Remarks:

1. Here again, setting the wage subsidy S,, = W,, eliminates the monopolistic distortion.
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Model with Calvo price and wage setting —

“Nominal” model: Steady State Equations:
(1) C,= [X3 v, C,mmed C = [X3y, Cromend

(2) A Pst = Ysct(lfn)-pcs,t-l/n )LP =, C(l/n)-pcs-l/n

(3) P = [X5-v,"P, = [Zs A A

(4) P, = (1,/S,)(PB,/PA,) P, = (p,/S,)(PB/PA))

(5) PB,, = a BEPB,,, + A (W, /Z, )P, °C,, PB, = (1-Ba,)'A(W/Z,)P,°C,
(6) PA,, = aBEPA,,., + AP, °C,, PA, = (1-Ba)'AP,°C,

(7) Py, = (1-0t )P ;" + ot (Py,.)) '™ P, =P;

®)C,, =Y, =Z,N,/DP,, C..= Y, =N,

(9) DP,, = (1-a,,)(P, /P, "(h))° + &t(P, /P, ,)°DP, DP, =1

(10) W% = (u,/S,)(k/n2)(WB, /WA,) W, = (/S ) (x/n ) (WB/WA)
(11) WB,, = o BEWB,,, + N, /"W o0 WB, = (1-Bo, )N, *W ¢+
(12) WA, = o BEWA_,, + AN W, ? WA, = (1-Bw,)'AN W *
(13) W, = (1-w )W, + o (W, )" W,=W,

(14) L' = BE[(A/A)(P/P,,)] ['=p

“Real” model: Steady State Equations:
(1) C, = [¥3y, Cromprerd C = [X5.y,Cmhmpd

(2) AJ)St = YSC(l/n)-pC -1m Ap =, C(l/n)-pcs-l/n

(3) 1= [ vsps MM L=[Y5yp, e

(4) pse = (1,/S,)(Pby/pay,) ps = (1/S,)(pby/pa)

(5) pby, = aBE[(P.,/P)°pb, ] + AW /Z, )Y pb,, = (1-Pey) ' Aw,p Y

(6) pa,, = ot BE[(P../P)”'pa ] + Ap, Y, pa, = (1-Be) ' Ap,"Y,

(7) py, = (1-a)p, " + e py,y (P /P p, = p,*

®)C,, =Y, =Z,N,/DP_, C..= Y, =N,

(9) DP,, = (1-t)(p,./Ps. (D)° + (Ps /D5 (PP, DP, ,  DP =1

(10) w ;"% = (u,/S,)(k/nJ)(wh, /way,) w1 = (/S )(k/nJ)(wh, /way,)
(11) wb, = 0 BE[(P,,/P)* " Pwb, . ] + N, w200 wb, = (1- B) "N, 2w 00
(12) wag, = W BE[(P,,,/P)*'wa, ] + AN, w, wa, = (1-w ) ANw.®

(13) wy " = (1-w)w,, " + wy(w,,.) *(P,,/P)"® w, = w*

(14) L' = BE[(A./A)(P/P,,)] I'=p

where }'3_ v, =1, p,=0/(0-1), p,=d/(d-1), and A, =PA,
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Social Utility (with Calvo wage and price setting) —
In equilibrium, household utility is given by:

Uy(h) =E X B 1(1-p) ' C(h), " - x(1+y) ' L(h), . * + v(M,(h)/P))]

Remarks:

1. Recall: each household works at all of the firms in the sector to which it has been allocated.
As before, household work efforts differ across sectors. But now, they may also differ
within a given sector (since households may have different wage rates). As before, we

will aggregate by summing over households and sectors.

2. As before, we generally ignore the v(-) term.

3. Inefficiencies due to nominal inertia —
A. Intertemporal inefficiencies:
Fluctuations in C and L decrease welfare. These losses presumably increase in p and .
In the fixed wage case, we have different L, (h) within a given sector, and calculating the

social disutility of work is more difficult. We return to this below.

B. Intratemporal inefficiencies:

1. As discussed earlier, price dispersion implies different levels of production (and work)
across firms in a given sector, and therefore an inefficient allocation of labor across
firms. Less output is gotten from a given amount of work. This inefficiency is captured
in our DP term (see (12b) on page 8). Loss should decrease with substitutability
parameter, 0.

ii. With sticky wages, wage dispersion implies different levels of work for households in the
labor bundle for firm f, and therefore less a smaller N, (f) than could be had for the same
total work effort. I think this inefficiency is captured by the appearance of w, in the
price setting equations. (Bob and Behzad: is this right?) This loss should decrease

with substitutability parameter, ¢.
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Social Welfare:

(15) U =EY B (1-p)'C."P - x(1+x) L3 DW, ]
where DW _ = [\L, .(h)""*dh, n, =y, forn =1, and n = y,/Y'3_ v, forn> 1.

How to calculate DW, = [\ L, (h)""*dh —
Recall: 1. L¢ (h) = (W, (h)/W,,)*(N,/n,)
2. [\ W (hy'dh=nY 7 (1-0)w W, (h)* for any power x
DW,, = [ L, (h)*dh = (N, /n))" " *[ (W, (h)/W, ) *"*Odh
= (N, /ny)"* {nSij;O(l-(os)(osj(Ws,t_j*(h)/Ws,t)'d’(”X)} = GtZ‘}’:Owsj(Ws,t_j*(h)/Ws’t)'d’(”X)
where 0, = (1-w)N,,”n *and small w’s will represent real wages
D, = Y70 (W, (h)/W ) = (w (h)/w, )" + Y5 wJ(W,,; (h)/ W, )0
= (W (h)/w, ) + (W, /W ) POY (W, (h)/ W, )P
= (Wl (W)W, 0 [y )P PO OY S 003 (W, ()W 00
= (W, (h)/w, )0 + o [(wW,, /W, )P /PYI ™Dy,

So finally:
(1 6) DWs,t = (l-ws)Ns,tHan_XDs,t
Where Ds,t = (ws,:(h)/ws,t)_d)(HX) + ("‘)s[(Ws,t—I/Ws,t)(Pt—l/Pt)]_d)(HX)Ds,t—l

Note: as w, ~ 0 (that is, as wages become flexible), (16) is consistent with (11).

Remarks:
1. In the ‘nominal’ model, dynare seemed to have trouble pinning down the price level for
interest rules. So, on the advice of Martin Uribe and others, we went to the ‘real’ model.
2. In the ‘real’ model, dynare had some problems solving for a steady state. The problem
seemed
to reside in the exponential terms in the real wage nexus. So, we went to the ‘wage and price

inflation’ model, in which w, is measured relative to the aggregate wage rate.
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“Wage & Price Inflation” model: Steady State Equations:

(1), ..., (9) are the same as in the “real” model.

(10) wy ;"% = (u,,/S,)(K/n)(wh, /wa,,) w = (/S (k) (wh, /wag,)
(11) wb, = O BE[(W, /W, )" Pwb, ]+ N, ' wb, = (1-0,B) "N,

(12) wa,, = O BE[(W,,.// W, ) 'wa, ] + AN, w,, wa_ = (1-wB)'AN,w,

(13) 1 = (1w w,, " + (W, /W )"

(14) W, /W, 0 = (W /W, (PP,

(15) I = BE[(A /A)(P/P)] =

where w, is still the real wage, but w, = W /W, wa,, = WA /W, *"' and wb,, = WB_ /W *"%;
as before, Y5 y,=1, u,=0/(0-1), u,=d/($-1), and A, =PA,

Remarks:
1. We have divided (10) in the “nominal” model by W, "%,
2. Since we add a new variable, wage inflation = W . /W, we need a new equation, (14).
3. The calculation of DW is also modified:
DW,, = [\Le(h)"dh = (N, /n)" " *[ (W, (h)/W, ) *"*Odh

= (N /) {0 Y5 o(1-w) 0 (W (h)/ W, ) ¥} = 8.Y 7 (W, (h)/ W, )y )
where 0, = (1-w)N,,'"n*
Ds,t = ZTZOwsj(Ws,t—j*(h)/ws,t)-d)(HX) = Ws,t(h)-d)(HX) + ZTZ1wsj(ws,t—j*(h)/ws,t)-q)(]+X)

= Wy (Y (W /W PR 0 (W ()W
= WS”:(h)"b(HX) + wS(Ws,t/Ws,t-1)¢(1+X)D5,t_1

Parameterization:

Intertemporal elasticity: p
RBC typically takes p = 1. GG&LS do 1, and then 5.
Weusep=1.
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Weight on disutility of labor: x
With NNS preferences, we can’t calibrate it to average hours worked.
CEE (AER, RBC with real rigidity) have a similar problem; choose their version of k to make
employment = 1 in SS.
Bayoumi, Laxton and Pesenti (pg. 10): no discussion that I saw, set k = 1.

We use k = 1. Do robustness.

Labor Supply elasticity: 1/y
King & Rebelo: in their RBC model, they used an elasticity of 4; dropped it to 1, and could
not explain output and (especially) employment variation.
Gali, Gertler and L-S (pg. 6, ft. 8): Frisch elasticity (A, held constant) estimates range from
0.05 - 0.3; they use x = 5. Cite several recent papers leading to 0.2.
Bayoumi, Laxton and Pesenti: Say Frisch elasticity estimates vary from .05 - .35; use .33 as
baseline case, but also .15 (x = 6.7) as an alternative, saying it is closer to mean estimate.
We split difference between GG&LS and BL&P and use x = 6 (or an elasticity of .17) as our
baseline case.
Elasticity of substitution in consumption aggregator: o
Bayoumi, Laxton and Pesenti: say Bradford and Lawrence (2003) = ., € [1.15, 1.20]; but,
they use p, = 1.10 (or 0 = 10) 7??7?  Pg. 47: they let u, and p,, vary in [1.055, 1.555].
Rotemberg and Woodford (Taylor book): 0 = 7.88 or p, = 1.145
G&LS&V (both fiscal policy papers): 0 =6
EHL: p,=1333 = 0=4.
We use 0 = 6.
Elasticity of substitution in the labor aggregator: ¢
Bayoumi, Laxton and Pesenti: say Sebastian & Nicoletti (2002) = p, = 1.15 (or ¢ = 7.7),
which they use. Pg. 47: they let p, and ., vary in [1.055, 1.555]
EHL: p,=p,=1333 = ¢p=0=4.
Wooders and Smets (via Dellas?):

Weuse p =0 =6.
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Productivity shocks:
Cooley & Prescott: 0.95 (ARI1 coef), 0.007 (std error) for filtered Solow Residual.
King & Rebelo:  0.979 (AR1 coef), 0.0072 (std error) for filtered Solow Residual.

Bob Cumby: 0.72 (AR1 coef), 0.0076 (std error) for filtered hours productivity.
0.77 (AR1 coef), 0.0086 (std error) for filtered worker productivity.
We use: 0.8 (AR1 coef), 0.009 (std error) for filtered worker productivity.

Taylor Rule: (Bob Cumby’s estimate) this is still now quite right below

For Volcker and Greenspan years (1979.3 - 2003.2) —
FFR,= 0.824FFR_, + (1 - 0.824)*2.020*(m, - ©*) + (1 - 0.824)*0.184*gap,
FRR,=0.222 + 0.824*FFR, + (1 - 0.824)*2.020* 7, + (1 - 0.824)*0.184*gap,
std error = .00245, variance = 0.000006
correlation with worker productivity =.175, cov =.00000267
correlation with hours productivity = .092, cov =.00000124

For Greenspan years (1987.3 - 2003.2) —
FRR,=0.238 + 0.884*FFR, + (1 - 0.884)*1.720*m, + (1 - 0.884)*0.352*gap,
std error = .00108

Remarks: (we probably don’t want to make much of these)

l.gap=y,-y=(y,-y}) + (y, - y), where y is SS output and y/ is potential output.

2. Some would want us to use gap* = (y,-y) =y,-y+ (y-y}) =gap + (y - y}). In their
view, (y - y;) would be in the residual of our Taylor Rule. This would induce a negative
correlation between the Taylor Rule residual and the productivity shock innovations.
Empirically, we observe a positive correlation??

3. Bob mentioned real interest rates, but this seems model dependent.
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Model 2: a one sector model with capital and habit.
Here we simplify Model 1 to one sector, but we add capital, habit and a laziness shock,
and show how to model ‘rule of thumbers’.
Remarks:
1. Capital, K,_,, is owned by the households, supplied to firms at the (nominal) rental rate R,,
and depreciates at the rate 6. Production is now Cobb-Douglas, not linear.

2. We assume capital adjustment costs that are common in the RBC literature.

The Household’s Intertemporal Maximization Problem:

Utility of household h:

(1) U(h) = EY 7 B [log(C (h) - bC_i(h)) - k(1) 'Lo(h) ™ + v-v((M(h)/P))]

Budget constraint of household h:

(2) My(h) + E/[A, ., B,.,(h)] + P[C.(h)+L(0)+T,] = S,W, (WL¢ (h) + S, M, ,(h) + B,(h) + RK,,(h) + D,(h)
where (as before) B_,,(h) is a state contingent claim, A__,, is the stochastic discount factor;
D.(h) are dividends, T is a lump sum tax (used to balance it’s budget each period), S, is a
wage subsidy, and S, is a subsidy on money holdings. (Notation change: A in place of 0.)
What’s new: 1 is investment, k_, is a laziness shock, and b (if > 0) introduces “habit”.

Capital constraint for household h:

(3) Ki(h) = (1 - 9K (h) + I (h) - Vap[(I(h)/K,,(h)) - 3K, (h)
where the last term represents the capital adjustment cost.

Note: K, is the end of period stock, the capital that will be available for use in period in t+1.

Household's problem: choose I, K;, B.,,(h), C,(h), M(h), and W (h) to maximize (1) subject to

(2), (3) and the labor demand curve. Only the C,, I, and K, decisions are new.
Letting A, and &, be the multipliers for constraints (2) and (3), the new FOC are:
C(h): (4a) (C(h)-bC,,(h))" - Bb(C,,(h) - bC,(h))" = AP,
I(h):  (4b) AP, =¢ - EW[(L(h)/K,,(h)) - ]
K (h): (4c) &=BE{A. Ry + & [(1-0) - Vay[(L., (h)/K(1))-017 - YK ()[(L,:, (h)/K (h))-8](-1..,(h)/K (h)*)}
= BE{ARpy + & [(1-0) - Va1 (h)/K (D)) - 8 + Y[ (L, (h)/K (h)) - 8](L,., (h)/K (h))}
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Remarks:

1. The household’s wage setting equations are the same as in Model 1.

2. The firm’s price setting equations are different because the production function and MC have
changed. With the linear production function in Model 1, nominal marginal cost = W/Z.,.

Here, production is Cobb Douglass, and we have to find an new expression for MC.

Firm f’s cost minimization problem and nominal marginal cost:
Firm f’s production function is:
(5) Y = ZK(),,°N(H"
where (as before) N(f) = [[,L(h,H)*dh]*@D and Z, is a productivity shock.
(For the derivations in this section, we drop the firm index, f, and the time subscript, t.)
Firm’s Cost Minimization Problem:
Choose K and N to minimize TC = RK + WN s.t. Y =ZK®N'"®
FOC are (where *’s denote cost minimizing values):

R/P = MPK = ZO(N*/K*)'-®
= R/W =[0/(1-0)](N*/K*)
W/P = MPL = Z(1-0)(K*/N*)®

Express TC = RK* + WN* in terms of Y
Y = ZK*ON*10 = ZK*€[(R/W)(©-1)/0] 9K *1® = ZK*[(R/W)(O-1)/0]"®
= K* = (Y/Z)[(W/R)®/(1-0)]"-®
Y = ZK*¥ON*19 = Z[(W/R)O/(1-0)]°N*ON*!1® = ZN*[(W/R)0/(1-0)]°
= N* = (Y/Z)[(W/R)®/(1-0)]®
TC = RK* + WN* = (Y/Z){R[(W/R)(O/(1-0))]® + W[(W/R)®/(1-0)]°}
= (Y/Z){R®W"9[0/(1-0)]"® + W®R®[@/(1-0)]®}
= (Y/Z)R®W"®){[0/(1-8)]"° + [0/(1-0)]°}
[0/(1-0)]"° + [0/(1-0)]° = 0°(1-0)"9[0 + (1-0)] = 1/ [0°(1-0)"9]
TC(Y) = (Y/Z)(R®W'®)/[0°(1-©)®] and MC,=R°W,9/[0°(1-0)"9]Z,
So, finally, real marginal cost is:
(6) me(f) = 12w, 9/[0°(1-0)"9Z,
where r,=R/P, and w, = W/P,



A computable expression for aggregate sectoral output (or employment) —

This goes much the same as in Model 1.

Recall:
(8a) Y(f), = ZK(f),°N(D,""! (8b) N(f), = [[L(h, )& *dh]* @D
(8¢) Y, = [[eY (D) edf] D (8d) Y(f), = (P(H)/P)°Y,

Recall: R/'W = [0/(1-O)[(N*/K*) = K(f),_, = (W/R)(O/(1-O)N(f), —
Y (D), = Z[(W/R)(O/(1-0)1°N(H) °N(£),"® = Z[(W/R)(O/(1-0)]°N(H),

So, the aggregate demand for the composite labor input is:
(9a) N, = [;N(Ddf = (1/Z)[(R/W)(1-0)/01°[ .Y () df
= (1/Z)[(R/W)(1-0)/01° [ (P(D)/P)°Y df = (1/Z)[(R/W)(1-0)/©]1°Y DP,
where DP, = [(P(f)/P)°df

Or equivalently, the aggregate output is:
b)Y, = [®/(1_®)]®Zt(wt/R1)®Nt/DPt

And, since aggregate capital is:

Ko = [iK@)df = (W/R)[O/(1-0)][N(f), = (W/R)[O/(1-O)IN,

(9b) can be rewritten as: Y, = Z{[0/(1-0)](W/R)N,}®N,"®/DP, where {...} =K,

So, aggregate output can also be written as:

(%) Y,=ZK,_®N,®/DP,

Finally, DP, can be calculated in the same way as in Model 1.
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Model 2: (the Wage & Price inflation version)
(1) A,=(C,-bC_))" - Bb(C,,, - bC)"

(2) K, =(1-9)K,, + 1 - 2y[(I/K,,) - OPK,,

(3) r/w, = [O/(1-0)][(N/K,,)

(4) mc, = 1w, 9/[0°(1-0)"9]Z,

(5) A =& - EW[(I/K,) - 8]

A = (1-pb)/(1-b)C
I, = 0K,

r/w = [0/(1-0)]N/K
rw!/[0°(1-0)"9]
A=¢

(6) Et = BEt{A1+1rt+1 + £t+l[(1_6) - I/ZIIJ[(ItH/Kt) - 6]2 + lIJ[(IHl/I(t) - 6](It+l/K1)}

(7) p = (1/S,)(pb/pa,)

(8) pb, = aPE[(P,,/P)°pb,,] + Amc,Y,

(9) pa, = aBE[(P..,/P)*'pa,,] + AY,

(10) 1 = (1-o)p,”° + a(P,,/P))"°
(11)Y,=ZK,_°N,/°/DP,

(12) DP, = (1-a)(1/p})° + (P/P,,)°aDP,
(13)C,+1,+G, =Y,

(14) w;" % = (u,/S, )x(wb/wa,)

(15) wb, = WBE,[(W, /W) "™wb,, ] + N/*
(16) wa, = WPE[(W,.,/W)?'wa,,,] + AN,w,
(17) 1 =1-0)w,"® + o(W,_/W)"®

(18) w/w,,= (W/W_)/(P/P.,)

(19) I;" = BE[(A/AY(P/P..)]

where u, = o/(o-1), p, = ¢/($p-1),and A, =PA,.

p* = (k/S,)(pb/pa)

pb = (1-af)'AmcY

pa, = (1-Ba)'AY 9

p*=1

Y = ZK®N'/DP

DP, =1

C+I+G=Y

w % = (., /S, )x(wb/wa)
wb = (1-0B) N

wa = (1-0P)'ANw

w* =1

1=1/p

223-
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Adding ‘rule of thumb’ or ‘myopic’ or ‘liquidity constrained’ consumers:

Remarks:

1. G impulses lower both C and I in standard models like the one above. Some VAR studies and
traditional wisdom suggest this is counterfactual. Many institutional models incorporate
‘rule of thumb’ households to try to overcome this perceived deficiency.

2. ‘Liquidity Constrained’ consumers (denoted by L) do not save or optimize intertemporally;
they just work and consume what they earn each period. ‘Optimizing’ consumers
(denoted by O) behave as previously modeled households.

3. Framework: There is a unit mass of L households and a unit mass of O households. L
households are less productive (and receive lower wages) than O households. For

simplicity, we assume that L. household wages are proportional to O households wage.

The effective labor input entering the firms’ production functions is:

(1) N, = [QNo "0+ (1= N, POV, 0.5 < <1
where N , 1s the labor input bundle of O households (the CES aggregate defined above),
and N, , is the labor input of any given L households.

The bundler’s cost minimization implies:

(2) [Ny /No J"=(Wo /W) [(1-C)/C]

and the bundlers’ price (or wage) for the aggregate labor input is:

(3) W,= [0 Wo, 4 (1= 7 W, 770

L household wages are proportional to O household wages (which are determined as before)

(4) Wi /Wo, . =(0-0)/¢

Remarks:

1. This implies that hours equalize across L and O households, and coincide with aggregate
hours.

2. Given the new definitions of N and W, the firms’ behavior follows the same equation (for

marginal cost, etc) as before.
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L households consume their entire disposable income (including a transfer (TR,) each period):

(5) CL,t:(l _Tw,t)(WL,t/Pt)NL,t+TRt

Since both groups of households have unit mass, aggregate consumption (C,) is

(6) Ct:CO,t+ CL,t

Remarks:
1. The size of the elasticity  does not matter for ??
2. ¢ and TR can be used to calibrate the importance of L households’ behavior relative to O

households’ behavior.
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Model 3a: a Two Country Model of a Monetary Union.

The Basic Framework:

1. We model two (basically) symmetric countries, each with a single sector, and capital
formation; model 3b will generalize to traded and non-traded goods..

. We introduce home bias to be able to discuss inflation differentials.

. We use distortionary labor and sales taxes (with a European application in mind).

. Capital is owned in by the households, and is rented to firms within the household’s country.

| T VS B ]

. Notation: Home and Foreign goods, and their prices, will be differentiated by subscript H’s
and F’s; other wise F variables will be differentiated by *’s.
6. Many of the derivations can be seen directly from the multi sector Model 1; all that is required

is a change of notation.

Aggregators and Price Indexes:

Here, for simplicity, we suppress time subscripts here.

The Home good is a CES aggregate of the home firms’ product:

(1) Yy = [[oYu(DVodf]oeD Bundler’s aggregate

See earlier bundler’s problem (page 3):

(2) Py = [[oPy(D'df] " Bundler’s price for Home good

(3) Y () = (P/Py(D)°Yy, Bundler’s demand for output of home firm f

Similarly, the Foreign good is a CES aggregate of the foreign firms’ product:

(D* Y= [[pY(Dedf]oeD Bundler’s aggregate

(2)* P = [[oPp(D)df]" Bundler’s price for Home good

(3)* Y A(f) = (P/Pp(£)° Y, Bundler’s demand for output of foreign firm f
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Home consumption is a CES aggregate of the home and foreign goods:

4)C= [p,l/"CH("'l)/" + (l—p,)l/"CF("'l)/"]”/(l'")

and similarly, the Foreign consumption is a CES aggregate of home and foreign goods:
(4)* C* = [u*l/nc*F(n-l)/n + (1_u)*l/nc*H(n-l)/n]n/(l-n)

Note: p and p* (> 0.5) indicate the degree of home bias.

The Home consumption good bundler’s problem is to:
Minyye PyYy + PpYe subject to [u'MY ™ + (1-p) My (o =y
D= Py Y+ PY +PLY - [ 1Y, D0 (1) Ty e
FOC for Y,
P, = Pn/(n-l)[...][”’("'”] - I[m_1)/n]ul/nYH[(n-l)/n] -l = P[._.][n/(n-l)] - lp.l/”YH[(”'l)/"] -1
(and since [...] = YN = py-mrabyiny A= pytincy/y, )t
the Home bundler’s demand for the Home good is:
Yy = w(P/Py"Y
and similarly, the Home bundler’s demand for the Foreign good is:
Y: = (1-p)(P/P)YY
to find the bundler’s price:
P=min P,Y,, + P.Y; (toproduceY =1)
= Py(P/P,)" + Py(1-p)(P/P)"
P! =P, M+ (1-p)P,'"
P = [P,/ "+ (1-p)Py

So, the Home consumption bundler’s demands and prices are given by:

(5) Yy =p@/P)"Y and Yi= (1-p)(P/P)"Y = Cy/Ci=[W/(1-pn)](P/Py)"

(6) P = [Py M+ (1-p)Pe "]

and the Foreign consumption bundler’s demands and price are given by:

5)* Yy = (-p*)(P/PY"Y and Y= p*(P/P)"Y = C*/C*, = [pu*/(1-u*)](P*,/P*p)"
(6)* P* = [(1-p*)Py ™+ P 1] 00

and note that:

(6a) P¥/P = [PAID(Lp)P, 1+ PAODP V0 = [(1u#)(Py/P) 1+ u(Py/P) -0
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Home investment is a CES aggregate of the home and foreign goods:

(7) 1= [Hll/nIH(n-l)/n + (1—pl)l/"IF(”'l)/”]”/(l'”)

and similarly, the Foreign investment is a CES aggregate of home and foreign goods:

(7)* 1* = [Hl*l/nI*F(n-l)/n + (1_“I*)l/nI*H(n-l)/n]n/(l-n)

This is just like the consumption aggregations, but with different bias parameters; so,

(8) Py = [Py "+ (1-pP "™ and p; = [py' "+ (1-pppe """ plus ratio equation

(8)* Pru = [(1-p*)Pyy M+ u*Pe MY and py. = [(1-p*)py "+ py*pe M1""™ plus ratio equation

where p, = P,/P is a price normalized on the Home CPI

As before, each Home household h works at each Home firm f.  W(h) is the household’s wage
(which does not depend on the firm f). Each Home firm f has a labor bundler:

(9) N() = [[{L(h,£)*dh]¥ @D ¢ >1 (labor input of firm f)

(10) L(h,f) = (W/W(h))*N(f) (labor demand of bundler for firm f)

(11) W = [[{W(h)"*dh]"-® (wage charged by bundler to any firm f)
(12) L(h) = [(L(h,Hdf and N = [(N(f)df (aggregate hours worked and labor input)
(13) L(h)* = (W/W(h))*N (integrating demands over f in (10))

Similar equations hold for the composite labor input in the Foreign country.

Home Household Intertemporal Maximization Problem:
(14) U(h) = EY 2 B [(1-0)(C,(0))'® - (1) 'L ()" + v((M.(h)/P.)]
Budget constraint of household h:
(15) M.(h) + E[A, . B..,()] + S.P.C(h) + P, I.(h) + P,T ]
=S, W (h)L%(h) + S, M_(h) + B.(h) + RK_(h) + Dy(h)
where (as before) B_,,(h) is a state contingent claim, A__,, is the stochastic discount factor;
D.(h) are dividends, T is a lump sum tax, S, S, and S,, are tax/subsidies on consumption,
labor and money holdings (eg S, = (1 - t,))). R, is the rental rate on domestic capital.
Capital constraint for home household h:
(16) K,(h) = (1 - 8)K..,(h) + L(h) - %y[(L(MY/K,,(h) - 5K, (h)

where the last term represents the capital adjustment cost; note: K, is the end of period stock.
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Home household's problem: choose I, K, B,,(h), C,(h), M,(h), and W (h) to maximize (14)
subject to (15), (16) and the labor demand curve (13).
L=EY 7 B H[(1-0)(C (h)"° - (1+x)"L(h)*+ ..]
- )\‘r[Er[Ar,rﬂBrH(h)] + SC,TPTC‘E(h) + PI,rIr(h) + PrTr] - Sw,rwr(h)Ld‘r(h) - Br(h) - RrKr—l(h) + ]
+E[(1 - 9K, (h) + I (h) - Vap[(I(h)/K ,(h)) - K, ,(h) - K (h)}
The FOC include:
C(h): C(hy°®=21S. /P,
L(h): AP =& - EP[(I(h)/K,,(h)) - 3]
Ky(h): &= PBE{A. Ry + & [(1-0) - Vo [(I, (h)/K (h))-8] - WK (h)[(I,(h)/K (h))-8](-I,,(h)/K(h)*)]}
= BEt{}\’HlRHl + Etﬂ[(l'é) - 1/21|J[(It+1(h)/Kt(h)) - 6]2 + lp[(Itﬂ(h)/Kt(h)) - 6](It+1(h)/Kt(h))]}
By, (h): At,tﬂ = B)“tﬂ/)“t = Rt_l = El[At,t+1] = ﬁEt[)"Hl/)\‘t]

Note: as before, complete markets mean that A (h) = A, for all h.

Converting to the “real” model: Here we normalize on P, the Home CPI. As before, let
oU/oC, =S PA = S.A; so, A, = PA,is the marginal utility of the final Home C.,.

Writing the FOC in aggregate values:

(17) C®=S. A,

(18) Apy =¢& - EUII/K,, - 9]

(19) &= BE{A 1y +E[(1-0) - Va[(1;1/K)) - 8F + W[(1/K) - 8](L,./K)]}

(20) R = BE[A,/A] = BE[(A/A)(P/P,.)]

Further implications of Consumption Risk Sharing:

Since all households in both countries face the same contingent claims prices (and probabilities):
BA(h)../A(h), = A, = BA*(h*),, /A*(h*), forall hand h*.
S.PCES. 1 PiiCpi® = A/B = S* P*C*O/S*, , \P*, ,C* . °
S.PCP =T S* P*C*® where I'=S_P,C,%/S* P*,C*° (=1?), or

(18) (C/C*)®(S./S*.) =T RER, where RER,=P*/P,

Remark: S_/S*_, is perhaps worse than the Ireland shock problem in the risk sharing equation!

Note: py = P,/P = (P*/P)(P,/P*)=RER p*; and similarly p; = RER p*;
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Note: in the “real” model, price levels are suppressed, and inflation rates appear in the coding.

We need an equation that relates the home and foreign inflation rates.

Converting (or replacing) an Euler equation in the “real” model:

Note: by definition, RER,,,/RER, = IT*_ /IL.,, where II, = P/P_, and II* = P* /P* |
So,

(20) R = BE[(A /A)IL,,]

(20)* R = BE[(A*.. /A% )/IT*, ]

can be replaced by:

(20) R = BE[(A /A)IL,]

(20a)* E(RER,,,/RER)) = EII*_/1I,))

since (20) and (20a)* = (20)*

To see this, recall (17) C®=S_ A, (17)* C*°=S* A* and (18) (C/C*)°(S,/S*,) =RER,
These equations =
RER, = (C/C*)°(S./S*.) = A*/A,
So,
(A* . /A*)/(A,/N) =RER,, /RER, = IT* /IL,, or (A*. /A*)1T*,, = (A. /AL,
And,
R =BE[(A /AL ] = BE[(A*, /A*)IT*, ]
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Optimal wage setting in period t —
This is the same as above except that S, now has a time subscript and must be kept inside the
summation sign.
(19) W2(h)""** =y _k(WB/WA))
where p,, = ¢/(d-1)
WB, = EY 7 (0BY N, *W, "0 = oBE,WB,,, + N, W ™
WA, = EY T (wBy 4S8, ,NW,* = wBEWA,,, + 1S, NW?
(20) W, = (1-)W" "¢ + (W, ,)"®

Converting to the “real” model — as before (page 17)

(19) w", " = u_k(wb/wa) w0 = 1(wb/wa)
wh, = WBE[(W,.,/W)* Pwb ]+ N, wb = (1-wf)'N"™
wa, = OPE[(W./W)*'wa,, ] + S, ANw, wa = (1-0B) 'S, ANw

(20) 1 = (1-)w" " + (W, /W)
where w, is the real wage, but w", = W"/W,, wa, = WA/W,*! and wb, = WB/W $("%
and w/w,, = (W/W_,)/(P/P,,)

Home firm f’s cost minimization problem and nominal marginal cost:
Here the development is the same; see above.
Firm f’s production function is:
21) Yo (D) = ZK,, (DN,
where (as before) N(f) = [[{L,(h,H®*dh]*®D and Z, is a productivity shock.
(22) rt/wt = [®/(1'®)](Nt/Kt1)
(23) me(f) = 1w, °/[0°(1-8)"]Z,
where r,=R/P, and w,= W/P,

Note: here again, this is real marginal cost in terms of the CPI, and not P;;.



Optimal price setting in period t —

Firm-f seeks to maximize it's market value for Home households:
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MV, =EY 5 B A[S,Py (DY () - TC,(Yy ()], where TC is total cost and S, is a (constant)

price subsidy.

Remark:

Using the Home A to value the firm is suspicious in a two country setting, especially if the

risk sharing assumption is eliminated. There are a host of issues here.

With probability o, the new price Pjj (f) will be in effect in period j; so, a Home firm-f (which

gets to reset its price) sets Py (f) to maximize:

MV, = EtZ?q(“B)j_t)‘-j[SpPﬁ,t(f)YH,j(f) - TCj(YH,j(f))]’ where YH,j(f) =(P ﬁ,t(f)/ P H,j)_oYH,j

= E X (@BY A LS, P (D) (1/Py ) Yy - TC(P () °(1/Py) Yy )]

As before (see Model 1), we have:
(24) Py,(f) = (11,/S,)(PB/PA)
where
PB, = o, BEPB,,, + AMCP, °Yy,
PA, = EY 7 (aB)™A.PyoY,.=a,BEPA,, + AP, Yy,
(25) Py, = (L-0)Pyy, ™ + oy (Pyy )™

Converting to the “real” model — Here again we normalize on P;; let PA, = A, and pj = Pj /P,

(24)rear P = (/S,)(Pb/ Py

pb, = 0,BE[(P..,/P)°pby,] + Amepy 7Yy,

pag, = ayBE[(Py/P)* pag] + Apy, Y,
And finally, the aggregate sectoral price (10) becomes:
(25)rea Prt ™ = (1=, + cypyy (P /PY



A computable expression for aggregate sectoral output (or employment) —
This too goes the same as in Model 2; see that development.
Recall:
YD = ZK(®).,°N(D! N(D), = [[oL(h, )" *dn]¥ @D
Y, = [[oYu (D "df]7 D Yir, () = (P (D/Py)°Y,

The aggregate output can be written as:
(26) Yy, = ZK,,°N,®/DP,,

Note: in the coding we replace © with v.

and DPy;, can be calculated in the same way as in Model 1.

(27) DPy = (1-0)(Py /P )7 + (P /Pyyy) 0 DPy

nominal

Converting to the “real” model — Here we normalize nominal variables on P,.

(27) 1 DPyy = (1'0('H)(pH,t/ P’ t (Pu./ pH,t—l)O(Pt/ P.)’0yDPy
Market Equilibrium Conditions:
(28) YH,t = CH,t + C*H,t + IH,t + I*H,t +G,

(28)* YF,t = CF,t + C*F,t + IF,t + I*F,t +G*,

Government budget constraint and policy:
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Equations to code up —
aggregator and price index block:
C =[G, T+ (1) G
1= [upy "+ (Lp, ) 07
Co/Cr = [W/(1-W)](ps/pr)"
1= [ 0 (1) L DD
pr = [y "+ (1-ppps "
Iy/Ie = [/ (1-p) J(Pe/Pyr)"
C* = [p*!MC* DN 4 (%) VnC, (DD
1= [u*p* "+ (L-p*)p*, ™"
CH/CHy = [WH(A-uH)](p*w/p*p)"
I* = [HI*I/nI*F(n—l)/n + (1-p.l*)””I*H(”'l)/”]"/(”'l)
Pr = [P+ (L #)p 0
/Ty = [ ™A= 1% /p*e)"
Y, =Cy+C*+ I +I*,+G

Yy = Cp+ C¥*, + I + I*, + G*

Euler equation, risk sharing and investment block:
C®=SA
Ap, =& - EYVK(-1) - 8]
£ = B{AGDI(H]) + EHDI(1-8) - Yy[(I(+1)/K) - 8 + y[(A(+1Y/K) - S]A+1YK)]}
K=(1-08)K(-1) +1I-%yY[(I/K(-1)) - d]?K(-1)
R = B(A(+1)/A)(1/II(+1))
(C/C*)®(S/S* ) =T RER where RER = P*/P
pu = RER p*y
pr = RER p*;
C*O=8* A*
AFp*y = % - EFPH[TH/KH(-1) - 8%]
E% = BLAR(HDIF(+]) + EX(HD[(1-8%) - P¥[(TF(+1)/KF) - 8% + Y [(I¥(+1)/K*) - S¥|(I*(+1)/K*)]}
RER/RER,, = IT*/II, (replacing the foreign Euler equation, as explained on pg 29)
K* = (1 -8)K*(-1) + I* - Wy [(I*/K*(-1)) - §]?K*(-1)



Production function block:
equations for Z and Z* processes
Yy = ZK(-1)'N'"/DPy
DPy; = (1-a)(pu /pi1)° + (Pr/Pu(-1))°II°aDPy(-1)
r/w = [v/(1-v)J(N/K(-1))
mc = r'w "V/[v'(1-v)!'™]Z
Y, = Z*¥K*(-1)"N*""/DP;,
DPy= (1-0*)(pe /pp)° + (py/Pr(-1)) T1*°*DP(-1)
r*/w* = [v/(1-v)](N*/K*(-1))

mc* = rF'w* Y/ [v(1-v)V]Z*

Calvo price setting block:
Pi = (1,/S;)(pb/pa)
pb = ap(II(+1))°pb(+1) + Amcp,,°Yy
pa = ap(II(+1)"'pa(+1) + Apy"Yy
i = (1-e)pgy 7+ apyy(-1)(1/ID)
pr = (W*/S*)(pb*/pa*)
pb* = a*BAI*(+1))’pb*(+1) + A*me*peY
pa* = o*B(II*(+1))* 'pa*(+1) + A*p°Y,
pr = (1-o)pg " + app(-1) " (1/IT*)"

Calvo wage setting block:
w0 =y (wb/wa)
wb = WPIL,(+1)*wb(+1) + N
wa = wPIL (+1)*'wa(+1) + S,ANw
1 = (1-0)w" " + o(1/IL,)*
w/w(-1)=IL,/11
w0 =y e(whb*/wa*)
wh* = W*BIT* (+1)P Dwh*(+1) + N*!*
wa* = *BII* (+1)*'wa*(+1) + S* A*N*w*
1 = (1-0*)w*" ¢ 4 (o*(l/l_[*w)l'd’

whiw*(-1) = IT* /II
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fiscal policy block:
equations for G and G* processes

S,=S,=S,=S,=1

monetary policy block:
0.5II + 0.5II* =1
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